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Joint work with Jakub Balabán, Petr Hliněný, and Kristýna Pekárková
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Matroids

Definition

A matroid is a pair M “ pE , Iq where:

§ H P I Ď 2E

§ @I , J P 2E : I Ď J ^ J P I ùñ I P I
§ @I , J P I : |J| ą |I | ùñ De P J ´ I : I Y teu P I

Basic matroid operations

§ Delete element: M z e

§ Take a dual matroid: M ÞÑ M˚

§ Contract element: M { e :“ pM˚ z eq˚

Definition

Let M “ pE , Iq be a matroid.
An inclusion-maximal set
B P I is called a basis. We
denote by BpMq the set of all
bases of M.
Its dual M˚ “ pE , I˚q has the
same ground set E , and the
family of independent sets of
the dual is defined as
I˚ “ tI Ď E : DB P

BpMq such that I Ď E ´ Bu.

Ground set

Family of independent sets
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Examples of matroids

Graphic matroid MpG q
Vector matroid MpAq

1 0 0 1 1 0 1 0 1 0 1

0 1 1 0 1 0 1 0 0 1 1

0 1 0 1 0 1 1 1 0 0 1

1 1 1 0 0 0 0 1 1 0 0

0 0 1 0 1 1 0 1 1 1 0

1 0 0 1 0 1 0 0 1 1 1

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

§ Ground set: edges of the graph G

§ Independent sets: acyclic sets of
edges

§ Ground set: columns of the matrix A

§ Independent sets: linearly
independent sets of columns

Not all matroids are representable:
Vámos matroid Figure by David Eppstein
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Tree-depth of a graph

Definition

Tree-depth of a graph G is

tdpG q “

$

’

’

’

’

&

’

’

’

’

%

1 if |V pG q| “ 1

1 ` min
vPV pGq

tdpG ´ vq if G is connected and |V pG q| ą 1

max
C connected

component of G

tdpG rC sq if G is disconnected and |V pG q| ą 1

§ Tree-depth can be defined also for matroids (recall CSGT’25 talk by Jakub
Balabán)
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Deletion-depth

Definition

Deletion-depth of a matroid M is

ddpMq “

$

’

’

’

’

&

’

’

’

’

%

1 if |E pMq| “ 1

1 ` min
ePEpMq

ddpM z eq if M is connected and |E pMq| ą 1

max
C connected

component of M

ddpMrC sq if M is disconnected and |E pMq| ą 1

§ Originally defined by Ding, Oporowski, Oxley under the name type, later redefined
by DeVos, Kwon, and Oum.

Connected component of a graphic matroid “ edges of a block
Connected graphic matroid “ 2-connected graph
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Contraction-depth

Definition

Contraction-depth of a matroid M is

cdpMq “
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’

’
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’
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%
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Not monotone

e

G

G { e cdpMpG qq ď 4

H cdpMpHqq “ 6G { e

H “ G z e

c*dpMpHqq ď 4
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Contraction˚- and deletion˚-depth

Definition

§ A matroid N is an extension of a matroid M by an element e if M “ N z e.

§ A matroid N is a coextension of a matroid M by an element e if M “ N { e.

Definition

Contraction˚-depth of a matroid M is

c*dpMq “

$

’

’

’

’

’

&

’

’

’

’

’

%

1 if |E pMq| “ 1

1 ` min
N,e

M“Nze

c*dpN { eq if M is connected and |E pMq| ą 1

max
C connected

component of M

c*dpMrC sq if M is disconnected and |E pMq| ą 1

§ Contraction˚-depth was originally defined using a decomposition tree by Kardoš,
Král’, Liebenau, and Mach. The original definition is usually called KKLM-depth.



9/ 16

Contraction˚- and deletion˚-depth

Definition

§ A matroid N is an extension of a matroid M by an element e if M “ N z e.

§ A matroid N is a coextension of a matroid M by an element e if M “ N { e.

Definition

Deletion˚-depth of a matroid M is

d*dpMq “

$

’

’

’

’

’

&

’

’

’

’

’

%

1 if |E pMq| “ 1

1 ` min
N,e

M“N{e

d*dpN z eq if M is connected and |E pMq| ą 1

max
C connected

component of M

d*dpMrC sq if M is disconnected and |E pMq| ą 1

§ Deletion˚-depth was originally defined by Gajarský, Pekárková, and Pilipczuk.
However, their base case had different values depending on the rank of the
1-element matroid ùñ ˘1 difference from our definition.
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RE: Not monotone

e
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RE: Not Now monotone

e

G G { e cdpMpG qq ď 4

H

cdpMpHqq “ 6

G { e

H “ G z e

c*dpMpHqq ď 4

Observation

c*dpMq ď cdpMq and d*dpMq ď ddpMq for all matroids M
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Neither operation handles fat cycles alone

G

ˆ

contraction-depth

ˆ

contraction˚-depth

ˆ

deletion-depth

ˆ

deletion˚-depth

contraction-deletion˚-depth
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Neither operation handles fat cycles alone

G

ˆ contraction-depth

ˆ contraction˚-depth

ˆ deletion-depth

ˆ deletion˚-depth

? contraction-deletion˚-depth
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αβ-depth

Definition

Let α P tϵ, c , c˚u and let β P tϵ, d , d˚u such that pα, βq ‰ pϵ, ϵq. αβ-depth of a
matroid M is

§ αβ-depthpMq “ 1 if |E pMq| “ 1

§ αβ-depthpMq “ max
C connected

component of M

αβ-depthpMrC sq if M is disconnected and |E pMq| ą 1

§ αβ-depthpMq “ mintxα, xβu if M is connected and |E pMq| ą 1, where:

§ xϵ “ 8

§ xc “ 1 ` min
ePEpMq

αβ-depthpM { eq

§ xc˚ “ 1 ` min
N,e

M“Nze

αβ-depthpN { eq

§ xd “ 1 ` min
ePEpMq

αβ-depthpM z eq

§ xd˚ “ 1 ` min
N,e

M“N{e

αβ-depthpN z eq

Depth measures

ddpMq, cdpMq, d*dpMq, c*dpMq, cddpMq, c*ddpMq, cd*dpMq, c*d*dpMq
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Using both operations is more powerful
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Using both operations is more powerful

G

ˆ contraction-depth

ˆ contraction˚-depth

ˆ deletion-depth

ˆ deletion˚-depth

✓ contraction-deletion˚-depthpMpG qq ď 3
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Hierarchy of matroid depth parameters

c˚d˚-depth „f branch-depth

c˚d-depth cd˚-depth

cd-depth

c-depth „f c
˚-depth „f m. tree-depth d-depth „f d

˚-depth

f

f

f

f

f

f

duality

duality
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c˚d˚-depth „f branch-depth

c˚d-depth cd˚-depth

cd-depth

c-depth „f c
˚-depth „f m. tree-depth d-depth „f d

˚-depth

f

f

f

f

f

f

duality

duality

DeVos, Kwon, and Oum

Ding, Oporowski, Oxley

Kardoš, Král’, Liebenau, and Mach

Gajarský, Pekárková, and Pilipczuk

Briański, Koutecký, Král’,
Pekárková, Schröder

Briański, Hliněný, Král’, and Pekárková

Possibly with different base cases ùñ ˘1
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Relation to matrix depth parameters

§ αβ-depth can also be analogously defined for matrices

§ Contraction and deletion operations are the same
§ Contraction˚ and deletion˚ can only (co)extend the matrix to another matrix

Theorem

Let α P tϵ, c , c˚u, and let β P tϵ, d , d˚u such that pα, βq R tpϵ, ϵq, pc˚, d˚qu.
Let A be a matrix, and denote by MpAq the corresponding vector matroid.
Then, αβ-depthpAq “ αβ-depthpMpAqq.
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Overall picture

c˚d˚-depth „f branch-depth

c˚d-depth cd˚-depth

cd-depth

c-depth „f c
˚-depth „f m. tree-depth d-depth „f d

˚-depth

f

f

f

f

f

f

duality

duality

§ αβ-depthpAq “ αβ-depthpMpAqq if αβ ‰ c˚d˚
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