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Part C.

First-Order Logic and its
Extensions






c1. First-order logic

1. Infinitary first-order logic

Logics are languages to talk about structures and their elements. They
can be used to assert that a given structure has a certain property, to
define classes of structures, or to define relations inside a given structure.
Let us start with a simple, but typical example.

Example. Let K be afield and X a set of variables. The Zariski logic over &
is the set ZL[K, X] := K[ X] of all polynomials over & with unknowns
from X.

Let £ 2 K be a field extending K. For a polynomial p € ZL[K, X] and a
variable assignment 3 : X — L, recall that p*[] denotes the value of p
when we assign to each variable x € X the value 5(x). A polynomial
p € ZL[R, X] defines in a given field £ 2 K the set

pri={BeLl*|p[Bl=0}

of its roots. A set A € L" is Zariski-definable over K if there exist finitely
many polynomials p,, ..., px—, € ZL[K, {Xo, ..., Xy, ;] such that

A={{B(x0)s-. s Blxna)) | Beponnpi, )

In case of algebraically closed fields the Zariski-definable relations are
called algebraic varieties.

For instance, the polynomial x> + y* —1 = o defines over R the unit
circle §*, while x — y* = o defines a rotated parabola.
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c1. First-order logic

x*+y*—-1=0

AN
N

Let us capture the above situation in a general definition.

Definition 1.1. A logic is a triple (L, KC, =) consisting of a nonempty
class L of formulae, a nonempty class K of interpretations, and a binary
satisfaction relation = C IC x L.

Let 3 € KC be an interpretation and ¢ € L a formula. If § & ¢ then we
say that ¢ holds in 3, that J satisfies ¢, or that 5 is a model of ¢. For sets
of formulae @ C L we define

SE® :iff JEkeforalleed.

Example. (a) In the case of Zariski-logic ZL[ &, X] the formulae are the
polynomials p € K[ X] and an interpretation is a pair (£, §) where £ 2 &
is a field extension of & and B € L* is a variable assignment. We have

(B rp iff p[B]=o.
(b) For a boolean algebra B, we define boolean logic
BL(DB) := (B, spec(B), ),
where, for an element b € B and an ultrafilter u € spec(B),
uEb it beu.

The main logic we will consider is first-order logic, also called predicate
logic. We start by defining its syntax, that is, the set of first-order formulae.
For convenience we simultaneously define two logics, basic first-order
logic FO and a variant FO,x, where we allow infinite formulae.
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1. Infinitary first-order logic

Definition 1.2. Let X be a signature and « an infinite cardinal. For each
sort s of X, let X be a set of variable symbols of sort s, and set X := U, X.

The set FO,x, [ 2, X] of infinitary first-order formulae is the smallest
set of terms satisfying the following closure conditions:

o If t,, t, € T[X, X] are of the same sort then ¢, = t, belongs to
FOux, [ 2, X].

IfR € Xisof type s, ...s,—; and t; € T, [X, X], for i < n, then
Rty ...ty isin FOxy, [Z, X].

If ¢ € FOxn, [ 2, X] then —¢ € FO,, [ 2, X].
If ® C FOy, [2, X] and |®] < k then A @,V @ € FO,, [ Z, X].
If o € FOxx [2, X U {x}] then 3x¢@, Vx¢ € FO.x [Z, X].

L 4

L 2

*

L 4

For x = R, we obtain ( finitary) first-order logic
FO[Z, X] = FORONO [Z, X] .
If we omit the cardinality restriction, we get
FOOORO [Z, X] = U FOKNO [Z, X] .
K
The operation - is called negation, A and \ are conjunction and dis-

junction, and 3 and V are the existential and universal quantifier. An
atom is a formula of the form

Rty...t,_, or t,=1,.

A formula that is either an atom or the negation of an atom is called a
literal.

Remark. Every formula ¢ € FO,x [2, X]isaterm ¢ : T — A where
T c«k~“ and

A=ZuX u{=- A VIu{3x,Vx|xeX },

for some X’ 2 X. In particular, for x = R,, we can regard FO[ X, X] as a
subset of T[A, &].
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c1. First-order logic

It remains to define the meaning of these formulae, that is, the satis-
faction relation. Before doing so, let us note that we can use induction
on formulae.

Lemma 1.3. If x is a regular cardinal then we have frk(¢) < «, for all
() € FOKNO [Z, X]

Proof. Let A be the same set of symbols as in the preceding remark. The
set [of all terms t : T — A such that frk(¢) < « is closed under all
operations of Definition 1.2. Since FO,x [ 2, X] is the smallest such set
we have FO,x [2, X] € T, as desired. (]

Corollary 1.4. frk(¢) < oo, for all ¢ € FOoon, [Z, X].

This result implies that the reversed ordering on the domain of a
formula is well-founded. Therefore, we can give proofs and definitions
by induction on this order. A proof or a construction by induction on ¢
takes the following form. We have to distinguish several cases:

¢ ¢ 1isan atom.
¢ ¢ = -y and the inductive hypothesis holds for y.

¢ ¢ =/ Dor ¢ =V O and the inductive hypothesis holds for every
element of Q.

¢ ¢ = dxy or ¢ = Vxy and the inductive hypothesis holds for y.
We use induction to define the semantics of first-order logic, that is,

the satisfaction relation.

Definition 1.5. Let 2 be a X-structure and  : X — A a variable as-
signment. The pair (¥, §) is called a (first-order) interpretation. For
@ € FOyx, [ 2, X ] we define the satisfaction relation A = ¢[ 3] by induc-
tion on ¢.

Ak to = [ ] iff - 15[A] = 1'[B],

A= Rto...tau[B] :iff (5[ th_,[B]) € RY,

AF -9[] Aff A o[B],
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1. Infinitary first-order logic

A=\ O[B] :iff  there is some ¢ € @ such that
A= 9[B],

A= N\ O[B] (iff A g[B]forall g € @,

A= Ixop[f] :iff  there is some a € A such that
A p[Blx/all,

A= Vxo[f] iff A= @[B[x/a]]forallacA.

The set defined by a formula ¢ is ¢ := { € AX | A= ¢[B] }.

Remark. For X = @&, we simply write U = ¢ and we identify the pair
(21, @) with the structure . In this case ¢ is either & or A% = {@}.

Exercise 1.1. Let N := (w, +, 0,1) be the natural numbers with addition
and consider the formula

p:=VxIy[x=y+yvx=y+y+1].
Using the above definition, give a formal proof that N1 = ¢.

Definition 1.6. We will use the abbreviations

true := \ @, false:=\/ @,

ovy:=\{py},  9-oy=-9vy,

ory=Novl,  gov=(e=>y)ry—-9),
and to #t:=-(to =1).

The operation — is called implication. We abbreviate 3x,---3x,_, as Ix
and Vx,---Vx,_, as Vx. Furthermore, we set

(Ix.y)p:=3x(yAne) and (Vx.p)e:=Vi(y—>¢).

Quantifiers of the form (3%.y) and (Vx.y) are called relativised quanti-
fiers, the formula y is the guard of the quantifier.
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c1. First-order logic

Remark. To avoid unnecessary parenthesis we employ the following
precedence rules.

¢ Unary operators like quantifiers, negation, and the large conjunc-
tion and disjunction signs bind strongest. For instance, the formula

3x—~ A\ Pix AdyPoy isreadas (3x—/\ Pix) A (3yPoy).

i<s i<s
¢ A binds stronger than v, —, and <.
¢ The precedence between v, —, and < is left unspecified.

Example. (a) Let x,, ..., x,_, be variables of sort s. The formula

@n = IxorIxpoy N\ X0 # Xk

itk

expresses that the universe contains at least # different elements of sort s.
Therefore, we can say that the domain of sort s is finite by the sentence

Pfin ::\/{_“Pn|n<w}-

(b) Let ¥ = {<} be the signature of strict partial orders. We can
express that an element y is the immediate successor of an element x by
the formula

pi=x<yA-3z(x<zAz<Yy).

(c) Let & = (V, E) be a graph. For every n < w, we can write down a
first-order formula v, saying that there exists a path of length at most n
from the element x to y:

W, = Elzo---ﬂzn(zo =xAzp=yA N(zi=2inV Ez,—ziﬂ)).

i<n

The FOx,x, -formula

sc = VxVy \/ vy

n<w
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1. Infinitary first-order logic

expresses that the graph is strongly connected.

(d) Let (R, +,—,0,<, f) be the additive ordered group of the real
numbers with one unary function symbol f. We can say that |x — y| < z
by the formula

X—y<zAy-x<z.

Making heavy use of relativised quantifiers, we can express that the
function f is continuous at x by the formula

(Ve.e >0)(36.6 > o)
(Vyx—y<dny—-x<9)
(e fy<enfy—fi<e).

Exercise 1.2. (a) Let (A, <, P) be a linear order with an additional unary
predicate P € A. Write down a first-order formula ¢ (x) which says that
x is the supremum of P.

(b) Let (V, E) be a graph. Define a first-order formula ¢ which states
that every vertex has exactly two outgoing edges.

Lemma 1.7. For every ordinal « < k, there exists an FO,x,-formula ¢,
such that

A=, iff Az(a,<).

Proof. We define a slightly more general formula y, (x) such that
AE=yy(a) iff (la,<)2(a,<).

The sentence
J:=Vx-(x <x)AVxVyVz(x < yAy<z—>x<2)

states that < is a strict linear order. By induction on «, we set

Vo(x)==Fy(y<x)A 9,
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c1. First-order logic

and  yu(x) = ﬂ/\ (3y.y <x)wp(y) A (Vy.y < x) /3\/ vp(y).

Hence, we can define the desired formula ¢, by

0o =\ Iyvs(¥) AVy V wp(y).
B<a B<a [
We can define the notions of a free variable, a subformula, substitution,
etc. for formulae in the same way as for terms. But note that, unlike terms,
formulae can contain variables that are not free.

Definition 1.8. Let ¢ € FOoox, [2, X].

(a) A subterm of ¢ is called a subformula.

(b) The set free( ) of free variables of ¢ is the minimal set X, such that
¢ € FOoon, [Z, X, |- A formula without free variables is called a sentence.

(c) An occurrence of a variable x in a formula ¢ is bound if it lies in a
subformula of the form Jxy or Vxy. Otherwise, the occurrence of x is
free.

(d) For a sequence § € ST of sorts, let X; := { x; | i € I } be a standard
set of variables where x; is of sort s;. We set

FOLy, [Z] = FOyx, [Z, X:] .
For ordinals «, we define

FOpy, [2] = U FOux, [Z, X]

seS¢
and FOp, [X]:= /3U FOfRO [Z].
<«

Remark. (a) Every FO,y, -formula has less than « free variables.
(b) Note that a variable x can occur both free and bound in the same
formula ¢.

Obviously, the truth value of a formula only depends on the sym-
bols actually appearing in it. This triviality is recorded in the following
lemma. Like the corresponding result for terms it can be proved by a
straightforward induction on the structure of ¢.
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1. Infinitary first-order logic

Lemma 1.9 (Coincidence Lemma). Let ¢ € FOoox, [, Y] be a formula
and, for i < 2, let A; be a X;-structure and 3; : X; — A; a variable
assignment. If

e I'cx,nZX andfree(¢p) c X, N X,
o Aolr =U|r and B, | free(¢) = B, | free(¢)
then we have A, = @[ Bo ] iff Ui E ¢[B1].

Remark. We will write ¢(xo, ..., X,_,) to indicate that

free(¢) € {Xo>--->Xn_1}.

Furthermore, if a,, ..., a,_, are elements of the structure 2, we write

A= @(ag,...,ay-1)

instead of A = @[] for the assignment f3 : x; — a;. By the Coincidence
Lemma, this notation is well-defined. Similarly, we write @(x) and 2
@(a), for sets @ € FOoon, [Z, X ]

Let us compute the number of FO,x_ -formulae. Note that the number
of finite formulae follows immediately from Lemma B3.1.5.

Lemma 1.10. Let k be a regular cardinal. Every formula ¢ € FO, [ 2, X ]
has less than x subformulae.

Proof. Using the same notation as in the remark after Definition 1.2, we
see that ¢ is a A-term with dom ¢ € k=“. If ¥ = R, then ¢ is a finite term
that has only finitely many subformulae. Suppose that ¥ > R,. Since « is
regular it follows by induction on ¢ that there exists a cardinal A < «
such that dom ¢ € 1°“. Hence, [dom ¢| < A<“ = 1 & R, < k. ]

Lemma 1.11. Let X be a signature, X a set of variables, and x a regular
cardinal.

[FOx, [2, X]| < (|2] @ |X] @ Ro) "
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c1. First-order logic

Proof. We have shown in the preceding lemma that every infinitary
first-order formula ¢ € FO, [, X] is a A-term with |[dom ¢| < «. Fur-
thermore, we have

Al <|Z|@ X' | @R < |Z] @ |X]| @ |dom | ® R, .
Consequently, it follows that

[FOx, [Z, X]| < sup (|Z] @ [X]| @ A @ &)

A<k

=sup (|2 @ |X| @ R, = (|2 @ | X| @ R )<*.

A<k

]

Remark. In the preceding lemma, we have tacitly identified formulae
¢ and v that differ only in the names of bound variables, i.e., variables in
X'\ X. Hence, the above bound holds only up to this equivalence relation.
Clearly, if we distinguish the formulae 3xPx, 3yPy, 3zPz,...then we
can construct arbitrarily many formulae by using that many different
variable names.

Exercise1.3. Prove that every formula ¢ € FOoox, [ 2, X ] can be rewritten
to use only countably many different bound variables. That is, for every
sort s, there exists a countable set Y, such that ¢ can be written as A-term
with

A=ZuXuYu{=,-,A,VIu{Ix,Vx|xeXUY},

where Y = U, Y;. Hint. If v is a subformula of ¢ then free(y) \ X is
finite.

We have seen that each FO.x -formula has a foundation rank. Hence,
we could measure the complexity of a formula by its foundation rank.
But this measure is not very meaningful. There exists another rank for
formulae that better reflects the semantics of first-order logic.

Definition 1.12. The quantifier rank qr(¢) € On of a formula ¢ € FOoox,
is defined inductively by:
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1. Infinitary first-order logic

¢ qr(Rf):=oandqr(t=1t"):=o.

* qr(=9) = qr(e).

* qr(3x¢) := qr(Vxe) = qr(e) +1.

¢ qr(A®) = qr(V @) :=sup{qr(p) [ pe®}.
A formula ¢ is quantifier-free if qr(¢) = o.

Example. For the formulae ¢, and y,. from the example on page 448,
we have

qr(¢fin) = sup {qr(gn) [n<w} = w,
and qr(ysc) =sup{qr(y,) |[n<w}l+2=w+2.

Immediately from the respective definitions it follows that the found-
ation rank bounds the quantifier rank of a formula.

Lemma 1.13. qr(¢) < frk(g), for all ¢ € FOwox,[Z, X].

Corollary 1.14. If k is a regular cardinal then we have qr(¢) < «, for all
(RS FOKNO [Z, X]

If  is singular then FO,y, can exhibit pathological behaviour. Fortu-
nately, it is safe to ignore these logics and only consider FO,, for regular
cardinals «.

Lemma 1.15. For singular cardinals x, the logics FOxx, and FO+x, have
the same expressive power.

Proof. Let k be singular and fix a cofinal function f : cf ¥ — «. Every con-
junction of x formulae can be written equivalently as nested conjunction
of less then x formulae:

N\ ¢; isequivalentto A A ¢;.
i<k a<cf(x) i<f(a)

Consequently, we can inductively transform every formula ¢ € FO,+x,
into an equivalent FOx_-formula. ]
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c1. First-order logic

2. Axiomatisations

Let us begin a more systematic investigation of what can be expressed in
first-order logic. In this section we give examples of classes of structures
that can be defined in FOx, -

Definition 2.1. Let (L, IC, =) be a logic.
(a) A set of formulae @ C L axiomatises the class

Mod; (@) = {JeK|JE D).

For a single formula we simply write Mod (¢) := Mod. ({¢}).
(b) A class C ¢ IC of interpretations is L-axiomatisable it

C=Mod (@), forsomedcCL.

If C = Mod,(®), for a finite set @ < L, we say that C is finitely L-
axiomatisable. If C is axiomatised by @, we call the set @ an axiom
system for C and every ¢ € @ is an axiom.

(c) A setof formulae @ C L is consistent, or satisfiable, it Mod (D) + @.
Otherwise, @ is called inconsistent, or unsatisfiable. If Mod (@) = K,
then @ is called valid or a tautology. We use the same terminology for
single formulae ¢.

Example (Partial orders). The class of all partial orders is finitely first-
order axiomatised by

VxVyVz(x <yAy<z—>x<z),
VxVy(x <yAny<x < x=y).

We get an axiom system for the class of linear orders if we add the formula
VxVy(x <yvy<x).

A linear order is dense if between any two elements there exists a third
one. The corresponding first-order axiom is

VaVy(x<y—3Jz(x<zAz<y)),
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where x < y abbreviates x < y A x # y. A dense linear order is open if it
does not have a least and a greatest element.

Vxdydz(y<xAx<z).

A discrete linear order is an order where every element, except for the
first one, has an immediate predecessor and every element, except for
the last one, has an immediate successor.

Vx[3y(y<x) = Ip(y<xn-3z(y<zrz<x))],
Vx[3y(x<y) > Iy(x<yn-Iz(x<znz<y))].

Example (Equivalence relations). The class of all structures o = (A, ~)
where ~ is an equivalence relation can be axiomatised by the first-order
formulae

Vx(x ~x),
VxVy(x~y < y~x),
VxVyVz(x ~yAy~z—>x~2).

Example (Lattices). An axiom system for the class of lattices was given
in Lemma B2.2.4.

VxVy(x Ey<>xny=x)
Vx(xMx=x A xUx=x)
VxVy(xmy=ynx Axuy=yux)
VaVy(xn(xuy)=x Axu(xny)=x)
VxVyVz(xn(ynz)=(xny)nz)
VxVyVz(xu(yuz)=(xuy)uz)
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c1. First-order logic

For boolean algebras we have to add the axioms

1#T,

Vx(lmx=1A1LUx=x),

Vx(Tnx=x ATux=T),
Vx(xmx™=1Axux™=T),
VxVyVz[xn(yuz)=(xny)u(xnz)],
VxVyVz[xu(ynz)=(xuy)n(xuz)].

Example (Groups). The class of all groups (in the signature { -, ™, e})
can be finitely axiomatised in first-order logic by the sentences

VxVyvzlx-(y-2) = (x-y)-2],
Vx(x-e=x),

Vx(x-x""=e).
If we only allow multiplication then these axioms become

Vx¥y¥elx- (y-2) = (x-y) 2],
JeVx[x-e=xA3dy(x-y=e)].

We can add the FOy,  -sentence ¢, from page 448 to obtain an axiom
system for the class of all finite groups. But note that this is an infinitary
formula. We will prove in Theorem c2.4.12 that this class cannot be
axiomatised in first-order logic.

The class of all infinite groups on the other hand is first-order axio-
matisable. To the group axioms we can add, for all #n < w, the sentence

o Ixnmy N\ xi # Xk

i<k<n

This axiom system is necessarily infinite. If the class of infinite groups
where axiomatisable by a single first-order sentence, its negation could
be used to construct an axiom system of the class of all finite groups.
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Example (Rings). The class of all rings (R, +, —, -, 0,1) is defined by

VxVyVz[x+ (y+2)=(x+y)+z],
Vx(x+0=x),

Vx(x+(-x) =0),
VaVy(x+y=y+x),
VxVyVz[x-(y-2z) =(x-y)-z],
Vx(x-1=xA1-x=x),
VxVyVz[x-(y+2z)=x-y+x-z],
VxVyVz[(y+2z) - x=y-x+z-x].

Example (Fields). We obtain an axiom system for the class of all fields if
we add to the ring axioms the formulae

0+1,
Vxdy(x #0o—>x-y=1),
VaVy(x-y=y-x).
To get axioms for the class of ordered fields, we further have to add the
axioms for a linear order and the formulae
VxVyVz(x <y >x+z<y+z),
VxVyVz(x <yAo<z—>x-2<y-2).
Example (Set theory). The axioms of set theory can be expressed in first-
order logic. The signature consists just of one binary relation symbol e.

First, let us collect some auxiliary formulae. The subset relation x C y
can be defined by the formula

Vz(zex > zey).

There are formulae Stage(x) and WellOrder(x, y) that express, respect-
ively, that the set x is a stage and that y is a well-order on the set x
(exercise).
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The Axiom of Extensionality reads
VaVbla=b < VYx(xea < xeb)].

To express the Axiom of Separation we need infinitely many formulae.
For every first-order formula ¢(x, Z) € FO, we have the formula

VzVadbV¥x[x eb < xecano(x,2)].

(Since the signature {€} of set theory does not contain constant symbols,
we need parameters z for those sets that ¢ might refer to.)
The Axioms of Creation and Infinity are

Va(3s.Stage(s))(a €s)

and (3s.Stage(s))Vx[x es — P(x) es],

where §°(x) € s is an abbreviation for the formula
Jz[zesnVy(yez— ycx)].

For the Axiom of Choice we have the formula
Va3rWellOrder(a,r) .

Finally, the Axiom of Replacement again consists of several formulae,
one for every formula ¢(x, y, Z) € FO.

(Vz.fun, (z))[EIu domg (2, u) — Jurng, (Z, u)] ,
where

fun, (2) = VxVy¥y'lo(x, y,2) A 9(x,',2) = y = ']
says that ¢ defines a function and the formulae

dom(z,u) := VxVy(o(x,y,2) = x € u)
and  rng (Z,u) = VxVy(e(x,y,2) > y €u)

express that u contains, respectively, the domain and the range of the
function defined by ¢.
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2. Axiomatisations

Exercise 2.1. Define the following formulae over the signature {€}.
(a) Stage(x) states that the set x is a stage.
(b) Pair(x, y,z) expresses that z = (x, y).
(c) WellOrder(x, y) says that y is a well-order on the set x.

Lemma 2.2. If A is a finite X-structure then the class { B | B = A} is
first-order axiomatisable. If X is finite then it is finitely axiomatisable.

Proof. First, we consider the case that X is finite. Let a,, ..., a,_, be an
enumeration of A without repetitions. If & has only one sort then we
can axiomatise 9 by the formula

on---EIxn_l( /\ Xi FxXp AVYy \/ Y =X

o<i<k<n i<n
A NA{Rxi,...x; | {ai,,...,a;)€R*, ReZ}
AN /\{—|Rx,-o...x,-k |(a,~o,...,aik)¢Rg[, REZ}

AN fxi, - xi, =% \fg[(aio,...,aik):al,er}).

The case of several sorts requires two modifications of this formula. We
have to replace the subformula Vy\/; y = x; by a conjunction of several
such formulae where y is of the respective sort s and the disjunction
ranges only over those i such that x; has the same sort s. Furthermore,
we have to remove from the conjunction A;.; x; # xi all inequations
x; # x; where x; and xj have different sorts.

Suppose that X is infinite. For each finite subsignature ¥, € X, we can
construct a formula ¢z, axiomatising the ¥,-reduct |5, of 2. We claim
that the set

O :={¢s, | X, € X is finite }

is the desired axiom system. Clearly, & £ @. Conversely, suppose that
B £ @. Then B has exactly n := |A| elements. For every finite signature
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3, C %, there exists a sequence b* € B" such that we can satisfy the
formula @5, if we assign to the variable x; the element b>°. Define

S:={2%, cX|Z, finite }
and S(b):={2,eS|b>=b}, forbeB".

Then (S, €) is a directed partial order with a finite partition S = Uj S (b).
By Proposition B3.3.4, there exists some b such that S(b) is a dense subset
of S. It follows that the mapping b; + a; is an isomorphism from B

to 2. ]

3. Theories

In the previous section we have studied sets of formulae and the classes
they axiomatise. Now we turn to the dual question. Given a class of
structures we try to determine which formulae hold.

Definition 3.1. Let (L, IC, =) be alogic, § € K an interpretation, ¢,y € L
formulae, and @ c L a set of formulae.
(a) We write

OE¢ :iff Modp (@) < Mod.(¢).

If @ E ¢ then ¢ is called a consequence of @. We also say that ¢ follows
from @ or that @ entails ¢.

If ® = {y} we simply write y = ¢ and, for ® = &, we write £ ¢. Note
that we use the same symbol = both for the satisfaction relation and for
the entailment relation. The object on the left-hand side can be used to
resolve any ambiguities.

(b) If ¢ = v and v E ¢ then ¢ and y are called equivalent and we
write ¢ = y. Similarly, if ® U {¢} E yand ® U {y} = ¢, we say that
¢ and v are equivalent modulo ©.

(c) The closure of @ under entailment is the set

OF:={¢pel|OE¢}.
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Remark. Note that if L, and L, are logics with the same class of inter-
pretations, we can generalise the above definitions of @ = g and ¢ = y
also to the casethat @ L,, w € Ly, and ¢ € L,.

Example. 1f p, q € ZL[K, X ] where K is algebraically closed then we have

pEq it  everyzeroof pisazeroofqg

it plq", forsomen<w.

Consequently, p© = {q € KR[X] | p | q" for some n < w} 4 K[ X] is the
radical ideal generated by p and we have

p=q iff p"=aq" forsomeacKandm,n<w.

Each non-constant polynomial is satisfiable. A constant polynomial p
is satisfiable if and only if p = o. The polynomial p = o is the only
tautology.

The following properties of the entailment relation follow immediately
from the definition.

Lemma 3.2. Let (L, K, ) be a logic.
(a) & isa preorder on L.
(b) A set @ C Lis a final segment of (L, &) if, and only if, ® = O.
(c) If © c L is inconsistent, then @~ = L.
(d) ¢ is a tautology if, and only if, & E ¢.

Definition 3.3. Let (L, K, &) be a logic.
(a) An L-theory is a set of formulae T € L with T = T. The L-theory
of a class C € IC is the set
Th(C):={@eL|JE¢, forallTeC}.

The L-theory of a single interpretation ¥ € X is Thy (J) := Thy ({3}).
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(b) An L-theory T is complete if it is of the form T = Th (), for some
L-interpretation .
(c) Two L-interpretations J, and J, are L-equivalent if

ThL(TSo) = ThL(31) .

We write §, =1 3, to denote this fact. As usual we omit the index L if
L =FO°[X].

Example. Let B be a boolean algebra, a,b € B, and u € spec(B). For
boolean logic BL(B) = (B, spec(B), =), we have

aEb it every ultrafilter containing a also contains b
iff ach,

and "ﬂqBL(%)(u):{beBMI:b}:u.

Remark. (a) The function @ — @F is a closure operator on L whose
closed sets are the theories. Consequently, the set of all L-theories forms
a complete partial order where the least element is the set &~ of all
tautologies and the greatest element is the set L of all formulae.

(b) For @ c L, we have

® =Thy(Mod;(®@)) if @®=0@" iff @isatheory.

Exercise 3.1. Let T be a satisfiable L-theory such that there is no satis-
fiable L-theory T’ with T c T'. Prove that T is complete.

The following properties of the entailment relation follow immediately
from the definition. We say that a logic L is closed under negation if, for
every formula ¢ € L, there is some formula —¢ € L with

SE-@ it JHEe.

Similarly, L is closed under implication if there are formulae ¢ — v such
that

SEe—->y iff J#¥ ¢orJE yorboth.
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Lemma 3.4. Let L be a logic, ® C L, and ¢,y € L.
(a) @k ¢ implies ¥V = ¢, for every ¥ 2 ©.

If L is closed under negation then we have
(b) @ E ¢ if, and only if, ® U {~¢} is inconsistent;
(c) ¢ is satisfiable if, and only if, =¢ is no tautology;
(d) @ is a complete theory if, and only if, we have

Qe iff OE-¢, forallpel.

If L is closed under implication then we have
(f) @u{p}Evyifandonlyif ® = ¢ —> y;
(g) ¢ =y modulo @ if,andonlyif, O ¢ > yand © =y — ¢.

We conclude this section with a collection of equivalences that can be
used to simplify first-order formulae. We start with the boolean opera-
tions which, of course, satisfy the laws of a boolean algebra.

Lemma 3.5. The following equivalences hold for ¢, y, 9 € FOson, [Z]:

(@) —-—p=¢ (elimination of double negation)

(b) oArv=yAre (commutativity)
pVy=yve

© (pAry)Ad=pA(ynd) (associativity)
(pvy)vI=gv(yvI)

d erp=9 (idempotence)
pvVe=9

e - No¢i=V -0 (de Morgan’s laws)
- l\</a i = 1/<\oc Qi
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) o—=y=-v—>-¢ (contraposition)

g or(pvy)=o (absorption)
oV(pAy)=o

(h) en(yvI)=(pry)Vv(pad) (distributivity)

pv(yr9)=(pvy)rlpvI)
Lemma 3.6. The following equivalences hold for ¢, ¢ € FOoox, [ 2].
(@) IxevIxy=3Ix(pVvy)

Vxo AVxy =Vx(o Ay)

(b) -3Jxp=Vx-g
-Vx@ = 3x-¢

() 3Ix3dye=dydxe
VxVyp=VyVxe

Furthermore, if x ¢ free() then we also have

(d) ¢Adxy=3Ix(pAy)
Vv Vxy=Vx(pVvy)

() ¢vIxy=3Ix(pvy) moduloIx(x =x)
pAVxy =Vx(pAy) modulo Ix(x = x)

(f) ¢=3x¢ modulo x(x = x)
¢ =Vxg modulo 3x(x = x)

Remark. Note that the equivalences (e) and (f) only hold in structures
that contain at least one element of the corresponding sort.

Exercise 3.2. Prove some of the above equivalences.
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Example. In general we have

Ix(@ Ay) £ Ixe A Ixy,
Vx(pvy)£Vxe Vv Vxy,
dxVye £ Vydxe.

For a counterexample, consider the structure U = (A, P) with A = {o,1}
and P = {1}. We have

A= IxPx A Ix—Px but A# Ix(Px A -Px),
A= Vx(Pxv-Px) but Ag VxPxvVx-Px,
A= Vydx(x=y)  but Ar IxVy(x=y).

4. Normal forms

In this section we study syntactic operations on first-order formulae.
In particular, we will define several ways to simplify a given formula.
We start by generalising the operation of substitution from terms to
formulae.

Definition 4.1. Let ¢ € FOox,[2, X] be a formula, t € T[2, X] a term,
and x € X avariable. The substitution of t for x in ¢ is the formula ¢[x/]
obtained from ¢ by

¢ renaming the bound variables of ¢ such that no variable in free(t)
is bound in ¢, and

¢ replacing every free occurrence of x in ¢ by the term ¢.

Example. (a) When substituting terms in formulae, we have to take care
to avoid clashes with bound variables in order not to change the meaning
of the formula. For instance, consider the formula 3y(y + y = x) which
expresses that x is divisible by 2. If we substitute y for x, we expect the
formula to say that y is divisible by 2. If we rename the bound variable to z,
we obtain the formula 3z(z + z = y) which has the expected semantics.
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But if we forget the renaming, we get 3y(y + y = y) which has an
altogether different meaning.

(b) Renaming bound variables does not change the meaning of a
formula. But note that renaming of free variables does. For instance, we
have 3zRxz # 3zRyz since the interpretation (2, ) with

A:=([2],{(0,1)}) and P(x):=o0, B(y):=1
satisfies the first formula but not the second one.

Remark. Note that, if ¢ = y are equivalent formulae, we have
-¢=-v¥, dxe¢=3xy, and Vx¢=Vxy.
Similarly, ¢; = y;, for all i, implies that
Nigwi=/Niyi and  V;9;=V;y;.

By induction it follows that, if is ¢ a subformula of 9 and ¢ = v, then
9 = 9[¢/v] where 9[¢/y] denotes the formula obtained from 9 by
replacing the subformula ¢ by y.

In the following we give a quick summary of various normal forms for
first-order logic. That is, we present subsets @ C FO,, [ 2, X| defined by
some syntactic criterion and we prove that every formula of FO,x [ 2, X ]
is logically equivalent to an element of @. We start by simplitying the
terms appearing in a formula.

Definition 4.2. A formula ¢ € FOun, [2, X] is term-reduced if every
atomic subformula of ¢ is of the form

Rx, fx=y, or y=gz,
where X, y, and z are variables.

Lemma 4.3. For each formula ¢ € FO.w [Z, X], we can construct a term-
reduced formula v € FOw [ 2, X] such that ¢ = y.
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Proof. If ¢ is not term-reduced, it contains a subformula 9 of the form
Rt or ft = s where not all elements of f and s are variables. Suppose that
t, is not a variable. If z is a variable that does not appear in J, we can
replace Rt, ...t,_; by the equivalent formula

Jz(to =z ARzt ... t,_1).
Similarly, we can replace ft = s by
dz(to =2z A fzt, ...ty =5).

By induction, it follows that, for every atomic subformula 9 of ¢, there
exists a term-reduced formula yy = 9. We obtain the desired formula y
by replacing every atom 9 in ¢ by the corresponding term-reduced
formula yg. O

Definition 4.4. (a) A formula is in disjunctive normal form if it is of the
form

V{A®;|iel}

where each @; is a set of literals.
(b) A formula is in conjunctive normal form if it is of the form

AN{VO;|iel}
where each @; is a set of literals.

Lemma 4.5. For every quantifier-free formula ¢ € FO[Z, X], there exist
equivalent FO[ X2, X |-formulae bN¥(¢) and cNE(¢) that are in, respect-
ively, disjunctive normal form and conjunctive normal form.

Proof. We construct bDNr(¢) and cNE(¢) by induction on ¢. If ¢ is a
literal, we can set

DNE(¢) :=¢ and CNE(¢):=¢.
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Suppose that, by inductive hypothesis, we have
DNE(y) = \i//k\(xik and cNE(y) = /i\\k/,Bik
DNE(J) = \'//k\)}ik and cNE(9) = /\\Z&'k

Then we can set

DNE(-y) = \//k\ Pk
oNE(=y) = NV e

DNE(Y A D) := \/\/(/k\ Aik A /k\)’jk)
i

cNE(y A D) := cNE(y) A CNE(D)

DNE(y v ) := DNF(y) vV DNE(J)

CNE(y v 9) ::/i\/j\(\k/ﬁik/\\k/é\jk). O

Exercise 4.1. Prove the corresponding statement for FOsx [ 2, X].

When doing inductions on the structure of a formula, it is sometimes
useful not to have to treat the case of negations. In such cases we can use
de Morgan’s laws to move all negation signs directly in front of atoms.

Definition 4.6. Given a formula ¢ € FOex, [2, X], we construct two
formulae ¢ and ¢~ as follows. If ¢ is atomic, we set ¢™ := p and ¢~ :=
—¢. For other formulae we define

(~y)" =y, (~y) =y",
(AND) =A\{yv' |yeo}, (A®) =\/{y |yea},
Vo)y =\V{y'|lyeo}, (Vo) =A{y |yeo},
(Fxy)™ = 3xy™, (Fxy)™ = Vxy~,
(Vxy)" = Vxy™, (Vxy)™ :=3xy .
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The formula ¢ is called the negation normal form of ¢. It is denoted by
NNE( ). We say that ¢ is in negation normal form if NNE(¢) = ¢.

The following basic properties of the negation normal form of ¢ can
be shown by a straightforward induction on the structure of ¢.

Lemma 4.7. Let ¢ € FOoox,[2, X].
(a) NNF(9) = g and ¢~ = g.
(b) NNE(¢) is in negation normal form.

(c) ¢ is in negation normal form if, and only if, the only subformulae
of ¢ of the form -y are literals.

(d) qr(~ne(g)) = qr(e).

Definition 4.8. A formula ¢ € FO,x [, X] is in prenex normal form if
it is of the form

Q= Qoxo"'Qn—lxn—ll//
where Q,, ..., Q- € {3, V} and y is quantifier-free.

We can transform formulae into prenex normal form only for struc-
tures with nonempty universe.

Definition 4.9. Let T, be the theory consisting, for every sort s, of one
formula 3x;(x; = x;) where x; is of sort s.

The expresses that all domains of a structure are nonempty. For models
of Ty we can construct prenex normal forms.

Lemma 4.10. For every formula ¢ € FO[X, X], there exists a formula
v € FO[ X, X] in prenex normal form such that ¢ = y modulo Tye.

Proof. By induction on ¢, we can move the quantifiers to the front using
the equivalences of Lemma 3.6. Suppose that the prenex normal forms
of y and V are, respectively,

Qoxo"'Qm—lxmﬂWo and ngo“'Q;_lyn—ﬂ()o >
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where all variables x; and yj are distinct. For Q € {3, V}, define Q by
3:=V and V := 3. The prenex normal form of ¢ is

) if ¢ is atomic,
Qo%o Qs Xm—1=Yo for ¢ = -y,
Qo%Xo " Qm-1Xm-1Qg Yo" Q1 Yn-1(¥o A o) foro=y a9,
Qoo QuarX¥m—1Qp Yo Qp_ Yna(Yo Vo) foro=yv9o,
32Qo%X0 " Qm-1Xm—1V¥o for ¢ = Jzy,
VzQoXo  Qum-1Xm-1Vo foro=Vzy. O

In some cases we can get a prenex normal form that is fully equivalent
instead of being only equivalent modulo T),..

Corollary 4.11. Let X be an S-sorted signature satisfying either of the
following conditions:

o Foreverys € S, there is a constant symbol of sort s.
¢ |S| =1and S does not contain relations of arity o.

For every formula ¢ € FO[X, X|, there exists a formula v € FO[ X, X] in
prenex normal form such that ¢ = y.

Proof. Inthe first case, every X-structure is a model of T,.. Hence, logical
equivalence and equivalence modulo Ty coincide.

In the second case, we can obtain v as follows. There exists a formula v’
in prenex normal form such that ¢ = ¥’ modulo T,.. Note that, up
to isomorphism, there exists exactly one X-structure U, with empty
universe since we have no relations of arity o. Let x ¢ free(¢) be a new
variable. Note that 9, = Vxy’ and U, ¥ Jxy’ regardless of what the
formula y’ looks like. Hence, we can set

Vxy' ifA, E @,
-

Jxy’  otherwise.

For every nonempty structure &, we have U = ¢/ iff ¥ = y. Consequently,
P=Y. L
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Remark. Infinitary formulae usually have no prenex normal form. For
example, consider the sentence

¢ := N IxoTxuoy /\ xi # Xk -

n<w i+k

If we move all quantifiers to the front, we obtain a formula starting
with an infinite string of quantifiers. This is forbidden by the definition
of FOoox, -

When we are interested in whether some theory is satisfiable, we can
also perform translations that, while preserving satisfiability, do not re-
spect logical equivalence. For infinitary formulae the following reduction
to first-order logic is useful. Another example is Skolemisation which
transforms an arbitrary theory into a universal one (see Section c2.3).

Lemma 4.12 (Chang’s Reduction). For every ¢ € FOyx [2, X], there
exists a signature X, 2 X and a set @, € FOxn [ 24, X] with the following
properties:

¢ Every model of ¢ can be expanded in exactly one way to a model
of D,.
¢ Every model of @, is a model of ¢.

¢ Every subformula of ¢ is equivalent modulo @, to an atomic for-
mula.

¢ Every formula in @, is either a first-order formula or a sentence of
the form Vi \/; y; (%) where each y; is atomic.

Proof. For every subformula y(x) of ¢ with n free variables, choose
two new n-ary relation symbols Ry, R_, ¢ 2. Let X, be the signature
consisting of X and all the new symbols Ry, R_,. The set @, consists of
the following formulae.

Vi(Ryx < y(x)), if y is atomic.
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V% (R3yyX <> IyRyxy),
Vx(RyyyXx < VyRyxy),
VX(RA,_, y;X = Ry,X), foralli< A,
VX(Ry,X = Ry,_, y,X) , foralli< A,

VX.I:RAK/\ yi X VVia Rﬁ%.fc] >

VE| Ry, y %V Vicd Ry, %] 0

5. Translations

In the last section we have considered transformations of formulae re-
specting logical equivalence. Now we turn to operations on structures
and we investigate how to compute the theory of the resulting structure
from the theories of the original ones. We start with a trivial example
that illustrates the general situation.

Lemma 5.1. Let X C T be signatures. For every formula ¢(X) € FOyx [ 2],
there exists a formula y(X) € FOyxn, [I'] such that

Az ela) it Ax=y(a),
for every I'-structure A and all a € A.
Proof. We can set y := ¢. ]
Corollary 5.2. Let A and B I'-structures.

A =ton, (1B implies Az =0, [5)Blz, forallZcT.

The other results of this section are all of the above form. We consider
an operation F on structures and logics L and L', and we prove that, for
every formula ¢ € L, one can construct a formula ¢’ € L such that

F(MEe if AE¢', foreveryl.
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As a consequence we obtain the result that
A=, B implies F(A) =, F(B).

In the case that L’ = L we call such operations compatible with L.

As a converse to the introductory example we consider expansions
of a structure. Of course, there is no hope to reduce the theory of an
arbitrary expansion to the original structure. But if we expand a structure
by definable relations, such a reduction is possible.

Definition 5.3. Let 2 be a >-structure and I' 2 X. A I'-structure B is an
L-definable expansion of U it B|y = A and, for every symbol § e I' \ X,
there is some L-formula ¢; such that

aeR® iff AE=ogr(a), forallrelationsRel'\ X,
f%(d) =b iff A= ¢s(a,b), forallfunctions fel'\X.

In this case we also say that (¢;) scr. 5 defines the expansion B of Q.

Lemma 5.4. Let X C T be signatures and let ¢(X) € FOxx, [Z], for
& e I'\ X, be formulae. For every formula w(X) € FOyx, [ '], there exists a
formula y* (x) € FOyx, [2] such that

A, =y(a) iff Aevy(a),
whenever a € A and U, is the expansion of A defined by (¢¢)¢.

Proof. Let ¢/ be a term-reduced formula equivalent to . We can ob-
tain y* by replacing in v’

¢ every atom Rf with R € ' \ X by the formula ¢ (f) and
¢ every atom ft =swith f € '\ Zby ¢s(£,s). O

Next we consider substructures. Again we have to restrict ourselves
to those where the universe is definable.
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Definition 5.5. Let A be an S-sorted X-structure and J,(x) € FOy, [Z],
fors e S.

(a) If Uges 659[ induces a substructure 2, of A, we call A, the substruc-
ture defined by (0 )ses.
(b) The relativisation of a formula ¢ € FO,x, [2] to (J;)ses is the

formula go(S) € FO,x, obtained from ¢ by replacing every subformula of
the form Fyy and V yy by, respectively,

(3y.8s(y))v and (Vy.0:(y))v,

where s is the sort of y.

Lemma 5.6. If a sequence (Js)ses 0of FOyx, -formulae defines a substruc-
ture A, of AU, we have

Aok g(a) iff  Ar 9 (a),
for every @ € FOy, and all @ € U,eg 67

Exercise 5.1. Prove Lemma 5.6.

Factorisation by definable congruences is also compatible with first-
order logic.

Lemma 5.7. Let X be an S-sorted signature and ,(x, y) € FO [Z],
for s € S. For every formula ¢(x) € FOxn, [ 2, X], there exists a formula
@' (%) € FOp,[Z, X] such that, if ~ := Uses €2 is a congruence relation
on 9, then

A/~ = @([als) if Arxo¢'(a), forallacA.

Proof. We can obtain ¢’ from ¢ by replacing every atom of the form
t = u by the formula (¢, u), where s is the sort of ¢ and u. H

If we combine all of the above operations, we obtain the notion of a
first-order interpretation.
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Definition 5.8. Let X be an S-sorted signatures and I" a T-sorted one.
(a) An FOyy, -interpretation from X to I is a sequence

T =(a,(8¢)ters (&t)ter> (@) ter)

of formulae where, for some function o : T — S<%,

a € F0% [Z], 6, eFOl[Z], & erOI V2],

for every relation symbol R € I" of type ¢, ... t,_,,

g € FOZL) )5,

/

and for every function symbol f € I'of type ¢, ... t,—, = t/,

I FOZ§Z°)"'0(t"_I)0(t,)[2] .
(b) Each FO,x, -interpretation Z defines an operation on structures as
follows. Intuitively, given a 2-structure U the interpretation Z constructs
a I'-structure Z(2) every element of which is a tuple of elements of U
and where the relations and functions are defined by the formulae ¢;.
The formulae §; define those tuples that encode elements of sort t and
the formula ¢; is used to check whether two such tuples encode the same
element. Finally, the admissibility condition a says when Z(Q) is defined.
Formally, if 9 is a 2-structure with 2 = «, we define the I'-structure

Z() = (83 rers (97)eer) /=

which is obtained from the structure ((8?[)teTa ((p?)ge [‘), where the

domain of sort t is 8% € A°(") and every symbol £ € I is interpreted as
the relation or function (p?, by factorising by the congruence relation ~

defined by the . We regard Z(2) as undefined if

¢ A a, or
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A

# &]'is not a congruence relation of ((87), ((p?) £), or

¢ there is some function symbol f € I' such that go?c[ is not a function.

Example. We construct an interpretation

T=(8(%),¢(%,7), p+(%, 7,2), 9.(%, 7, 2))
such that

I{Z,+,-,0,<) 2 {(Q, +,-).
We encode a rational number p/q by the pair (p, g).

8(x,x"):=x">o0,
e(x, %,y ) =x-y =y x',

(p+(x,x',y,y/,z,zl): S(Z,Z,> x_y/+y_x/, x/')//),

o.(x,x",y, v 2,2) = e(z, 2, x-y, X' y').

Exercise 5.2. Consider the structures N := (N, +, ) of arithmetic, & :=
(HF, €) of hereditary finite sets, and M := (2, -) of finite sequences
over [2] with concatenation. Define interpretations Z,, Z,, and Z, such
that

N=T,(8), S=L(M), M=L,(N).

For the next lemma, we denote by ; : 6% — Z(2) the canonical
function mapping a tuple to the element it encodes.

Lemma 5.9 (Interpretation Lemma). Let Z = (a, (8;)s, (&5)s» (9¢) &) be
an FOyy, -interpretation from X to I'.

(a) For every formula y(xo, ..., Xm-1) € FOYy [I'], we can construct
an formula y* (%o, ..., %m-1) € FO5a [2] such that

T(U) = w(ts,doserorts, Gmey)  AF A=Y (Aose.rdma)>
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for all structures A such that Z() is defined and all a; < &2.
(b) There exists a formula y € FOy,_[Z] such that, for every X-struc-
ture 2,

A=y iff  Z(YA) is defined.

Proof. (a) W.l.o.g. we may assume that y is term-reduced. We define y*
by induction on y. For atomic formulae, we have

(fxo...Xm—y = y)I =@ (X0 s Xme1> J) 5
(Rxo...xm_l)I = (/)R(-,ZO)---)X'WI—I))

and, if x and y are of sort s then

(x=p)" = &%)

(Note that we assume that every tuple satisfying ¢ also satisfies the cor-
responding §;. Otherwise, we have to add the conjunction of all J;, (%;)
to the above formulae.) Boolean combinations are left unchanged.

(-9)% := -97,
(ANO)" = N\{9"|9c},
(Vo) =V {9 |9eco}.

And if y is a variable of sort s, we have to restrict quantifiers over y to d;.

(Fy9)* = (37.65(3)) 9%,
(Vy9)F := (V7.5,(3))9" .

(b) We can set
X = 0N /\ 95
&er
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where, for each relation symbol R € I of type s, . . . 5,,—;, the formula

9R = v-’-co"'-’zn—l}-’o"'}-’n—l
(/\Ssi(xh)_’i) -
i<n

(@R(xm oo )kl’l—l) > (PR()_/oa e a)_/n—l))

expresses that the &; define a congruence with respect to the relation
defined by ¢y and, for each function symbol f € I'of type s, ... 5,1 = t,
the formula

97 = Vg %370 (For- - Znr» §)
AV XK Jor o Py i1V
(A &5 (% 3:) A 9 (or oo Ens )
1<n

A gof(yo,...,y‘n_l,v)) - st(zl,f/))

says that ¢ defines a function and the &; define a congruence with
respect to this function. ]

The general scheme of these constructions is summarised in the fol-
lowing definition.

Definition 5.10. Let (L,, o, E) and (L,, K,, E) be logics.
(a) A morphism from L, to L, is a pair («, ) of functions & : L, — L,
and 3 : K, - K, such that

SEa(p) iff  B(I)Eog, forallp e L, and J € I, .
The category consisting of all logics and these morphisms is called £ogic.
(b) An embedding is a morphism (a, ) : L, — L, where f3 is surject-

ive.
(c) A comorphism from L, to L, is a morphism (a, ) : L, — L.
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(d) By abuse of terminology we call a function « : L, — L, amorphism
if there exists a function 8 : K, - K, such that the pair (a, ) forms
a morphism L, — L,. Similarly, we call B : K, — K, a comorphism if
there is some « : L, — L, such that («, ) is a comorphism L, — L,.

Remark. The only difference between a morphism and a comorphism
is the direction of the arrow. We will use the former term if we want to
stress the translation of formulae, while the latter term is used when we
are mainly interested in the operation on structures.

Example. Each of the operations introduced in this section induces a
comorphism. For instance, we have seen in Lemma 5.1 that the reduct
operation r : A — 9|y induces the comorphism

(i,7) : FOyn, [I> X] = FOxx, [ 2, X ],

where i : FOgn, [Z, X] = FOyx, [, X] is the inclusion map.

In the case of interpretations we face a minor technical difficulty since
these are partial operations. An FO,yx_ -interpretation Z from X to I' in-
duces a comorphism L — FOyx, [I', X] where L is not FO.x, [ 2, X] but
the sublogic (FO.x [2, X],C, E), where the class C < Str[X] of interpret-
ations consists of those Z-structures 9 such that Z(9) is defined.

Exercise 5.3. Prove that a morphism («, ) : L, — L, is a monomor-
phism if, and only if, « is injective and f3 is surjective. Show that it is an
epimorphism if, and only if, « is surjective and f is injective.
Lemmas.11. Let («, B) : L, > L, be a morphism of logics.

(a) (a, B) is a monomorphism if, and only if, it has a left inverse.

(b) (a, B) is an epimorphism if, and only if, it has a right inverse.
Lemma 5.12. Let (a,f) : L, — L, be a morphism of logics, ® < L,
¢,V € Lo, and § an L,-interpretation.

(@) ¢ Evyimplies a(p) E a(y).
(b) If @ is inconsistent then so is a[ @].
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() Thr,(B(3)) = a™*[Th,(3)].
(d) Mody, (a[®]) = B~ [Mod;, (®)].

Proof. (a) For every L,-interpretation J, we have the following chain of
implications:

Jealp) = BQ)E¢
= BR)ry = Jra(y).

It follows that a(¢) = a(y).
(b) Suppose that «[ @] has a model 3. Then § £ « @] implies that
B(3) £ @. Hence, @ is satisfiable.

(c) For a formula ¢ € L, and an L,-interpretation J, we have
P3O re it Jreale) if  ¢ea”[Th,(3)].
(d) By definition of a morphism, we have
S=Ea[@] iff B(F) = iff JFep[Mody(@)]. O

Corollary 5.13. Let («,f) : L, - L, be a comorphism of logics and
suppose that 3., 3, are L,-interpretations.

So =1, 3, implies  B(3o) =1, B(3,) -
Proof. The claim follows immediately from Lemma 5.12 (). ]

Every monomorphism of logics is an embedding. Statement (a) of the
following lemma states that, conversely, every embedding is a monomor-
phism ‘up to logical equivalence.

Lemma 5.14. Let (&, 8) : Lo - L, be an embedding of logics, ® C L,
and ¢,y € L, formulae.

@) oy iff a(e)F a(y).
(b) Mody, (@) = f[Mod;, (a[®])].
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6. Extensions of first-order logic

Proof. (a) We have already seen in Lemma 5.12 (a) that ¢ & v implies
a(¢) = a(y). Conversely, suppose that a(¢) = a(y) and let §, be an
L,-interpretation. By assumption, there is some L,-interpretation J,
with B(S5,) = So. Hence, we have

ok = Jkale) = JkFaly) = 3JoEv.

It follows that ¢ F y.
(b) By Lemmas A2.1.10 and 5.12 (d), it follows that

B[Mod,, (a[®@])] = B[ [ModL,(®P)]] = ModL, (®) . O

6. Extensions of first-order logic

Lindstrém quantifiers

First-order logic seems to be ill-suited to talk about cardinalities. To
express that there are infinitely many elements we had to use an infinite
set of formulae, and we will see in Lemma c2.4.9 that, even if we allow
infinitely many formulae, we cannot express that something is finite.

To obtain a logic where these things can be expressed, we add to
ordinary first-order logic a cardinality quantifier 3* with the meaning of
‘there are at least A many.

Definition 6.1. By FO,, (3*)[Z, X] we denote the logic obtained from
FOxx, [ 2, X] by adding the syntax rule:

o if @ € FO.e, (3M)[Z, X U {x}] then 3*x¢ € FO, (IM)[Z, X].

We define the semantics of this quantifier by

A= Fxp[p] :iff {aecA|AEg[p[x/a]]}|> 2.
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c1. First-order logic

Example. We can axiomatise the order (w, <) up to isomorphism by the
formula
Vx-(x <x) AVxVyVz(x < yAy<z—>x<2)
AVxVy(x<yvx=yVvy<x)
AVx3y(x < y)
AVx=TFy(y < x).
Another property that infinitary first-order logic is unable to express
is well-foundedness. As above, we can introduce a new quantifier ex-

pressing that a definable relation is a well-order. This logic will play an
important role in Section c5.6.

Definition 6.2. Let FO,x, (Wo0) be the extension of FO,y, by the well-
ordering quantifier W whose semantics is given by
A= Wxjyo(x,7,6) iff  the relation ¢* (%, 7, ¢) is
a well-ordering of its field.

Note that the quantifier W cannot be used to express ‘there exists
a well-order. We can only check whether some definable relation is a
well-order.

Generalising the above examples we can define extensions of (infinit-
ary) first-order logic by quantifiers for any given property.

Definition 6.3. Let I' = {R,, ..., R, } be a finite relational signature and
IC a class of I'-structures. The Lindstrom quantifier for IC is of the form

QicXo .. %n900(%6,2) ... 9n(Xy,2). The semantics of such a formula is
defined by

Ak QicXo -+ - XnPo(X0,€) -+ Pu(%n, )
A (A, @o(%0,6)% . s 0n(Xn,0)Y) e K.
Example. (a) The cardinality quantifier 3% is the quantifier Qx where
K:={(A,P)|Aaset,PCA,|P|>1}.

482
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(b) The cardinality comparison quantifier is defined by the class

K:={(A,P,Q)|IP|=Q[}.

(c) The well-ordering quantifier W is defined by the class

KC:= {(A,R) | R is a well-order on its field } .

Second-order logic

In second-order logic we extend first-order logic by variables for relations
and functions and we allow quantification over such variables. When we
equip each variable with a type, the set of variables becomes a signature
where the constant symbols play the role of the first-order variables. This
particular point of view makes the definition of syntax and semantics
much more streamlined. We could also have adopted this convention
for the definition of first-order logic. But for expositionary reasons we
have refrained from doing so.

Definition 6.4. Let X and = be S-sorted signatures. The set SO, [2, Z]
of infinitary second-order formulae is the smallest set of terms satisfying
the following closure conditions:

o Ifty, t, € T[XUE, @] are terms of the same sort, we have ¢, = ¢, €
SOxx, [2, E].

e IfReZUEisoftypes,...sp,and t; € Ty, [ XU E, @], fori < n,
then Rt, ... t,—; € SOxx, [ 2, Z].

o If ¢ €SO, [Z, Z], then —¢ € SO4x, [ 2, Z].
o If @ CSOkx,[2, E] and |D| < k, then A @,/ @ € SO, [ 2, E].
o If @ €SOk, [2, EU{&}], then Iy, VEp € SO, [ 2, E].

We define monadic second-order logic MSOx, [ 2, Z] as the restriction
of SO4x, [ 2, Z] were we allow only constant symbols and unary relation
symbols in the variable signature =.
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For a (X U E)-structure A and an SO,y [ 2, £]-formula ¢, we define
the satisfaction relation ¥ = ¢ by induction on ¢.

AEto =t Aff 2=,

A= Rto... bty :iff (£2,...,65.,) € RY,

AE-¢ (At AE g,

A=\ @ :iff  there is some ¢ € @ such that % = ¢,

QII:/\(D (it AEegforallge @,

A= g :iff  there is some relation or function &
such that (%, &) = ¢,

A=V iff (9, &%) £ ¢ for all suitable relations or

functions &,

Example (Peano Axioms). The structure (w,s,0), wheres:n — n+1
is the successor function, can be axiomatised in monadic second-order
logic up to isomorphism by the Peano Axioms.

Vx(sx #0),

VxVy(sx =sy >x=y),

VZ[ZoANVx(Zx — Zsx) > VxZx].

The third axiom which states the induction principle is not first-order.

Example. (a) The class of all well-orders can be axiomatised by the MSO-
formulae

VxVy(x <yAy<x < x=y),

VxVyVz(x <yAy<z->x<z),

VxVy(x<yvy<x),

VZ[3xZx - (Ix.Zx)(Vy.Zy)(x < y)],

which express that < is a linear order such that every nonempty set Z
has a minimal element.
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(b) Let (V, E) be a graph. The transitive closure of the relation E can
be defined by the monadic second-order formula

o(x,y) =VZ[Zx A\NuYv(Zu A Euv — Zv) —> Zy].

Consequently, we can express that a graph is strongly connected by

Y= Vayg(x,y).

(c) Let ¢(x) and y(x) be second-order formulae. We can express that
the sets defined by ¢ and y have the same cardinality by the second-order
formula

I [(Vx.p(x))(Vy.0())(x =y —> fx# fy)
A(Vx.o(x))3yw(y))(fx=y)
A (Yxp(x))(3y.9(0) (fy = x)]

which states that there exists a bijection between these sets.

Logical systems

We have already introduced several logics and we will define some more
below. To facilitate a uniform treatment let us define a general framework
for the kind of logic we are interested in. We have two basic requirements.
Firstly, the logic should talk about structures and, secondly, it should be
well-behaved with respect to reducts and expansions of signatures. Like
in the first-order case we will therefore consider not a single logic but a
family of them, one logic for each signature. We start by giving a general
definition of a family of logics.

Definition 6.5. Let & be a category. A logical system parametrised by &
is a functor £ : & — Logic. To each logical system £ we associate a
covariant functor L and a contravariant functor C such that

L[s] =(L[s],C[s],Es), forse S,
LIf]=(LIfL.ClfDs for f € &(s,s").

L is called the syntax functor of L and C is the semantics functor.
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Remark. (a) An alternative, more concrete definition of a logical system
would be as follows. A logical system consists of a covariant functor
L: & — &, a contravariant functor C : & — Jnt, and a family (k) ses of
binary relations =, € C[s] x L[s] that satisfy the following conditions:

o (L[s],C[s],Es) is alogic, for all s € &.

¢ For every morphism f : s - t of &, all formulae ¢ € L[s], and
each interpretation § € C[¢], we have

ClAIS) Esp it 3= L{f](0).

Note that the second condition is a generalisation of the property of
terms stated in Lemma B3.1.16.

(b) Usually the category & specifies a signature X and a set of vari-
ables X, and C[ X, X] is the class of all pairs (¥, §) where U is a X-struc-
ture and 3 a variable assignment for the variables in X. In fact, we will
mostly deal with logics without free variables where the interpretations
consists of only a structure (see Definition 6.7 below).

Example. We define a logical system based on Zariski logic. The cat-
egory & of parameters consists of all pairs (K, X) where K is a field and
X a set of variables. If € is an extension of & then S((&, X), (£, Y)) con-
sists of all functions f : X — Y. If £ is not an extension of & then there
are no morphisms (K, X) — (£,Y).

The logical system maps a parameter (K, X) € & to the Zariski logic
ZL[K, X]. Each morphism f : (], X) — (£,Y) of & is mapped to the
morphism (a, B) : ZL[K, X]| — ZL[&, Y] where

¢ o« maps a polynomial p(x) € K[ X] to p(f(x)) € €[Y] and
¢ f3 maps a variable assignment y € MY to y o f € MX,

Note that («, f8) is indeed a morphism since

yofEp(xor..,xyy) i pEP(f(x0),..os f(x4-1)).

Recall the categories Sig, SigQBar, and Str introduced in Section B3.1.
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Definition 6.6. By FO,x, we denote the logical system Sig8Bar — Logic
with

(Z,X) = (FOxn, [ 2, X], Str[ 2, X], ),
and FO},, : &ig — Logic is the subsystem with

T (FOL. [Z], Str, E).
Exercise 6.1. Prove that FO,, and FO},, are indeed logical systems.
Exercise 6.2. Let £ : & — Logic be a logical system with

L(s) =(L[s],C[s],Es)» forse &,

L(f) =, Bs), for f € S(s,1).

Show that the function £°F : @°? — Logic defined by

LP(s):=(C[s], L[s], (Fs)"), forse S,
LP(f) = (Bs>ar) for f € &(s, 1)

is a logical system.

We are mainly interested in logical systems that, like first-order logic,
talk about structures.

Definition 6.7. An algebraic logic is a logical system L : Sig — £ogic
parametrised by Sig such that
+ the semantics functor is the canonical functor Str : Sig — Str and

¢ every logic L[X] is invariant under isomorphisms, that is,
A=Y implies A=;[5 B, forallA,BeStr[X].

Example. We will prove in Lemma c2.1.3 (c) that first-order logic is
invariant under isomorphisms. Consequently, FO7,, is algebraic. Clearly,
FOyy, is not, for a > o, since the interpretations are not structures.

487



c1. First-order logic

Remark. Note that it follows immediately from the definition of an
algebraic logic that the reduct operation 2 +~ |y is a comorphism
L[I'] - L[Z], for every algebraic logic L.

When defining the semantics of second-order logic we have treated
the variables as symbols of a signature. This trick can be used to simulate
free variables in every algebraic logic.

Definition 6.8. Let L be an algebraic logic, X a signature, and X a set of
variables disjoint from . We set

L[Z,X]=L[ZuX],

where we regard the elements of X as constant symbols. If 2 is a 2-
structure and f : X — A a variable assignment, we define

AE[B] :iff Agk o,

where g is the (XU X)-expansion of A where we assign to the additional
constants x € X the value x™ := B(x).

We define ¢?, free(¢), 2 &= ¢(d), and L [X] in the same way as for
first-order logic.

Lindenbaum algebras

Usually we are only interested in the expressive power of a logic and,
hence, we will not distinguish between equivalent formulae. To this end
we associate with every logic L a partial order that reflects the structural
properties of L while abstracting away from the concrete syntax. We
have seen in Lemma 3.2 that the entailment relation E is a preorder. If
we identify equivalent formulae, we obtain the partial order (L, =)/=. In
this way we can define a functor £ogic - PO where PO is the category
of all partial orders with homomorphisms.

Definition 6.9. The Lindenbaum functor £b : Logic - PO is defined by
¢b(L) :=(L,E)/=, for L € Logic,
b(u)([9le) = [alp)]=,  for u = (a,B) € Logic(Lo, L) -
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The partial order £b(L) is called the Lindenbaum algebra of L.

Remark. Note that it follows by Lemma 5.12 (a) that the image £b(y)
of a morphism y : L, — L, is well-defined and that it is indeed a
homomorphism of partial orders.

Example. (a) Let & be an algebraically closed field. For Zariski logic
ZL[ K, X], we have shown that

n

p=q ifft p"=aq" forsomeaecKandm,n<w.

The Lindenbaum algebra £6(ZL[K, X]) is an upper semilattice where

T=[o]-. 1=[1)-. and [p)-ulql-=[pql-.

(b) Let B be a boolean algebra. The Lindenbaum algebra £6(BL(B))
is isomorphic to B since, for a, b € B,

a=b implies a=b.

Lemma 6.10. Let u: L, — L, be a morphism of logics.
(@) If u is an epimorphism then so is £b(u).
(b) If u is an embedding then so is £b(p).

Proof. Suppose that y = («, ).
(a) Let [@]= € £b(L,). The map « is surjective since u is an epi-
morphism. Consequently, there is some v € L, with a(y) = ¢. Hence,

€b(u)([v]z) = [¢]=, as desired.

(b) follows immediately from Lemma 5.14 (a). H

Definition 6.11. Let L be a logic and ¢, y € L formulae.
(a) A negation of ¢ is a formula 9 € L such that, for all L-interpreta-
tions §, we have

SEY iff  JHg.
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c1. First-order logic

If ¢ has negations, we fix one and denote it by —¢.
(b) A disjunction of ¢ and v is a formula ¥ € L such that, for all
L-interpretations J, we have

Y it JE¢@orJEyorboth.

If disjunctions of ¢ and v exist, we fix one and denote it by ¢ v y.
(c) A conjunction of ¢ and v is a formula 9 € L such that, for all
L-interpretations J, we have

JeEY ifft JeE¢eandJEvy.

If conjunctions of ¢ and y exist, we fix one and denote it by ¢ A y.

(d) We say that L is closed under negation, disjunction, or conjunction
if all L-formulae have, respectively, negations, disjunctions, or conjunc-
tions. We call L boolean closed if L is closed under all three operations.

Remark. (a) Note that —¢, ¢ vV y, and ¢ A y are only determined up to
logical equivalence, but they are unique when regarded as elements of
£b(L).

(b) If L is closed under conjunction and disjunction, the Lindenbaum
algebra £b(L) is a lattice where

lol-nlyl==lory]ls and [ol-uly]-=[pVvy]-.

Exercise 6.3. Define a logic L such that £b(L) is a boolean algebra but
L is closed under neither negation, nor disjunction, nor conjunction.

Lemma 6.12. Let (L, K, =) be a logic.

(a) If L is closed under conjunction and disjunction then £b(L) is a
distributive lattice.

(b) If L is boolean closed then £b(L) is a boolean algebra.

Proof. (a) £b(L) is clearly a lattice if it has the above closure properties.
To show that it is distributive note that the function

fE6(L) = B(K) : [¢]= = Mod,(¢)

490



6. Extensions of first-order logic

is an embedding of £6(L) into a power-set lattice and such lattices are
always distributive.

(b) If L is boolean closed, it contains tautologies ¢ v —¢ and unsatis-
fiable formulae ¢ A —¢. Hence, £6(L) forms a boolean algebra. ]

When investigating a logical theory T we usually are only interested
in the class of models of T. In these cases we can restrict the logic by
removing all interpretations that do not satisfy T.

Definition 6.13. Let (L, C, =) be alogic, @ € L a set of formulae, and let
i:®— Land j:Mody(®) - K be the corresponding inclusion maps.
(a) The restriction of L to @ is the logic

L‘(p = (@, IC, |:> 5
where the set of formulae is restricted to @. The morphism
(i,id;c) : L‘(p - L

is the inclusion morphism associated with @ and L.
(b) The localisation of L to @ is the logic

L/®:=(L, Mod,(®), &),

where the class of interpretations is restricted to those satisfying @. The
morphism

(idg,j): L - L/ ®

is the localisation morphism associated with @ and L. We define the
relations

ooy :iff Qu{g}Euvy,
p=py :iff ¢=ymodulo®.

(c) If L is an algebraic logic and @ ¢ L°[X] then we set

L°/o:= L'[2]/D.
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c1. First-order logic

The next lemma and its corollary state that the restriction and the
localisation of a logic yield something like ‘short exact sequences’” of
logics and Lindenbaum algebras

Llp>L—L/® and €b(L|p) — €b(L) - €b(L/D).

Lemma 6.14. Let (L, K, =) be a logic and @ € L a set of formulae.
(a) The inclusion morphism i : L|¢ — L is a monomorphism of logics.

(b) The localisation morphism A : L — L/ ® is an epimorphism of logics.

Corollary 6.15. Let L be a logic and @ C L.
(a) There exists an embedding £b(L|p) — £b(L).
(b) There exists a surjective homomorphism £b(L) — £b(L/D).

Proof. The claims follow from Lemmas 6.14 and 6.10. O
We can describe the entailment relation of a localisation as follows.

Lemma 6.16. Let L be a logicand T c L.
(@ peyinl/T if ¢@EryinL.
(b) SB(L/T) = (L,IZT)/ET .

Proof. (a) We have ¢ = y in L/T if, and only if, every model of T that
satisfies ¢ also satisfies . This is equivalent to Tu {¢} E v.
(b) follows immediately from (a). N
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c2. Elementary substructures and

embeddings

1. Homomorphisms and embeddings

We can compare structures by looking at the functions between them.
In this section we investigate how such maps are related to the theories
of the structures in question.

Definition 1.1. Let L be an algebraic logic and f : & — B a partial
function between X-structures.
(a) We say that f preserves a formula ¢(x) € L[ 2, X] if

A= ¢(a) implies BEo¢(fa), forall a c dom f.

(b) Let A ¢ L[, X] be a set of formulae. We call f a A-map if it
preserves every formula in A. A A-embedding is a A-map that is an
embedding. We say that f is strict if we have

A=ep(a) if Beo(fa),

for all formulae ¢(x) € A and every a € dom f.

If C € A c Bthen wesay that f : A - BisaA-map or a A-embedding
over C if f additionally satisfies f | C = id¢. For historical reasons
FO-maps and FO-embeddings are usually called elementary.

(c) We denote by Emby (¥, B) the set of all L<“[X]-embeddings 5 :
A - B. We write Emby () for the category of all L““[X]-embeddings
between X-structures.
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c2. Elementary substructures and embeddings

Remark. If A is closed under negation then every A-map is strict.

Example. Let f : A — B. Immediately from the definition it follows that
(a) f isinjective if and only if it preserves the formula x # y;

(b) f is a homomorphism if and only if it preserves every atomic
formula;

(c) fisan embedding if and only if it preserves every literal.

Definition 1.2. (a) We write QF,_[Z, X] for the set of all quantifier-free
FOux, [2, X]-formulae.

(b) For A € FO4x [2, X] we denote by A the closure of A under
existential quantifiers and conjunctions and disjunctions of less than x
formulae. Similarly, YA denotes the closure of A under conjunctions,
disjunctions, and universal quantifiers. The intended value of x should
always be clear from the context.

(c) The set of existential formulae is Jyx, [Z, X ] = IQF,, [ 2, X] and
the set of universal formulae is ¥ [ 2, X] := VQFy, [ 2, X]. For k = R,,
we simply write 3[2, X] and V[Z, X].

(d) The set 37 [Z, X] of positive existential formulae consists of all
FO,x, -formulae containing neither negations nor universal quantifiers.

Lemma1.3. Let f: A - B.
(@) f is a homomorphism if, and only if, it preserves all 37 -formulae.
(b) f is an embedding if, and only if, it preserves all Iox_-formulae.
(c) If f is an isomorphism, it preserves all FOsx, -formulae.
Proof. One direction follows immediately from the definition (see the
above example) since every function preserving all atomic formulae is a
homomorphism and every function preserving all literals is an embed-
ding.
For the other direction, we prove all three claims simultaneously by

induction on the structure of ¢. For claims (b) and (c), we may assume
that ¢ is in negation normal form.
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1. Homomorphisms and embeddings

If ¢ = Rt, ...t, then we have
A= (Rty ... tay)(a) = (£5(a),.... th_,(a)) € R
= (f(13(a))s ..., (15, (a))) € R®
= <to%(fd),...,tf_l(fd)) eR®
=B = (Rto,...,ty—)(fa).
The proof for ¢ = t,=t, is similar.

For (b) and (c), we also have to consider the case that ¢ = —R?, ... t,.
Since in these cases f is a strict homomorphism we have

A& ~(Rto, ..., tas)(a) = (t2(a),.... 15 ,(a)) ¢ R

= (f(£5(a)),.... f(£1_,(a))) ¢ R?

= (t2(fa),....ty,(fa)) ¢ R®
= Bk -(Rto,...,th)(fa).

The proof for ¢ = t,# t, is similar.

The cases that ¢ = A @ or ¢ =V @ follow immediately from the in-
ductive hypothesis. Therefore, it remains to consider quantifiers. Suppose
that ¢ = Iyy(%, y). We have

A= Tyy(a,y) = A= w(a,b) for some b € A
= Bk vy(fa, fb) forsomeb e A

= Bk Iyy(fa,y).

Finally, for claim (c) there is the case that ¢ = Vyy(x, y). Then we
have

AE=Vyy(a,y) =>AE=w(a,b)forallbe A
= BEvy(fa, fb)forallbe A

=B EVyy(fa,y),

since f is surjective. [
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c2. Elementary substructures and embeddings

Corollary 1.4. Let U be a X-structure. For every relation R := ¢* defined
by some formula ¢(x) € FO3S,_ [X], we have

aeR it maeR, foreach automorphism m:2 — .

Example. We can use the above characterisation to prove that certain
relations are not definable. Let 9 be a structure and R a relation. If we
can find an automorphism of 2 that is not an automorphism of the
expansion (2, R) then we know that R is not definable in 2.

(a) Addition is not definable in the structure (N, -). Define the function
7 : N — N that maps a number of the form 23" k, where k is not divisible
by 2 or 3, to the number 2”3 k. Then 7 is an automorphism of (N, - ),
but it is not an automorphism of (N, -, +) since we have

4+3=7 and 7n(4)+7n(3)=9+2%7=1n(7).

(b) Similarly, we can show that multiplication is not definable in the

structure (Z, +) since the mapping 7 : x — —x is an automorphism of
(Z,+) but not of (Z, +, - ).

Definition 1.5. A formula ¢(x) is preserved in substructures if
A= p(a) implies U, E @(a),

whenever U, € U is a substructure containing a.

Lemma 1.6. Vx_-formulae are preserved in substructures.

Proof. This is just the dual statement of Lemma 1.3 (b). Let ¢ € Vox,
and suppose there exist structures U, € A and elements a € A, such
that

Ak g(a) but Ao # o(a).

Letid : ¥, — A be the embedding of 2, into . Since —¢ is equivalent
to some existential formula y € J.x, it follows from Lemma 1.3 (b) that

Ao = -¢p(a) implies A= -p(a).

Contradiction. H
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1. Homomorphisms and embeddings

Example. Groups can be axiomatised by universal sentences:

VxVyVz(x-(y-z) = (x-y)-2)
Vx(x-e=x)

Vx(x-x"'=e)

It follows that every substructure of a group (G, -, ™, e) is itself a group.
Note that, if we use the smaller signature consisting only of group mul-
tiplication -, this property fails since the axioms are no longer universal:

VxVyVz(x-(y-2) = (x-y)-2)
JeVx[x-e=xA3Ty(x-y=e)]

For instance, the group (Z, +) has the substructure (N, +) which is not
a group.

Definition 1.7. A formula ¢ (%) is preserved in unions of chains if, for all
chains (¥; )<, and every tuple a € A,,

Ai = g(a), foralli<a, implies |JU;E @(a).

i<a
Lemma 1.8. Every Y 3.x, -formula ¢ is preserved in unions of chains.

Proof. Let (¥;);<4 be a chain with union B := U;., ;. Suppose that
@ € V3oox, is a formula such that U; = ¢(a), for all i < &, where a € A,,.
We prove by induction on ¢ that B = ¢(a).

If 9 € Joox, then A, E ¢(a) and A, € B implies that B = ¢(a), by
Lemmai1.3 (b). If o = ADor ¢ =V D, for ® C VI, then the claim
follows immediately from the inductive hypothesis.

Hence, it remains to consider the case that ¢ = Vyy(x, y), for some
¥ € Ve, For every b € B, there is some index k such that b € Ay.
By assumption, we have &; & w(a,b), for every i > k. By inductive
hypothesis, it follows that U;sx A; & w(a,b). Since U;» Ui = B we
have shown that B = y(a,b), for all b € B. This implies that B =

Vyy(a,y). O
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c2. Elementary substructures and embeddings

Remark. Similarly to Lemma 22, we can show that V3., -formulae are
preserved in direct limits of diagrams of embeddings. Analogously it
follows that V37, -formulae are preserved in arbitrary direct limits.

Example. The class of all fields is V 3-axiomatisable. It follows that the
union of a chain of fields is again a field.

Exercise 1.1. Prove that every V37, -formula is preserved in direct
limits.

2. Elementary embeddings

Definition 2.1. Let L be an algebraic logic, A € L[ %, X] a set of formulae,
and 2 and B Z-structures.

We say that B is a A-extension of 2, or that A is a A-substructure
of B, if A € B and the inclusion map A — B is a A-embedding. We
write 2 <, B to indicate that U is a A-substructure of B. In the case
A = FO[ X] we also speak of elementary embeddings and extensions, and
we write A < B instead of A <po B.

Example. (a) (N, <) ¢ (Q, <) is not elementary since
(N,<) EIxVy(x<y) but (Q, <) IxVy(x<y).

(b) There are structures 2 ¢ B such that A = B but A £ B. For
instance, let A := (27, <) and B := (Z, <). Then we even have A = B but
A £ B since

(2Z,<)# Ix(o<xAx<2) but (Z,<)r3Ix(o<xAx<2).

(©) (Q,<) <o (R, <). (The easiest proof of this statement is based
on so-called ‘back-and-forth’ arguments which will be introduced in
Chapter c4. See Lemma c4.1.4).

Exercise 2.1. Find an elementary extension of (Z, s) where s : x — x +1
is the successor function.

498



2. Elementary embeddings

Remark. If L is closed under negation then & <; B implies A =; B.

Definition 2.2. Let L be an algebraic logic and % a X-structure.

(a) For a set U ¢ A, we denote by Ay the expansion of 2 by one
constant ¢,, for each element a € U, with value ¢? := a. By Xy we denote
the corresponding expansion of the signature. In the following we will
not distinguish between the element a and the symbol ¢, denoting it,
and we simply write a in both cases.

(b) If T is a complete theory and & a model of T with U € A then we
define T(U) := Thy (YUy). For U = A, we call T(A) the L-diagram of 9.

Let A, S FO[ZX] be the set of all atomic first-order formulae and
A, € FO[ZX] the set of all literals. The A,-diagram of 9 is called the
atomic diagram, and the A,-diagram is the algebraic diagram. As usual,
the FO-diagram is called elementary.

The next lemma states that in order to construct an L-extension of a
structure U we can take any model of its L-diagram.

Lemma 2.3 (Diagram Lemma). Let L be an algebraic logic and 2 and B
X-structures. There exists an L-map g : A — B if and only if we have

BT = Thy(As), for some X 4-expansion B" of B.

Proof. (=) By definition, B = ¢(ga), for all p(a) € Th(Uy,). Hence, if
a is an enumeration of A then we can define the desired expansion of B
by B* := (B, g(a)).

(<) We claim that the function g: A > B: a — ¢ is the desired
L-embedding. Since Thy (B%) = Thy (U4 ) we have

A= o¢(ag,....ay-,) Mt @(cays---s€a, )€ Thr(Uy)
= B Ee(cay.-rCa,,)

iff BEoe(glas),....g(an-)). O

Corollary 2.4. Let A and B be structures. Let A, () be the atomic dia-
gram of U and A, () the algebraic diagram.
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c2. Elementary substructures and embeddings

(a) There exists a homomorphism A — B if and only if
BsEA(A), for some expansion B, of B.

(b) There exists an embedding A — B if and only if
BsEA(YA), for some expansion By of B.

For first-order logic there is a simple test to check whether some
extension is elementary.

Theorem 2.5 (Tarski-Vaught Test). Let A € B be X-structures and suppose
that A C FOoox, [ 2] is closed under negation, subformulae, and negation
normal forms.

We have A <, B if and only if, for every formula 3y(x,y) € A and
all tuples a C A,

B e dygp(a,y) implies B ¢(a,b), forsomebe A.

Proof. (=) Since A <4 B and A is closed under negation we have

BEedyp(a,y) iff Ae=3Tye(a,y)
it AEe(ab) for some b € A
if BEoe(ab) for some b e A.

(<) Since A is closed under subformulae we can prove by induction
on ¢ that

A= @(a) implies BEeg(a), forallpeA.

Moreover, it is sufficient to consider only formulae ¢ in negation normal
form.

We will only give the inductive step for the universal quantifier. The
other cases are handled in the same way as in the proof of Lemma 1.3.
Suppose that

A= Vyy(a,y) but B Vyw(a,y).
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Since Vyy € A we have NNE(=Vyy) = Jy(NNE(=y)) € A. Therefore,
B = Fy-y(a, y) implies that B £ -y(a, b), for some b € A. On the
other hand, ¥ = Vyy(a, y) implies that A £ y(a, b) and, by inductive
hypothesis, it follows that B = y(a, b). Contradiction. ]

Proposition 2.6. Let D : § — Hom,(ZX) be a directed diagram of strict
homomorphisms with cone h; : D(i) — limD, i € I, and suppose that
A C FOoon, [Z, X] is closed under subformulae and negation. If each map
D(i, j) is a A-map then so is every h;.

Proof. By induction on ¢ € A we prove that

D(i)Fp(a) iff lmDeg(hi(a)).

Since Vyy(x, y) = ~3y-y(x, y) and A is closed under negation we may
w.l.0.g. assume that ¢ does not contain universal quantifiers.

If ¢ is atomic then the claim follows from the fact that h; is a strict
homomorphism. The cases that ¢ = -y, ¢ = A @, or ¢ =V © follow
immediately from inductive hypothesis.

Suppose that ¢ = Iyw(x, y). f D(i) = Iyy(a, y) then there is some
b € D(i) such that D(i) = y(a, b). By inductive hypothesis, it follows
that lim D w(h;(ab)). Hence, limD = ¢(hi(a)). Conversely, sup-
pose that limD = dyw(h;(a), y). Then there is some element b such
thatlim D = w(h;(a),b). By definition of a direct limit there is some in-
dex k with b € rng hy. Let I € I be an index with i, k < [ and let ¢ € D(I)
be an element with h;(c) = b. By inductive hypothesis, it follows that
D(l) e w(D(i,1)(a),c). Hence, D(I) = ¢(D(i,1)(a)). Since D(i, 1)
is a A-map and A is closed under negation we have D(i) = ¢(a), as
desired. [

Definition 2.7. A chain (¥;);<, is an L-chain if A; < Ay, for all i < k.
As usual, FO-chains are also called elementary.

Corollary 2.8. If (%;)i<a is an FOyx, -chain then A <o, Uica Ui for
allk < a.
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If A C FO,y, is not closed under negation then obtain a similar result
if we require the diagram to be x-directed and A to not contain universal
quantifiers.

Proposition 2.9. Let D : § - Hom(ZX) be a k-directed diagram with
cone h; : D(i) - lim D, i € I, and suppose that A < FOrx, [, X] is closed
under subformulae and no formula in A contains universal quantifiers. If
each map D(i, j) is a A-map then so is every h;.

Proof. By induction on ¢ € A we prove that

limD & @(a) iff thereissome i € I and a tuple b with
h;(b) = a such that D(i) &= ¢(b).

(¢ atomic) follows from the definition of h_r)n D.
(¢ =V W) IfD(i) = ¢(b) then there is a formula v € ¥ with D(i) =

y(b). By inductive hypothesis it follows thatlim D = ¢(a). Conversely,
if imD & y(a), for some y € ¥, then we have D(i) k w(b) and
h;(b) = a, for suitable i and b.

(9 = AVY)IUD(i) = ¢(b) then the inductive hypothesis implies that
limD E y(a), for each y € ¥. Conversely, if im D  ¢(a) then we can
find, for every v € ¥, an index iy, € I and a tuple b, with hiv,(l;w) =a
and D(iy) = y(by). Since h;, (by) = hi,(by), for y, 0 € ¥, there exists,
by definition of li_r)nD, an index lyg > iy, ig with

D(iy, lys) (by) = D(ig, Iys) (bs) -

Since J is x-directed we can find index k € I with [ 9 < k, for all y, 9.
Let ¢ := D(iy, k)(by), for some/all y. It follows that h;(¢) = a and
D(k) = y(c), for every y € V.

(¢ = —v) Since all homomorphisms D(i, k) are A-maps and -y € A
we have

D(i)ey(b) if D(k)ey(D(,k)(b)), foralli<k.
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2. Elementary embeddings

Consequently, h;(b) = h;(¢), for arbitrary i, j € I, implies
D(i) =y(b) iff  D(j)=y(0).

Therefore, we have

limD # y(a)
ift  D(i)ry(b) foralliandbeh;'(a),
iff ~ D(i)E-w(b) foralliandbeh;'(a),
ifft — D(i)Ee-w(b) forsomeiandbeh;'(a).

(¢ = Iyy(x,y)) UD(i) = Ayy(b, y) then there is some ¢ € D(i)
such that D(i) & y(b, ¢). By inductive hypothesis, it follows that

lim D = y(h;(be)).

Hence, lim D & @(h;(b)). Conversely, suppose that limD & Iyv(a, y).
Then there is some element ¢ such that lim D & y(a, c). By inductive
hypothesis, we can find an index i and elements bd € h;*(dc) such that

D(i) £ y(b,d). Hence, D(i) £ ¢(b). ]

Exercise 2.2. Find an example showing that the above Proposition does
not hold if A contains a formula with a universal quantifier.

We conclude this section with the observation that interpretations
preserve elementary embeddings.

Lemma 2.10. Let X and I be signatures. Every first-order interpretation L
from X to I induces a functor L : Embz — Cmbyo (I'), where Embz denotes
the subcategory of Embygo (X) consisting of all structures A such that Z(A)
is defined.

Proof. Suppose that Z = (a, (8;)s, (& )s> (9g)e), let h : A — B be an
elementary embedding such that Z() and Z(B) are defined, and let

1000 > I(U) and  x,: 80 - I(B)
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c2. Elementary substructures and embeddings

be the canonical functions mapping a tuple to the element it encodes.
We define Z(h) : Z(YU) - Z(B) as follows. For every element ¢ of Z ()
of sort s, we set

Z(h)(c):=xs(h(a)), foranyace'(c).

We claim that Z(h) is a well-defined elementary embedding.
To show that it is well-defined, suppose that a, a’ € 1;*(c). Then

A= es(a,a’) implies BEe(h(a),h(a’)).
Consequently,

ks(h(a)) = xs(h(a")),

as desired.

Hence, it remains to show that Z(/) is an elementary embedding. Let
¢ be an n-tuple in Z () with sorts § and let ¢ (%) be a first-order formula.
Choosing tuples a; € 1;'(c;), it follows by Lemma c1.5.9 that

Z(2A) = 9(c)
iff  Ae @7 (Goy...rany)
iff Beof(h(do),....h(dn 1))
iff Z(%) f:(P(Kso(h(do))a-~-)K$n_1(h(a-n—1)))
if I(B) = o(Z(h)(c)). (]

3. The Theorem of Lowenheim and Skolem

A general method to eliminate existential quantifiers consists in replacing
them by functions. Consider a formula v = 3y@(x, y) which states that,
for a given value of x, there exists some element y satisfying ¢. If we
define a function f that maps all suitable values of x to such an element y
then we can write v equivalently as ¢ (X, fx). Informally we say that the
function f we constructed yields a ‘witness’ that asserts the truth of 3y¢.

504



3. The Theorem of Lowenheim and Skolem

Definition 3.1. Let @ € FO2 ,, [2]and A € FO3S, [Z].
(a) A Z-term t(x) defines a Skolem function for a formula 3y (x, y)
(w.r.t. @) if

@ YE[Iye(x,y) - (%, 1(%))].

A formula of the form Vx[3ye(x,y) - ¢(x,t)] is called a Skolem
axiom for 3y¢.
(b) A A-Skolemisation of @ is a set @+ € FOZ . [X"], for some signa-
ture X* 2 X, such that
s OC O,
¢ every model M = @ has an X" -expansion M* = @ and,

¢ for every formula 3yp € A, there exists a X" -term defining a
Skolem function for Iy¢.

(c) We say that a theory T € FOZ,, [Z] is a A-Skolem theory if T is a
A-Skolemisation of itself. If A = FO5g [X] we simply speak of a Skolem-
isation and a Skolem theory. The intended value of x and X should always
be clear from the context.

Example. Consider the ordered additive group of the real numbers R =
(R, +,<, f) expanded by the (definable) function f(x) := x/2. The term
f(xo + x,) defines a Skolem function for the formula

@(x0,%,) :=Fy(x <y < xy) .

The main reason why Skolem theories are interesting is the property
of their models that all substructures are elementary.

Lemma 3.2. Let T € FOR [X] be a A-Skolem theory where the set A <

FOxw, [2] is closed under negation, subformulae, and negation normal
forms. If A =T and B € A then B <, A.

Proof. We apply the Tarski-Vaught Test. Suppose that Iy (x, y) € A is
a formula and a C B a tuple such that

A= Typ(a,y).
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c2. Elementary substructures and embeddings

Let t be a term defining a Skolem function for 3y¢. Then

A= g(a,t(a)).

Since @ € B and B is closed under all functions of it follows that
t*(a) € B, as desired. O

Syntactically we can use Skolemisation to eliminate existential quanti-
fiers.

Lemma 3.3. Suppose that T € FOy, [Z] is a Skolem theory. For every
formula ¢ € FOZY [Z], we can construct a formula ¢* € V% [X] such
that

'@ and TE¢@—> .
In particular, ¢ = ¢* modulo T.

Proof. We define ¢* by induction on ¢. W.l.o.g. we may assume that ¢ is
in negation normal form. For ¢ € V., we set ¢ := ¢. For conjunctions,
disjunctions, and universal quantifiers, we set

AP) = AN{v" |ve¥},
(V) =\{v" |ve¥},
(Vyy)* :=Vyy".

Finally, for ¢ = 3yy(%, y) we set ¢* := y*(%,t,) where the term ¢,
defines a Skolem function for ¢. ]

Corollary 3.4. For every Skolem theory T € FOy,, [X] there exists a set
D C Vyx, [2] such that T = ©.

Proof. Let @ := { ¢ € V. [Z] | T &= ¢ }. Then we have T = @. Con-
versely, we can use the preceding lemma to assign to every formula ¢ € T
a formula ¢* € @ with ¢* E ¢. This implies that @ = T. O
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Constructing A-Skolemisations is easy. We just have to add Skolem
axioms for all formulae in A.

Lemma 3.5. For all ® ¢ FOy, [X] and A ¢ FOR [X], there exists a
A-Skolemisation @* € FOR, [Z*] of @ with |®F| < |D| @ |A| and |27 <
2@ Al

Proof. Let 2" be the signature obtained from X by adding new function
symbols f3,,, for every formula 3y¢ € A. We construct ®* by adding
to @ all Skolem axioms

Xaye = VX[Iye(%,y) = (X, fay9X)]

with 3y¢ € A. Clearly, |@"| < |®| @ [A| and |Z7| < |Z] @ |A].

We claim that @* is a A-Skolemisation of @. By construction, we
have @ ¢ @ and every formula 3y¢ € A has the Skolem function f5,,.
Hence, it remains to prove that every model of @ can be expanded to
one of ™.

Suppose that A = @. We construct an expansion A" = @™ as follows.
Letdyp e Aand a € A.If ¥ = Fyp(a, y) then we select some b € A such
that = ¢(a, b) and we setfagl;(/,(d) := b. Otherwise, we setf%;(p(d) = b,
for an arbitrary element b € A. This ensures that A" & y3,,. Since A = @
and the function symbols f3,, do not appear in @ we further have
A" = @. Consequently, A" = 7. N

In order to obtain a Skolem theory we can iterate this construction.

Theorem 3.6. Let k be a regular cardinal. Every set @ € FOy,, [Z] has a
Skolemisation @ ¢ FORy, [Z*] such that |@*| < (|Z|@R,)<* and (OF)"
is a Skolem theory.

Proof. We construct an increasing sequence of sets (D ) g<, With @, C
FOpy, [Za ] Weset @, := @ and D := Uy<s Do, for limit ordinals §. For
the successor step, we use Lemma 3.5 to obtain a FO;; [Z, ]-Skolemisa-
tion @, of @, such that

|| < |@a| ® [FORR [Za]] and  [Zan] < [Za| @ [FOSR [Za]] ]
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We claim that the union @* := U, @, is the desired Skolemisa-
tion. Let 2* := Uy, 2o First, we show by induction on « that |2, <
(|2| ® R, )<*. Clearly, this holds for X, = X. For the successor step, we
have

o] < |Zal @ [FOgR, [Za]|
< |th| ® (‘th‘ ® N0)<K = (|Zvc‘ ® N0)<K
<((|Z] @ Ro)TF @dR)™ = (|2 @ Ro) ™",

For limit ordinals § < x, it follows that

|Zs] = sup 24| <[] ® (IZ] @ Ro )™ = (|2] @ ®o)™".

a<d

Consequently, we have

[Z7] = sup[Zo| <k @ (|Z] @ Ro)™ = (|Z] @ 8,),

a<K

by Corollary A4.4.32. This implies that
7] < [PORy, [Z7] < (IZ7] @ R6)™ < (|2] @ )",

Next, we prove that (@*)" is a Skolem theory. Let Iy € FOL3 [Z7].
Since « is regular it follows by induction on ¢ that 3y¢ € FO;% [, ], for
some « < k. Hence, there is a 2, ,-term that defines a Skolem function
for Jyg.

Finally, to show that @ is a Skolemisation of @ it remains to prove
that every model of @ can be expanded to one of ®". Let A = @ be a
model of @. We construct a sequence (¥, )<« of models o, = @, with
Ao = Asuch that, for all a < 3, AU is an expansion of A,. A, & O is the
desired expansion of .

We start with U, := . For the successor step, suppose that ¥, has
already been defined. Since @, is a Skolemisation of @, we can ex-
pand U, to a X, ,,-structure A, ., such that ., = O,,. For limit or-
dinals &, we let A5 be the ‘union’ of all the 2, a < §, that is, its universe
is A and, for each function f € X, we add the function f %a to s. (Note
that this is well-defined since, if f € X, and a < 8 then % = %) ]
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An important application of the technique of Skolemisation is the
following result.

Theorem 3.7 (Downward Lowenheim-Skolem Theorem).
Let A € FO5 [Z], for a regular cardinal x, and set y := |X| & |A| & «~
where k” :=sup {1 | A <k }.

For each X-structure 2, every subset X € A, and all cardinals A with
| X| @ u < A < |A|, there exists a A-substructure B <, U of size |B| = A
with X ¢ B.

Proof. Let I be the closure of A under subformulae, negation, and neg-
ation normal form. Since every formula ¢ € FO [Z] has less that «
subformulae it follows that |I'| < |A| ® k™. By Lemma 3.5, we can choose
a I'-Skolemisation T € FOy.,, [2"] of Thy (%) such that

IT*| < |Thp(M)|@® || and |Z7|<|Z|@ || < p.

Let A" be a X*-expansion of U such that A* = T™, and choose some
set X € Z ¢ A of size |Z| = A. By Corollary B3.1.11, the substructure

B* := (Z))o+ has cardinality
A=|Z|<|BT|<|Z]|®|ZT| @R = A.

By Lemma 3.2, we have 8" < A", Let B be the X-reduct of B*. Then
B <, U, as desired. ]

Corollary 3.8. Let A be a X-structure. For each set X € A and every
cardinal | X| @ |Z| ® R, < k < |A|, there exists an elementary substructure
B < A of size |B| = « such that X c B.

Example. The field R = (R, +,-, 0,1) of real numbers contains a count-
able elementary substructure R, < XR.

We can generalise the technique of Skolemisation to FO,, (3}) and
FOxx, (Wo) in a straightforward way. As a result we obtain a variant of
the Lowenheim-Skolem Theorem for these logics.
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Theorem 3.9. Let A € FOL% (3")[Z], for a regular cardinal x, and set
u=Z|®|A|l®A®«k wherex :=sup{A|A<x«k}.

For each X-structure 9, every subset X C A, and all cardinals v with
| X|® p < v <|A| there exists a A-substructure B <, A of size |B| = v with
X CcB.

Proof. The proofis analogous to that of Theorem 3.7. We adapt the notion
of a Skolem function and a A-Skolemisation as follows. We say that a
sequence (t;);<) defines a Skolem function for a formula of the form
Iy (%, y) if, for all i, k < A with i # k,

D= V(I yp(x,y) = ¢(%, (%)),
O = Vx(Iyo(x, ) » ti(%) # ti (%))

A A-Skolemisation of @ is a set @* 2 @ such that
¢ every model of @ can be extended to one of O,

¢ for every formula 3y¢ € A, there is a term defining a Skolem
function for 3y¢,

o for every formula 3" yg € A, there is a sequence of terms defining
a Skolem function for 3*y .

With these definitions it follows as above that if & £ @™ and B € U then
B <, U. Furthermore, for every set @, we can find a A-Skolemisation of
size |®| @ |A| ® A. Consequently, we can repeat the construction in the
proof of Theorem 3.7. []

Theorem 3.10. Let A € FO5Y (wo)[Z], for a regular cardinal x, and set
u:=Z|@|Al @Kk wherex™ :=sup{A|A<x}.

For each X-structure 2, every subset X € A, and all cardinals A with
|X| @ pu < A < |A| there exists a A-substructure B <, A of size |B| = A
with X C B.

Proof. We adapt the notion of a Skolem function and a A-Skolemisation
as follows. A sequence (t,, ) <, defines a Skolem function for the formula
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4. The Compactness Theorem

Wxyo(x,y,2) if, forall n < w,
D E VZ[-Wijp(%, 7,2) = ¢(tur(2), ta(2),2)],

that is, the sequence (t, ), yields witnesses for the fact that the relation
defined by ¢ is not well-founded.
A A-Skolemisation of @ is a set @ 2 @ such that

¢ every model of @ can be extended to one of O,

¢ for every formula 3y¢ € A, there is a term defining a Skolem
function for 3 y¢,

¢ forevery formula Wx y¢ € A, there is a sequence of terms defining
a Skolem function for Wx y¢.

With these definitions it follows as above that if o = @™ and B € U then
B <, . (Note that, if ¢(%, y,¢)%, for ¢ € B, is a well-order of its field
then so is ¢(%, 7, )% N B" = (&, ,¢)®. Conversely, if ¢ (%, 7, ¢)% is
not a well-order then the Skolem function yields an infinite strictly
decreasing sequence of elements of B. Hence, ¢(%, j,¢)* n B" is also
not a well-order.)

Furthermore, for every set @, we can find a A-Skolemisation of size
|| @ |A| & A. Consequently, we can repeat the construction in the proof
of Theorem 3.7. ]

Exercise 3.1. Work out the missing details in the above proofs.

4. 'The Compactness Theorem

In this section we introduce an important method to construct models
from diagrams. These models M will have the additional nice property
that every element is denoted by some term, that is, M = (& ).

Definition 4.1. Let @ € FOZ,, [Z]. A structure 9 is a Herbrand model
of @ if = @ and, for every a € H, there is some term ¢ € T[ 2, &] with
= a.
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We start by characterising those sets of formulae that contain sufficient
information to extract a model.

Definition 4.2. A set @ € FOZ,,, [Z] is =-closed if
o t=te®,forallte T[Z, 7], and

¢ if ¢(x) is an atomic formula and s, ¢t € T[X, &] are terms with
s=t € @ then we have ¢(s) € @ iff p(t) € .

Lemma 4.3. Let @ € FO2,_[X] be =-closed. The relation
s~t :iff s=ted
is a congruence relation of the term algebra T[ X, ].

Proof. ~ is reflexive since t =t € @, for all t. For symmetry, suppose that
s=t € ®and set ¢(x) := x =s. It follows that

¢p(s) =s=se® implies ¢(t)=t=sc®.
Similarly, if r=s € @ and s =t € @ then setting ¢(x) := r = x we see that
p(s)=r=se® implies ¢(t)=r=tec®.

Consequently, ~ is an equivalence relation.
Suppose that s; ~ t;, for i < n, and let f € X be an n-ary function
symbol. In the same way as above we can show, by induction on 7, that

fSo ...Si5j+1 ...Sn_lzfto “ e tlSH_l "'Sn—l € @.

It follows that fX152](s,, ..., 5,-,) ~ fH22) (L, ..., t,_,), as desired.
O

Lemma 4.4. Every =-closed set of atomic sentences ®@ € FOZ,_[Z] has a
Herbrand model $ such that

O ={¢|¢atomicand HE ¢ }.
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4. The Compactness Theorem

Proof. By Lemma 4.3, the relation
s~t :iff s=ted

is a congruence relation of the term algebra [ X, &]. Hence, we can take
the quotient H, := [ X, &]/~. Let H be the expansion of H, by relations

R® = {{[to]os. s [tncn]o) | Rbo .ty € DY,

for each n-ary relation R € 2. We claim that 9 is the desired model.
Clearly, every element of 9 is denoted by some term. Furthermore,
by definition of 9, we have 9 & ¢, for every ¢ € @. Conversely, suppose
that $ = ¢, for some atomic sentence ¢. If ¢ = s=t then we have
[s]. = [t]. which, by definition of §, implies that s =t € @. Similarly, if
@ =Rty ...t,_, then ([to].,...,[tn_.].) € R®. Hence, there are terms
s; ~ t; such that Rs,...s,_, € @. Since @ is =-closed it follows that
Rt,...t,_, € D. ]

We have shown how to construct a model for a set of atomic formulae.
Next we turn to the case of formulae with quantifiers.

Definition 4.5. A Hintikka set is a set @ € FOg__[X] of sentences with
the following closure properties:

(H1) @ is =-closed.

(H2) If ¢ € O then —¢ ¢ O.

(H3) If -~ € @ then ¢ € D.

(H4) f AV e Othen ¥ C Q.

(H5) If = A'¥ € © then there is some y € ¥ such that -y € ©.

(H6) If \VV ¥ € @ then there is some y € ¥ such that y € @.

(H7) f -V Y ecDthen-yecd forallye V.

(u8) If Vxg(x) € @ then ¢(t) € @, forall t € T[Z, &].

(H9) If -Vx¢(x) € @ then there is some t € T[X, @] with —¢(t) € ©.
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(a10) If 3x¢(x) € @ then there is some t € T[ X, &F] with ¢(¢) € D.
(a11) If -3x¢(x) € O then —~¢(t) € O, forall t € T[Z, &].

Remark. Every elementary diagram is a Hintikka set.
Lemma 4.6. Every Hintikka set @ € FOZ,, [2] has a Herbrand model.

Proof. Let @, C @ consist of all atomic sentences in @. By the definition

of a Hintikka set it follows that @, is =-closed. Hence, we can apply

Lemma 4.4 to obtain a Herbrand model  of @,. We claim that = ®.
We prove by induction on the structure of a formula ¢ that

¢ € OimpliesHE¢@ and —¢c @ implies) = —¢.

If ¢ is atomic then the claim follows by Lemma 4.4.

Suppose that ¢ = —y. If ¢ € © then we can apply the inductive
hypothesis to v and it follows that $ = —y. Similarly, if -¢ € @ then we
have y € @, which implies that = y and 9 = —¢.

Consider the case that 9 = A V. If A ¥ € @ then ¥ C @ implies that
H ey, forall y € ¥, and we have H = A V. Analogously, if ~-A ¥ € @
then there is some y € ¥ with -y € @. By inductive hypothesis it follows
that $ = -y which implies that H = - A V.

Suppose that ¢ = Vxy/(x).If ¢ € @ then y(t) € @, forall t € T[Z, T].
Hence, = y(t), forall t € T[X, &]. Since every element of H is denoted
by a term it follows that § = y(a), for all a € H, that is, § = Vxy/(x).
Finally, if -Vxy(x) € @ then thereissome ¢ € T[ X, @] such that —y/(¢) €
®. Therefore, we have = —~y/(t) which implies that $ = -Vxy(x). The
remaining cases are proved analogously. ]

It is quite tedious to check that a set @ satisfies conditions (H1)-(H11).
The following lemma provides a simpler criterion for @ being a Hintikka
set.

Lemma 4.7. Let @ € FOZ,,, [Z] be a set of sentences with the following
properties:

(1) Every finite subset @, C D is satisfiable.
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(2) For every sentence ¢ € FOZ, [X] we have ¢ € @ or —¢ € ©.

(3) If Ixp(x) € O then there exists some term t € T2, &| such that
¢(t) € D.
(4) If V'V € @ where|¥| > R, then there is some y € ¥ with y € .
(5) If -\ ¥ € @ where || > R, then there is some y € ¥ with —y € .
Then O is a Hintikka set.

Proof. First we show that
(*) if @, C @ is finite and @, = ¢ then ¢ € ©.

Suppose otherwise. By (2), ¢ ¢ @ implies —¢ € @. Hence, (1) implies that
@, U {-¢} is satisfiable, and it follows that @, # ¢. A contradiction.

From (*) we can conclude that @ satisfies (H1), (H3), (H4), (H7), (H8),
and (H11). Furthermore, (1) implies (H2), and (3) and (*) imply that
@ satisfies (H9) and (H10).

It remains to prove (H5) and (H6). If ¥ = {v,,...,¥,_,} is finite
then v, ..., ¥,_, € @ implies, by (), that A ¥ € ®@. Hence, -~ A ¥ ¢ O.
Similarly, If -y, ..., =¥,—, € © then it follows that \/ ¥ ¢ @. If, on the
other hand, ¥ is infinite then (H5) and (16) follow immediately from

(4) and (5). [

Hintikka sets can be used to prove the Compactness Theorem which
is the most fundamental result in first-order model theory. Most results
in the remainder of this book are based on this theorem. It is frequently
used to construct structures with some given properties. To do so, one de-
scribes the desired structure by a set of first-order formulae and then uses
the Compactness Theorem to prove that this set of axioms is satisfiable.

Theorem 4.8 (Compactness Theorem). Let @ € FO[X, X| be a set of
first-order formulae and ¢ € FO[ X, X].
(a) @ is satisfiable if and only if every finite subset @, C D is satisfiable.

(b) @ E ¢ if and only if there exists a finite subset @, C © such that
D, = ¢.
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Proof. Let us first prove that (a) implies (b). We have

Ok ¢ iff ®uU{-¢} is inconsistent
iff there exists a finite subset @, € @ such that
@, U {-¢} is inconsistent
iff there exists a finite subset @, € @ such that @, = ¢.

It remains to prove (a). For the nontrivial direction, suppose that every
finite subset of @ is satisfiable. By replacing every free variable in @ by a
constant symbol we may assume that every formula in @ is a sentence.
We have to construct a model of @. By Lemma 4.6, it is sufficient to find
a Hintikka set ¥ 2 .

We construct ¥ in stages. Let k := [FO°[X]| = || @ R,. Let C be a set
containing x* constant symbols of each sort and set X¢ := X u C. We fix
an enumeration (@4 )q<x+ of FO°[ 2] such that, for every v € FO°[ 2],
theset { o < k" | ¢, = v } is cofinal in k™.

We construct an increasing sequence (¥, )q<.+ of sets ® ¢ ¥, <
FO°[ 2] such that every finite subset of ¥, is satisfiable and such that
the limit ¥ := U, ¥, is a Hintikka set. By Lemma 4.7 it is sufficient to
ensure that

* Py € LPoc+1 Or =@y € 'Poc+1>

¢ If o, = 3x9 and ¢, € ¥, then 9(¢) € ¥,,,, for some constant
ceC.

Set ¥, := @. For limit ordinals §, we set V5 := Uy<s ¥s. For the
successor step, suppose that ¥, has already been defined. If every finite
subset of ¥, U { ¢, } is satisfiable then set y := ¢, else set v := ~¢,. We
claim that every finite subset of ¥, u{v} is satisfiable. If y = ¢, then this
holds by choice of y. Hence, suppose that ¢ = —=¢, and there is a finite
subset I, € ¥, U { —mpa} that is inconsistent. By construction there is
also a finite subset I; € ¥, U {¢, } which is inconsistent. Hence, I, = ¢,
and I} = —¢,. It follows that I' := I, U I; is a finite subset of ¥, with
I'E @y A=@g. Thus, I'is inconsistent in contradiction to our assumption
on Y,.
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We have found a set ¥, U {y/} that satisfies the first of our conditions.
If v is not of the form Jx9 then we can set ¥y, := ¥, U {y} and we
are done. Hence, suppose that v = 3x9(x). Since |¥,| < k we can
find a constant symbol ¢ € C that does not appear in ¥,. We define
Yoir := PuU{w, 9(c)}. Note that, since every finite subset of ¥, u{3x I}
is satisfiable so is every finite subset of ¥,,. ]

Exercise 4.1. Let ¢ € FOand @, T ¢ FO. Prove that, if ¢ = ® modulo T
then there exists a finite subset @, € @ such that ¢ = A @, modulo T.

Exercise 4.2. Let IC;, i € I, be a family of first-order axiomatisable classes
such that, Ny, K; # &, for every finite set I, € I. Show that N, K; # @.

Exercise 4.3. Let T be a first-order theory and ¥ a structure. Prove that
A can be embedded into some model of T if, and only if, every finitely
generated substructure of 2 can be embedded into some model of T

We conclude this section with some simple applications of the Com-
pactness Theorem. First, we show that first-order logic is not able to
count.

Lemma 4.9. Let X be an S-sorted signature and s € S a sort. There exists
no set @ C FO°[X] such that

A iff  |Af] <R, for all Z-structures A .

Proof. For a contradiction, suppose that there is such a set @. Let

Wy = Ixoe- T,y /\ X0 # Xk

i<k

be the sentence expressing that there are at least n elements of sort s. We
claim that

r=ou{y,|n<w}

is satisfiable. This yields the desired contradiction.
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By the Compactness Theorem, we only need to check that every finite
subset of I is satisfiable. If I, C I is finite then there exists a number
k < w such that

Lceou{y,|n<k}.

Choose any finite X-structure U with |A,| > k. Since 9 is finite we have
A = @. Furthermore, Y = v, foralln < k. Hence, Adisamodel of I,,. [

Example. Let us show that there is no set of first-order formulae ex-
pressing that a graph is connected. Suppose that @ € FO[E] is a set of
formulae such that

B0 iff @isaconnected undirected graph.

We define formulae ¢, (x, ) saying that there exists a path of length at
most n from x to y by

Po(x,y)=x=y
and @i (x,y) = @n(x, y) v IZ(Exz A (2, 7)) -
Let ¢, d be new constant symbols and set
V:i=0u{-¢,(c,d)|n<w}.

Then Y is inconsistent since any model would be a connected graph that
does not contain a path from c to d. Let ¥, € ¥ be a finite subset. There
is some number k such that

Yo C@U{-¢,(c,d)|n<k}.

Let P be the graph consisting of a single path with k edges where the
endpoints are denoted by ¢ and d.

C_._..._._d

Then we have Py = ¥,. Hence, every finite subset of ¥ is satisfiable and,
by the Compactness Theorem, it follows that ¥ has a model. A contra-
diction.
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Exercise 4.4. (a) Show that the class of all undirected, acyclic graphs is
first-order axiomatisable. (A graph is acyclic if it does not contain a path
Vo Vis- > Vno1>Vn> Vo Where all the v; are distinct.)

(b) Show that the class of all undirected graph that are not acyclic is
not first-order axiomatisable.

(c) Use (b) to prove that the class of all undirected acyclic graphs is
not finitely first-order axiomatisable.

Lemma 4.10. The Compactness Theorem fails for FOw [ 2] if & > Ro.
Proof. Let ¢, := Ixo-+-Ixy—y Nizk Xi # X and
9tin =\ {~gn [n<w}.

The set @ := {¢gin } U{ ¢, | n < w } is unsatisfiable but each of its finite
subsets has a model. ]

Lemma 4.11. Let IC be a class of Z-structures. If both IC and Str[ 2] N K
are first-order axiomatisable then the class KC is finitely axiomatisable.

Proof. Let @ and @~ be sets such that
K =Mod(®") and Str[Z]\K =Mod(®).

Then @ U @~ is inconsistent. Hence, there are finite subsets @} ¢ @
and @, € @~ such that @} U @} is inconsistent. Setting ¢ := A @ it
follows that @ = —¢_. Hence,

AE-¢p_, forallAek.
Conversely, we have
A gp_, forallA¢ K.
Consequently, Mod(-¢-) = IC, as desired. ]

Generalising the idea behind Lemma 4.9 we obtain a converse to the
Downward Lowenheim-Skolem Theorem.
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Theorem 4.12 (Upward Léwenheim-Skolem-Tarski Theorem).

Let T € FO°[X]. If there exists a sort s such that, for every n < R,, T has
a model A with |Ag| > n then T has models A where |A,| has arbitrarily
large cardinality.

Proof. Suppose that T has, for every n < R,, a model whose domain
of sort s has size at least n. Let « be an arbitrary cardinal and fix a set
C:={c, | a <} of k constant symbols of sort s such that > and C are
disjoint. We claim that the set

O:=Tu{c#+d|c,deC,c+d}

has a model. By the Compactness Theorem, it is sufficient to show that
every finite subset @, C @ is satisfiable. Since @, is finite, there exists a
finite set C, € C such that

O, cTu{c+d|c,deC,,c+d}.

By assumption, there exists a model ¥ = ¢ with |Ag| > |C,|. We can turn
it into a model of @, by interpreting the constant symbols ¢ € C, by
distinct elements of A;. ]

The next example shows that, again, the above theorem fails for FO,x,
with k¥ > R,. (Another counterexample is given by Lemma c1.1.7.)

Example. Let ¢ € FO be a sentence axiomatising the class of ordered
fields. The FOy x, -sentence

vi=pAVx \/ x <1+ +1

n<w

axiomatises the class of all archimedian ordered fields. It follows that
¥ has only models of cardinality x with &, < x < 2%,

As an immediate consequence of the Upward Lowenheim-Skolem-
Tarski Theorem we obtain the result that infinite structures cannot be
characterised up to isomorphism in first-order logic.
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5. Amalgamation

Corollary 4.13. If U is a structure with at least one infinite domain then
there exists no set @ C FO such that

Bed iff Bz

5. Amalgamation

We can use the Upward Lowenheim-Skolem-Tarski Theorem to con-
struct elementary extensions of a single structure. In this section we
present a way to find a common elementary extension of several struc-
tures.

Definition 5.1. Let L be a logic.
(a) For sets @, A ¢ L of formulae, we define the set of all A-conse-
quences of @ by

D =0 nA.

(b) Suppose that L is algebraic. For structures 2 and B and tuples
a € Aand b ¢ B, we write

(U, a) <p (B,b)  :iff Ak o(a) implies B = ¢(b),
forallp e A.

Theorem 5.2 (Amalgamation Theorem). Let B and € be X-structures,
A € FO, and a € B, ¢ ¢ C sequences such that

(€,¢) <34 (B, a).

There exists an elementary extensions ® > B and a A-map g: € - D
with g(¢) = a.

D
N
B ¢
N S
(@)
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c2. Elementary substructures and embeddings

Proof. By taking an isomorphic copy of € we may assume that a = ¢ and
Bn C = a. To find the desired structure ®© we prove that

T := Th(%B) UThA((Zc)

is satisfiable. By the Compactness Theorem, it is sufficient to show that
every finite subset T, € T has a model. Given T, € T set

¢(a,d) = A\(To n Tha(€c))
where d € C \ 4. Suppose, for a contradiction, that
Th(®Bs) = -3y¢(a, 7).

Then we have (B,a) £ -3jy¢(a, y) and, since Iyp € 34, it follows
that (€, @) £ ~3j¢(a, ). Consequently, we have Th, (C€¢) £ —¢(a,d).
Contradiction.

Since Th(Bp) is complete it follows that Th(Bp) = Ij¢(a, 7). Thus,
there exists some tuple b € B such that Bp £ ¢(a, b). The structure
(B3, b) E T, is our desired model.

We have shown that there exists a model © = T. Since © = Th(Bp)
there exists an elementary embedding h : B — D and, by taking iso-
morphic copies, we may assume that ® > B. We define a function
g : C — D by setting g(d) := d°, for d € C. (d® is the value of the
constant symbol d in ®.) Since ® = Th, (€¢) it follows that g: € - D
is a A-map. Furthermore, we have g(¢) = ¢° = a. ]

Corollary 5.3. If U = B then there exists a structure € such that A < €
and B < ¢,

Let us record a special instance of the Amalgamation Theorem that
will be used in the next section.

Corollary 5.4. Let B and € be 2-structures and a € B a sequence of
elements. If f : (a) — C is a homomorphism such that

(€, fa) <3 (B, a),
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5. Amalgamation

then there exists an elementary extension © > B and an embedding
g:C—>Dsuchthat gf(a) =a.

Lemma 5.5. Let T, A C FO where A is closed under disjunctions. Then
A& T} if, and only if, there exists a model B & T such that B <, .

Proof. (<=) Obviously, B = T, and B <, U implies that A = T

(=) Set @ := Thy-(A) where A™ := { ~¢ | ¢ € A }. Tt is sufficient to
find a model B of ¥ := @ U T. If ¥ is unsatisfiable then there exists a
finite subset {¢,, ..., 9k} S @ such that

le—l(/)o\/"'V—!(Pk.

Suppose that ¢; = -y, for y; € A. Then T E y, vV --- Vv y implies that
Vo V- Vg € Ty and, hence, ¥ £ y, V --- Vv ¥ in contradiction to
A @;, forall i < k. ]

Corollary 5.6. Let T, A C FO where A is closed under disjunctions, and
set A™:={-¢ | ¢ € A}. For every model U = T\, ,, there exists a model
BE=Tanda A™-map g: A - B.

Proof. Suppose that U = T ,. By Lemma 5.5, we can find a model € = T
such that A <54~ €. By the Amalgamation Theorem, it follows that there
exists some elementary extension B > €andaA™-map g: A4 - B. [

We can amalgamate several structures by iterating the Amalgamation
Theorem.

Lemma 5.7. Let B;, i < «, be a family of structures and suppose that
AC B, forall i < a, is a common substructure with universe A = B; N By,
for all i # k. There exists a structure € such that B; < G, forall i < a.

Proof. We construct an elementary chain (C;);<, such that B; < ¢;,
for i < a. The structure € := U;., €; has the desired properties since
%1‘ < Q:i <(C.

We define €; by induction on i. We start with €, := B, and, for limit
ordinals 6§, we set €5 := U;.5 €;. For the successor step, we can apply the
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c2. Elementary substructures and embeddings

Amalgamation Theorem to obtain a common elementary extension ¢;,

of €; and B;,,.

G:i+1
< <
AN
N
A

i+1
L]

We conclude this section with an amalgamation theorem for expan-
sions instead of extensions. We also record two applications.

Theorem 5.8. Let I}, and I, be signatures and set ¥ := I, N I;. Suppose
that A; is a I';-structure, for i < 2, and let a € A, N A, be a sequence such
that

(Uols,a) = (Ay|s, a).

Then there exists a (I, UI} )-structure B with U, < Blr, and an elementary
embedding g - A, - B|r, with g(a) = a.

Proof. We construct structures A for i < 2 and n < w as follows. We
start with A2 := 2f;. If AT and A} are already defined then we apply the
Amalgamation Theorem twice. First, we use it to obtain an elementary
extension A2 > A” and an elementary embedding A’ |s — AL*!|s.

Then we construct an elementary extension A" ** > A and an elementary
embedding A" |y — AT 5.

A —— A S o
/
(@)
N\
P ! "R —
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5. Amalgamation

Let B; := U, U7. The elementary embeddings induce an isomorphism
h:B,|s = B,|s. We use h to expand the I,-structure B, toa (I, U T;)-
structure B by setting

£ =h[E®], forfel\X.
Since B|r, > U, the claim follows. ]

Corollary 5.9. Let T € FO°[X] and A a X,-structure where X, C 3. We
have A £ TT nFO°[ 2, ] if and only if A < B|s_ for some model B of T.

Proof. (<=) is trivial. For (=), we set A := FO°[ 2, ] and we assume that
A & T). We can use Lemma 5.5 to find a model € = T such that € <, Q.
By choice of A this implies that €|y, = 9|s,. Applying Theorem 5.8 we
obtain an elementary extension B > € and the desired elementary map
g: U~ s, O

The second application is the Interpolation Theorem of Craig. We will
prove a much more general version in Section cs.5.

Theorem s5.10 (Craig). Let I, and I, be signatures and set X := I, N 1.
Suppose that ¢, = ¢, where ¢, € FO°[I,,] and ¢, € FO°[I}]. Then there
exists a formula v € FO°[ 2] such that

Yo EY and yE@,.

Proof. If ¢, is inconsistent, we can set ¥ := false. Hence, suppose that
¢, has a model ¥, and set ¥ := Th(,|5).
If ¥ E ¢,, then we can use the Compactness Theorem to find a finite
subset ¥, € ¥ with ¥, & ¢,. Hence, v := A ¥, is the desired formula.
Suppose that ¥ # ¢,. Then ¥ U {-¢, } has a model ¥,. Since

Th(2|s) = ¥ = Th(U|x)
we can use Theorem 5.8, to find a (I}, U I;)-structure B with
Th(%‘fo) = Th(g[o) and Th(%‘pl) = Th(Q[l) .

In particular, we have B £ ¢, and B E -¢,. Consequently, ¢, ¥ ¢,.
A contradiction. ]
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c3. Types and type spaces

1. Types

In the same way that we can classify structures by their theory, we can
distinguish elements of a structure by the formulae they satisfy. Such
theories of elements are called types.

Definition 1.1. Let L be a logic.
(a) A (partial) L-type is a satisfiable set of L-formulae.
(b) An L-type p is complete if it is a complete L-theory.
(c) We denote by S(L) the set of all complete L-types.
(d) For @ c L, we define the set

(@) :={peS(L)|Pcyp}

of all types containing @. Usually we will omit the index L and
just write (®). Furthermore, for single formulae ¢ we write (¢)

instead of ({¢}).

Example. For boolean logic BL(B) introduced in Section c1.1, interpret-
ations are ultrafilters and the theory of an ultrafilter u is u itself. Hence,

S(BL(B)) = { Th(u) | u € spec(B) }
={u|uespec(B)} =spec(B).

Definition 1.2. Let L be an algebraic logic and § a sequence of sorts.
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c3. Types and type spaces

(a) Let M be a I-structure. The L-type of a tuple @ € M is the set

tp, (a/M) = { p(x) e L[Z] | M= 9(a) } .

If the structure M is known from the context we will omit it and simply
write tp; (a). Similarly, we omit the index L in case L = FO.

(b) Let T € L°[X] bean L-theory. An s-type of Tisan L-typep € L*[X]
such that p u T is consistent. The set of all complete 5-types of T is

Si(T)={peS(L[Z]) | T<cp}.

An a-type of T, for an ordinal «, is an $-type of T where 5| = a. The set
of all complete a-types is

SE(T) =U{SL(T) [ [ = o}

(c) We also need types with parameters. If M is a model of T and
U c M then we say that a type of T(U) is a type over U. In particular,
the set tp; (a/U) := tp; (a/My) is the L-type of a over U. We set

$1(U) = S.(T(U)).

To simplify notation, we define S7“(U) := U, <, ST (U). Again, we usu-
ally omit the index if L = FO.

(d) An 5-type p over U is realised in M if there is some tuple d € M°
such that p C tp, (a/U). Otherwise, we say that M omits p.

Example. Let N = (w, s, 0) where s(n) := n +1is the successor function.
We have

§'(@) = {PosPrr-- > Poo}

where, for n < w,

pn =tp(n) E xo=5"(0),

and po, E X, # s"(0), for all n. Hence, po, is not realised in 9.
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Example. Consider (Q, <). The elements of S*(Q) correspond to the set
of cuts. For every cut (A, B) of Q, i.e., every partition AUB = Q such that
A is an initial segment and B is a final one, there exists a non-realised
type p such that

PEX>a forallae A,
and pEx<b forall b € B.

It follows that |S*(Q)| = 2™°. Depending on whether A has a maximal
element or B has a minimal one, we obtain the following classification.
(realised) For each a € Q, we have a type p E x = g, i.e, p = tp(a/Q).
(a™) For each a € QQ, there exists a type p of an element ‘immediately
above a’ That is,

PEX>D forallb < a,
and pEx<b forallb > a.

(a™) Similarly, for each a € QQ, we have the type of an element ‘imme-
diately below a’.
(+00) We have one type p of an infinite positive element. That is,

PEX>a for all a € Q.

(—o0) Similarly, there is the type of an infinite negative element.
(irrational) Finally, for each cut (A, B) such that A has no maximal
element and B has no minimal one, there is one type p such that

PEX>a forallae A,
and pEx<b forall b € B.

Exercise 1.1. Let T := Th(3) where 3 := (Z,s) and s : x = x + 1is the
successor function. Determine S"(T), for every n < w. In particular,
compute [S"(T)|. Hint. Note that, modulo T, every formula is equivalent
to a quantifier-free one.

The set of types of L|¢ and L/ ® can be computed as follows.
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Lemma1.3. Let L be a logic and @ C L.
(a) S(L/®) =(D) cS(L).
(b) $(Llo) ={pn®@[peS(L)}.
Proof. (a) We have

peS(L/®) iff p=Thy,(3) for some T e Mod; (D)
iff  p=Thy(3J) forsomeJE @
iff peS(L)and ®cCyp.

(b) We have

S(L|o) = {ThL|(D(f§) ’ 3 an L-interpretation }
= {ThL(S) no | J an L-interpretation}
={pn®[peS(L)}. O

The relationship between a logic L and its set of types S(L) is similar
to that between a boolean algebra B and its spectrum spec(B). In fact,
if L is boolean closed there exists an embedding S(L) — spec(£b(L)).

Lemma 1.4. Let L be a logic that is closed under disjunction and conjunc-
tion and that contains an unsatisfiable formula.

(a) If ©® C L then O is a filter of (L, =) and @~ /= is a filter of £b(L).
(b) Every complete L-theory T is an ultrafilter of (L, =).

Proof. Since (a) is obvious, we only need to prove (b). By (a), we know
that T = T* is a filter. Since there is an unsatisfiable formula, this filter
is proper.

To prove that T is an ultrafilter consider a disjunction ¢ vy € T. Since
T is complete there exists an interpretation § with Thy (3) = T. Hence,
3 E ¢ vy implies that I E ¢ or J = y. In the former case we have p € T
and, otherwise, we have y € T. ]
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Remark. If uis a proper filter of £b(L) then the finite intersection prop-
erty implies that every finite subset of u is satisfiable.

In general the converse of statement (b) is not true, but there are some
logics where every ultrafilter is a type. We have already seen in Section 1
that this is the case for boolean logic. A more important example of this
phenomenon is first-order logic.

Lemma 1.5. Every ultrafilter u of (FO[Z, X |, E) is a complete type.

Proof. 1f u is an ultrafilter, it has the finite intersection property. Hence,
every finite subset @ C u is satisfiable. By the Compactness Theorem it
follows that u is satisfiable. Consequently, u is a type. Since FO is boolean
closed we can use Theorem B2.4.11 and Lemma c1.3.4 (d) to show that
u is complete. ]

Corollary 1.6. We have
S(FO[Z, X]) = spec({FO[Z, X],E)).

Remark. In the next section we will see that the Stone topology on the
spectrum induces a topology on the type space where the closed sets are
precisely those of the form (®), for @ € FO. The name ‘Compactness
Theorem’ stems from the fact that this theorem implies that the topology
obtained in this way is compact.

For logics where the Compactness Theorem fails, there are ultrafilters
that do not correspond to types. In fact, the Compactness Theorem is
equivalent to the statement of Lemma 1.5.

Example. There are ultrafilters of £b(FOx,x_ [2]) which are not types.
Let ¢ := A,<o ¢ Where @, is the formula stating that there are at least n
elements. The formula -y A ¢, is satisfiable, for every n. Hence, the
set {=y} U{ 9, | n < w} has the finite intersection property and there
exists an ultrafilter

u2 {-yru{ga[n<wj.

This ultrafilter is not a type since it is not satisfiable.
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This example shows that, for k > R, the inclusion S(FO.x, [Z, X])
spec({FOxx,[2Z, X],E)) is proper. We can describe the subset of the
spectrum corresponding to S(FO,x, [ 2, X]) as follows. Using Chang’s
reduction we can find a signature X, 2 ¥ and a first-order theory T ¢
FO[ 2, X] such that

spec((FOxx, [ 2, X, E)) 2 S(T).

Then we can characterise S(FO,x, ) as a subset of S(T') by describing
the types in S(T) \ S(FOyx, )-

Lemma 1.7. Let ¢ € FOy+x,[2, X] and |Z| < k. There exists a signature
X, 2 X and set C of (partial) FO[ X, X]-types such that

MEeg@ iff thereissome X, -expansion of M that omits
every type in C.

Furthermore, we can choose X, and C of size at most «.
Proof. By Lemma c1.4.12, there exists an FO,x, -theory T, such that

M & ¢ if, and only if, some expansion of M satisfies T,,. We define a
set C of types such that ™ = T,, iff M™ omits all types in C.

For every first-order formula 9 € T,,, we define the type

py = {-9}.

Every formula 9 € T, \ FO is of the form 9 = VXV, v;. For these
formulae, we set

Py ::{—ﬂ//i‘l.</\}.

By construction, a structure satisfies 9 € T, if, and only if, it omits py.
Consequently, we can set C := {py | 9 e T, }. ]
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2. Type spaces

In this section we investigate the analogy between type spaces and spec-
tra. We start by defining a topology on the set of type S(L) that is ana-
logous to the Stone topology of a spectrum.

Definition 2.1. The type space of a logic L is the topological space &(L)
with universe S(L) where the basic closed sets are of the form

(po)rU---U(@y)r, forn<wandeg,,...,¢,—,€L.

If L is closed under disjunctions, the closed sets can be written in the
simpler form (@), for ® c L.

Lemma 2.2. If L is closed under disjunctions, every nonempty closed set
of &(L) is of the form (@), for ® C L.

Proof. LetC:={@}u{(®) | @< L}. Since (P)r = Nyea{p)L, every
set of C is closed in &(L). To prove the converse, it is sufficient to show
that C forms a topology. Since N;{(®;). = (U; @;)r, C is closed under
arbitrary intersections. Furthermore, note that @ € C and S(L) = (@) €
C.

Hence, it remains to show that C is closed under finite unions. We
claim that

(P)Lu(¥)=H{ovyloecd ye¥}).

For the non-trivial inclusion, letp e ({ o vy |p e @, y e ¥ }). We
have to show that p € (@) U (¥).. If p € ()L, we are done. Hence,
suppose there is some formula v € ¥ \ p. For every ¢ € @, we have
¢ VvV y € p. Since y ¢ p it follows as in the proof of Lemma 1.4 that ¢ € p.
Therefore, @ C p. L]

For first-order logic, we have seen in Corollary 1.6 that types and
ultrafilters coincide. Since the definitions of the respective topologies
are also the same, it follows that the type space of a first-order logic is
just its spectrum.
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Theorem 2.3. We have
S(FO[Z, X]) = spec({(FO[Z, X],E)) .
In particular, the type space S(FO[X, X]) is a Stone space.

Proof. By Corollary 1.6 both spaces have the same universe and, accord-
ing to Lemma 2.2, the closed sets are also the same. ]

Example. Let T := Th(€) where € := (2, (P,,) 1<, ) and
P,:={ae2’|a(n)=1}.
Then S*(T) = {py | @ € 2“ } where

po =Pyx  formea (1),

po = -P,x fornea (o).

The basic closed sets of &'(T') are of the form
(Pi,x A= APy x A=Pj x N+ A=Pj x).

Since these sets are clopen it follows that the open sets are of the form
Ow = {py | thereis somew < a withw ¢ W }

with W ¢ 2. Consequently, the type space &'(T') is homeomorphic
to the Cantor discontinuum.

For logics different from first-order logic, the type spaces usually are
not Stone spaces.

Definition 2.4. A topological space ¥ is a T,-space if, for every pair
x, y € X of distinct points, there exists a closed set C such that

xeCandyeX\C, or xeX~CandyeC.

Lemma 2.5. Let L be a logic. The type space S(L) is a T,-space.
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Proof. If p,q € S(L) are distinct types, there exists a formula ¢ such that
@ epNqor ¢ €qx p. Consequently, p € (¢) and q € S(L) \ (), or
peS(L) N (¢)andqe (o). [

As an application of the Stone topology of the type space, consider the
question of whether a first-order theory T has a model that realises all
types in a given set X but no other ones. This is not possible for every set
of types. The next lemma provides a first, topological condition X has to
satisfy.

Lemma 2.6. Let T be a complete first-order theory, M a model of T,
U € M, s a sequence of sorts, and let X be the set of all s-types over U that
are realised in M. Then X is dense in S°(U).

Proof. For a contradiction, suppose that there exists a type p € $°(U)
with p ¢ cl(X). Then we can find some formula ¢(x) over U with p € (¢)
and (¢) N X = @. It follows that M = —¢(a), for all @ € M*. Hence,
M = Vx-¢(x) which implies that Vx-¢(x) € T < p. Consequently,
¢(%) A Vx-¢(x) € pand p is inconsistent. Contradiction. O

Example. Let N := (w, s,0) where s : n — n +1is the successor function.
We have seen on page 528 that the types of Th(MN) are p, := tp(n),
for n < w, and the type po, of an infinite element. The set of realised
types is X := {p, | n < w}, while po, is not realised. Note that a set
C ¢ S(@) with ps, ¢ C is closed if, and only if, it is finite. Hence, po, is
an accumulation point of X and X is dense in &' ().

For most logics, the type space is not a spectrum. But, for a boolean
closed logic L, we can at least prove the existence of an embedding
S(L) — spec(£b(L)). It turns out that this map is a homeomorphism
if, and only if, the type space is compact.

Lemma 2.7. Let L be a boolean closed logic. The type space S(L) is
compact if, and only if, every ultrafilter of (L, =) is a complete type.

Proof. (<=) If every ultrafilter is a type, then S(L) = spec({L, =)). Since
the topologies of both spaces also coincide, they are homeomorphic.
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Consequently, the compactness of spec({L, =) ) implies the compactness
of S(L).

(=) Let u be an ultrafilter of (L, ). First, we show that u is satisfiable.
For a contradiction, suppose otherwise. Then

@=(u)r =)L

peu

Since &(L) is compact, there is a finite subset @, < u such that

@=[){e)r-

ped,

Hence, A @, = L and @, € u implies 1 € u. A contradiction.
Consequently, there is some model J ~ u. Since L is boolean closed, it
follows that Thy (J) = u. Therefore, u is a complete type. ]

Lemma 2.8. Let L be a boolean closed logic.
(a) The function
h:&(L) — spec(£b(L)) : p > p/=
is continuous and injective.
(b) h is a homeomorphism if, and only if, (L) is compact.

Proof. (a) First, note that, according to Lemma 1.4, for every p € S(L),
h(p) = p/= is indeed an ultrafilter of £b(L).

For injectivity, consider types p # q. By symmetry, we may assume
that there is some formula ¢ € p \ q. If h(p) = h(q) then

[¢l=ep/==h(p) =h(a) =q/=

would imply that ¢ € q. A contradiction.
To show that 4 is continuous, let @ ¢ £b(L). Then

W {(@)ey] = {peS(L) | @cp/=}
:{peS(L)‘U@Ep}Z(U(Dﬁ
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is closed.

(b) (=) If h is a homeomorphism, then S(L) = spec(£b(L)) is a
Stone space and, hence, compact.

(<) By (a), it remains to show that & is closed and surjective. For
surjectivity, fix an ultrafilter u € spec(£6(L)). Then Ju is an ultrafilter
of (L, =). Hence, Lemma 2.7 implies that Ju € S(L). Consequently,

h(Uu) = (Uu)/==u,

as desired.
It remains to prove that 4 is closed. By Lemma B5.2.3, it is sufficient to
show that h[(®) ] is closed, for every @ ¢ L. For @ ¢ L, it follows that

h[(@)]={p/=[peS(L), Pcp}
={p/z|peS(L), ®/=cp/=}
= (®/=)epy Nrgh
= (D/=)ep(1)
is closed. L]

Corollary 2.9. Let L be a boolean closed logic. The following conditions
are equivalent:

(1) &(L) is compact.

(2) S(L) = spec(£b(L)).

(3) Every ultrafilter of (L, E) is a complete type.

Many results of Section B5.6 on spectra generalise to type spaces. In

particular, the type space operation L — &(L) is a functor form the
category of logics to the category of topological spaces.

Definition 2.10. Let y := («, ) : L, = L, be a morphism of logics. We
define a function &(u) by setting

S(u)(p) =a[p], forpeS(L,).
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Example. For the inclusion morphism i : L|p — L and the localisation
morphism A : L - L/® from Lemma C1.6.14, we obtain

S(i)(p)=pn@ and S(A)(p)=p.

Proposition 2.11. Let y := {(a, ) : (Lo, Ko, E) = (L,, K,, E) be a morph-
ism of logics.

(a) S(u) is the unique function that makes the following diagram

commute:
’Cl /3 ’CO
ThLl ThLo
&(L,) > S(Lo)
S(u)

(b) S(u):S(L,) - S(L,) is continuous.
(c) If p is an embedding then S(u) is surjective.
(d) If « is surjective then S(u) is injective.

(e) If a is surjective and rng f = Mody (), for some @ < L, then
S(u) is closed and injective.

(f) If S(u) is surjective, then £b(u) : £6(Lo) — £b(L,) is injective.

Proof. (a) We have seen in Lemma c1.5.12 (¢) that () o Thy, = Thy_op.
In particular, rng&(p) ¢ rngTh;, = S(L,) and the above diagram
commutes. For uniqueness, note that Thy : K, — S(L,) is surjective.
Hence, for every function f making the above diagram commute,

6(#)OT1]L1:T}1LOOﬂ:fOTl]LI lmplles 6(lu):.f’

by Lemma A2.1.10.
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(b) For every ¢ € L,, we have

peS(u)[{p)r,] i S(u)(p) =a'[p] (o),
if ¢@eap]
iff  a(g)ep iff pe(al(e))L,.

Hence, S(u) ' [(¢)1,] = (a(¢))1,. The claim follows by Lemma B5.2.3
since the sets (¢)y,, for ¢ € L,, form a closed subbase of the topology
of S(L,).

(c) Since 3 and Thy, are surjective, so is Thy, o f = &S(u) o Thy,.
Consequently, &(u) is also surjective.

(d) Suppose that « is surjective and let p, q € S(L,) be types such that
S(u)(p) =S(u)(q). Then a™[p] = a *[q] implies, by Lemma A2.1.10,
that

p=afa[p]] = ala[a]] =9.

(e) We have already seen in (d) that &(u) is injective. To show that it
is closed, it is sufficient, by Lemma B5.2.3, to prove that S(u)[{¢)., ] is
closed, for every ¢ € L,. We claim that

S(ul{o)r]=(@ua(9))L, -

(€) Let p € (¢)r, and fix an L,-interpretation § with Thy (J) = p.
Then B(3) € rng S = Mod; (@) implies @ < Thy_(B(J)) = S(u)(p).
Furthermore, ¢ € p implies a7 (¢) € a™*[p] = S(u)(p). Consequently,

S(p)(p) e (PUa™(9))1,-
(2) Letpe (Pua(¢))L, and let J, be an L,-interpretation with

Thr, (J) = p. Then J, = @ and rng f = Mod,, (@) implies that there
is some L,-interpretation § with () = J,. Set q := Thy (J). Since «a is
surjective, we have

a’(p)cp = P(3S)Fa(e)
= Jkafa(9)]={¢} = ¢e€q.
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Hence, q € (@), and S(u)(q) = p.

(f) Let ¢, v € L, be formulae with a(¢) =1, a(w). We claim that
¢ =1, . By symmetry, it is sufficient to show that ¢ = y.

Let 3 be an L,-interpretation with § = ¢. Since S(u) is surjective,
there is some type p € S(L,) with S(u)(p) = Thy, (J). Consequently,

¢ € Thy,(3) = S(u)(p) =a”'[p] implies a(p)cp.
Since a(y) =1, a(¢), it follows that a(y) € p. Hence, v € a™*(p) =
Thr, (F) and S = v. ]

Corollary 2.12. & is a contravariant functor from Logic to Top,, the cat-
egory of all T,-spaces.
Corollary 2.13. Let y: L, — L, be a morphism of logics.

(a) If p is an embedding then S(u) is a continuous surjection.

(b) If u is an epimorphism then S(u) is a continuous injection.

(¢) If u is an isomorphism then S(u) is a homeomorphism.
We can strengthen statement (c) of this corollary as follows.

Corollary 2.14. Let y = {(a,f3) : L, - L, be a morphism of logics where
o and B are surjective. Then S(u) : S(L,) - &S(L,) is a homeomorph-
ism.

Proof. As yu is an embedding, Corollary 2.13 (a) implies that S(u) is
continuous and surjective. Furthermore, rng f = Mod, (). Therefore,
we can use Proposition 2.11 (e) to show that S(u) is closed and injective.

[

Corollary 2.15. Let L be a logic, ® € L, and A : L — L/ ® the localisation
morphism. The function

S(1):&(L/®) > S(L):pr>p

is continuous, closed, and injective.

540



2. Type spaces

Proof. Note that A = (id, j) where j : Mod(®) — Mod; (@) is the
inclusion map. Since rng j = Mod, (@), the claim follows by Proposi-
tion 2.1 (e). L]

Example. In analogy to boolean logic, we define the Lindenbaum quo-
tient Q(L) of alogic L by

Q(L) :=(€b(L),S(L),E)
where, forp e S(L) and ¢ € L,
pElple :iff ey,

We can turn Q into a functor Q : Logic — £ogic by setting, for a
morphism y : L, - L,

Qu) = (£b(1),&(u)) : Q(Lo) — Q(Ly).

The functor Q is idempotent in the sense that there exists a natural
isomorphism # : Q o Q@ — Q. This natural isomorphism is defined as
follows. For p € S(L), we have

Thoy(p) = {[gl=pep}=p/=.

Hence,

S(Q(L)) = {Thgu)(p) [peS(L) } ={p/=[peS(L)}.

Since p/= = q/= implies p = g, it follows that the function
B:&(L) > &(QL)):prp/=

is a homeomorphism. Furthermore, since [[90]5] = {[¢]=}, the map

a:€b(Q(L)) - £b(L) : [[9]=]= = [¢]-
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c3. Types and type spaces

is a well-defined isomorphism of partial orders. Consequently, we obtain
an isomorphism of logics

L= (a, B): Q(Q(L)) » Q(L).

Since, for every morphism y : L, — L,, we have

nr, 0 Q(Q(u)) = Q(u) oni,

it follows that (7 )y is a natural isomorphism.

For boolean closed logics where the type space is compact and, hence,
homeomorphic to the spectrum of the Lindenbaum algebra, we can
strengthen Corollary 2.13 (a) as follows.

Lemma 2.16. Let L, and L, be boolean closed logics where S(L,) is
compact. If y : L, — L, is an embedding, S(u) : S(L,) - S(L,) is
continuous, closed, and surjective.

Proof. We have already seen in Corollary 2.13 that &(u) is continuous
and surjective. Hence, it remains to prove that it is closed. Note that it
follows by Lemma B5.3.10 that §(L,) = S(u)[S(L,)] is also compact.
By Lemma 2.8, there exist homeomorphisms

hi :S(L;) — spec(€b(L;)) :p—p/=, forie[z2].

Furthermore, we have seen in Lemma c1.6.10 that £b(u) is injective.
Hence, Lemma Bs5.6.7 implies that the function g := spec(£b(u)) is
continuous, closed, and surjective.

&(L,) o) &(Lo)

hl h2

spec(€b(L,)) T) spec(€b(Ly))
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2. Type spaces

Since &(p) = h;' o g o hy, it follows that S(p) is closed. ]

Lemma 2.17. Let L be a logic and @ < L. If S(L) is compact, then so are
S(L|g) and S(L/ D).

Proof. LetA:L - L/®andi: L|p — L be the canonical morphisms. We
have seen in Corollary 2.13 that (i) : 8(L) - &(L|e) is continuous
and surjective. Since &(L) is compact, it follows by Lemma Bs.3.10 that
S(i)[S(L)] = &(L|op) is also compact.

By Corollary 2.15, S(1) : §(L/®) — &(L) is continuous, closed, and
injective. Consequently, &(L/®) is homeomorphic to a closed subset
rmgS(1) € S(L) of &(L). By Lemma B5.3.9, it follows that §(L/®) is
compact. []

As a consequence, we obtain the following generalisation of The-
orem 2.3.

Theorem 2.18. For all first-order theories T € FO°[X],
&°(T) = spec(€b(FO’[2]/T))
is a Stone space.

Proof. By Lemma 2.17, $*(T) = §(FO°[X]/T) is compact. Hence, the
claim follows by Lemma 2.8 (b). H

For algebraic logics L, every map y : ¥ — I between signatures gives
rise to a morphism L[] : L[X] - L[I'] and a corresponding continuous
map S(L[u]) : S(L[I']) = S(L[Z]). In the lemma below, we take a
closer look at such a map, where y : Xy — 2y corresponds to a renaming
of parameters.

Definition 2.19. Let L be an algebraic logic. For a type p over U and a
function f : U — V, we write

fo)={o(x:f(a)|p(x:a)ep}.
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c3. Types and type spaces

Remark. Suppose that f is a strict L-map and let p := tp; (a/U) where
d, U € dom f. Then

f(p) =tp(f(a) / fLU]).

Lemma 2.20. Suppose that L is an algebraic logic, let A and B be X-struc-
tures, and U C A. Every injective, strict L-map h : U — B induces a
homeomorphism

&L(U) > &L (h[U]) :p = h(p).
Proof. Set V := h[U]. Let u : Xy — Xy be the morphism of signatures
withy I X =idsand y I U = h, and let

(@ p) = L[] : I'[Zu] > L°[2v]
be the corresponding morphism of logics. Since y is bijective so are
a and B and we have L[y '] = (a™*, 7).

We claim that  induces a bijection Mod (T(V)) - Mod,(T(U)).
LetM = T(V), ¢(x) € L[Z,X],and ¢ € U. As h is a strict L-map, it
follows that

M) = g(c) iff  Meal(p(c)) = (h(c))
ifft — ¢(h(¢)) e T(V)
iff BEe(h(c))
iff AEe(0)
iff ¢(¢)eT(U).
Similarly, it follows that 7'(M) € Mod(T(V')), for every model M
of T(U). Therefore, («, ) induces a morphism
(@ po) : L*/T(U) » L*/T(V)
where 8, = S | Mod (T(V)) is bijective. As « is also bijective, it follows
by Corollary 2.13 that the induced map
&1(@ fo) : &L(V) > &L (U) = h(p) = p

is a homeomorphism. ]
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2. Type spaces

For first-order type spaces, we can say more on the dependence of a
type space on the signature.

Proposition 2.21. Let X, C X be signatures, T € FO°[X] a theory, and set
T, := TNFO°[2,].

(a) Forevery A C FO°[X,], we have
S((FO°[26]/Ts)[a) = S((FO°[2]/T)la) -
(b) The function
h: G(FO°[Z]/T) - &(FO°[2o]/To) : p = p NFO°[Z,]
is continuous, closed, and surjective.

Proof. To simplify notation, set L := FO°[X] and L, := FO°[ 2, ].

(a) We start by showing that both type spaces have the same universe.

Letp € S((L/T)|s). Then there is some M € Mod(T) with p =
Thp (M). Setting M, := M|5, we obtain a model M, € Mody, (T,) with
p = Thy (M, ). It follows that p € S((Lo/To)|a).

Conversely, let p € S((Lo/To)|a)- Then there is some model M, €
Mod;, (T,) with p = Thy (M, ). We can use Corollary c2.5.9 to find a
model M € Mod; (T) such that M, < M|s. It follows that p = Th, (M).
Hence, p e S((L/T)|a)-

It remains to show that the two topologies coincide. For @ c A4, it
follows by definition that

(D) (Lo/m)ls = {P € S((Lo/To)la) | @ <P}
={peS(Z/D)s) | Dcp}= (D)1, -

(b) Consider the inclusion map i : (L/T)|., = L/T. By Lemma 2.16,
the map

&(i) : &(L/T) » S((L/T)|r,) :p=>pnL
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c3. Types and type spaces

is continuous, closed, and surjective. Furthermore, we have seen in (a)
that the identity map

id: S((L/T)l,) = &(Lo/To)

is a homeomorphism. It follows that the composition h = id o &(i) is
continuous, closed, and surjective. ]

A special case of Proposition 2.21 (b) is worth singling out.

Corollary 2.22. Let T € FO°[X] be a first-order theory, U C V sets of
parameters, and

i : 7O°[2y]/T(U) - O°[Zy]/T(V)
the inclusion morphism. The induced map
&(i): &'(V) - &'(V)

is continuous, closed, and surjective.

3. Retracts

For every fragment A of a logic L, we have seen above that the inclusion
morphism i : A — L induces a surjective, continuous map

S(i):S(L) >S(A):p~pnA.

It follows that the type space of A is a quotient of the type space of L. In
this section we take a closer look at the relationship between these two
type spaces.

Definition 3.1. Let L be alogic, L, € L a fragment, and i : L, — L the
inclusion morphism.

(a) A morphismr:L — L, isa retractionif r o i = id.
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3. Retracts

(b) L, is a retract of L if there exists a retraction L — L.

The type space of a retract is homeomorphic to the type space of the
full logic.

Lemma 3.2. Letr = (a,f): L — L, be a retraction and i : L, — L the
inclusion morphism.

(a) B=id.

(b) a(¢) =L @, forevery ¢ € L.

(c) &(r)=6(i)™"
Proof. (a) Note thati = (1,id), where 1 : L, — L is the inclusion function.
Hence, r o i = id implies that id o 8 = id.

(b) To show that a(¢) =1 ¢, let J be an L-interpretation. We have
seen in (a) that S(J) = S. Since r is a morphism of logics, it follows that

S it JEale).

(c) Note that r o i = id implies S(i) o &(r) = id. Hence, it remains to
show that &(r) o &(i) = id. Consider p € S(L). By (b), it follows that

pep iff a(p)ep, forallpelL.

Hence,p=a™'[p] =S(ior)(p) = (&(r) o S(i))(p). O

Corollary 3.3. Letr: L — L, be a retraction and i : L, — L the inclusion
morphism.

(a) &(i):S(L) > S(L,) is a homeomorphism.
(b) &(r):S(L,) — S(L) is a homeomorphism.

Proof. Both statements follow from Lemma 3.2 (c). ]

Lemma 3.4. Let L be a logic, L, € L a fragment, and i = (1,id) : L, - L
the inclusion morphism. The following statements are equivalent:

(1) L, is a retract of L.
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c3. Types and type spaces

(2) For every formula ¢ € L, there is a formula ¢, € L, such that
¢ =L Po-
(3) The function £b(i) : €b(L,) — £b(L) is an isomorphism.

Proof. (1) = (2) follows immediately by Lemma 3.2 (b).

(2) = (3) We have seen in Lemma c1.6.10 that £b(7) is an embedding.
Hence, it remains to show that it is surjective. Let [¢]= € £b(L). By (2),
there is some formula ¢, € L, with ¢, =1 ¢. It follows that

£b(i)([pol=) = [¢ol= = [¢]=-

(3) = (1) We define a function a : L — L, as follows. For ¢ € L, we
set a(¢) = ¢. For ¢ € L \ L,, we choose an arbitrary formula v such
that [y]= € £6(i) ™" ([¢]=) and set a(¢) := y. Note that, for every ¢ € L,

a(p) € £b(i) " ([¢]=)
implies that
[p]= =£b(i)([a(e)]=) = [a(p)]=.
Hence, a(¢) =1 ¢, for all ¢ € L. By definition of «, we further have

(aot)(@p)=a(p)=¢, foralgel,.

Hence, to show that r := («, id) is a left inverse of i it remains to prove
that r is a morphism of logics. Let ¢ € L be a formula and J an L-
interpretation. Since ¢ =1 a(¢), we have

S it JEale),
as desired. ]

Below we will present several results that assume A to be boolean
closed. The following lemma can sometimes be used to replace this
restriction by the requirement that A is closed under negation.
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Lemma 3.5. Let L be a boolean closed logic, A C L closed under negation,
and let i : A — L be the inclusion morphism. If every formula in L is
equivalent to a finite boolean combination of formulae in A, then

S(i): &(L) - &(4)
is a homeomorphism.

Proof. By Corollary 2.13, S(i) is continuous and surjective.

For injectivity, suppose that S(i)(p) = S(i)(q). Thenpn A =qn A.
Since every formula in L is equivalent to a boolean combination of
formulae in A, it follows that p = q.

It remains to show that &(i) is closed. By Lemma B5.2.3, it is suffi-
cient to prove that &(i)[(¢).] is closed, for every ¢ € L. Fix ¢ € L.
By assumption on A and L, there are sets ¥, ..., ¥,—, € A such that
® =1 Viken N\ k- Since, trivially, ¥ = ¥, it follows by Lemma 3.9 that

S(i)[(¥e)] = (¥r)a .

Consequently,
S(i)[(p)L] = @5(1')[kU(‘I’k)L] - kU S(i)[(¥)L] = kU (¥i)a
is closed. L]

Exercise 3.1. Show that the preceding lemma may fail if A is not closed
under negation.

Corollary 3.6. Let L be a boolean closed logic such that S(L) is compact,
let A, € A € L be closed under negation, and let i : A, — A be the
inclusion morphism. The induced map

&(i): 6(4) - &(4,)

is continuous, closed, and surjective.
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Proof. Let A} ¢ A" c L be the boolean closures of A, and A, and let
jo:lAo—> AL, j:A—> AT and i, : A] — AT be the corresponding inclu-
sion morphisms. By Lemma 3.5, S(j, ) and &(j) are homeomorphisms.
Hence,

joi=i,0j, implies &(i)=S(j,)oS(iy)oS(j) .

Since, by Lemma 2.16, the functions on the right-hand side are continu-
ous, closed, and surjective, so is S(i). O

In the remainder of this section we consider to which extend the
reverse of Corollary 3.3 (a) holds: in which cases is S(i) being a homeo-
morphism sufficient for A to have the same expressive power as L.

Lemma 3.7. Let L, and L, be logics and y : S(L,) — &(L,) a homeo-
morphism. Then

pca iff  wu(p)cu(a), forallp,qeS(Lo).

Proof. Ttissufficient to prove thatp € qimplies p(p) € u(q). Then we can
prove the converse implication, by considering the homeomorphism g ™.
Note that we have

pcq ifft forall®, pe(®), =qe(D),,
and u(p) Cu(q) iff forall ¥, u(p)e(¥)r, = uq) € (¥)L,.

Let us show that the condition
pe(D), =qe (D), foralldclL,
is equivalent to
peC=qeC, forallclosedCcS(L,).

Clearly, if the implication holds for all closed sets C, it in particular
holds for closed sets of the form (@), _. Hence, it is sufficient to prove the
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converse. Suppose that every set (@), containing p also contains q and
let C be a closed set with p € C. By definition, there is a family (¥;) ;s of
finite sets ¥; € L, such that

cC=U w,-

iel ye¥;

Since p € C, there are formulae y; € ¥;, for i € I, such that p € (y;),. By
assumption, this implies that q € (y; ). Hence,

ae(Vvi)e, < U (v), =C.

iel iel ye¥;

To prove the lemma, suppose that p € q. We have just seen that this
implies that

peC=qeC, forallclosedCc S(L,).
Hence,
u(p) e u[C] = u(q) e u[C], forallclosed Cc S(L,).
Since p is a homeomorphism, it follows that
u(p) e D= u(q) e D, forallclosed D c S(L,).
As we have seen above, this implies that
pe(¥V), =>qe(¥),, foral PcL,.
Consequently, we have p(p) < u(q). H

Corollary 3.8. Let L be a logic, A € L, and i : A — L the inclusion
morphism. If &(i) : 8(L) - &(A) is a homeomorphism, then

pnAEp, forallpeS(L).
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Proof. Suppose that § = pn A. To show that § = p, consider q := Th (J).
Since &(i) is bijective we have

S(i) " (pnd) =&(i) " (S(i)(p)) = »
and  &(i)"(qn4) =&(i)"(&(i)(q)) = a.

Hence, pn A € Thy () = N A implies, by Lemma 3.7, that
p=C(i)(pnA)cS(i)(qnA) =q=Th.(3).
Consequently, 3 E p. ]

Below we will provide several characterisations of when A has the
same expressive power as L. We start with a technical lemma containing
a condition on when two sets @, ¥ of formulae are equivalent.

Lemma3.9. Let L bealogic, A C L,andi: A — L the inclusion morphism.
If &(i): &(L) - &(A) is bijective, we have

o=, ¥ it SH)[(P)L]=(¥)a,
forallsets ® € Land ¥ C A.

Proof. (=) Suppose that @ =, V. For (<), letp € (®);. Then @ < p
implies

Ycd " nAcpnA=8(i)(p).
Hence, &(i)(p) € (¥)a.
For (2), letp € (¥)4. Since &(1i) is surjective, there is some q € S(L)
with &(i)(q) = p. Hence,
Ycp=6(i)(q) =anAcq.

Since ¥ £ O, it follows that @ ¢ q. Consequently, we have q € (D),
which implies that p = S(i)(q) € S(i)[(D).].
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(<) We have to show that @ =; V. First, suppose that § = @ and let
p := Tha(J). Then p € (@) implies that
Ths(3) =pn 4 =&(i)(p) € S(N)[(P)] = (¥)a -

Hence, 3 = V. Conversely, suppose that § = ¥ and let p := Thy (J). Then
S(i)(p) =pn A e (¥),. Since &(i) is injective, we have

pe&(i)"(pnad)c (i) [(¥)a]

and, therefore, § = . []

(D)L

For fragments A C L that are closed under disjunctions, we obtain the
following characterisation of when every L-formula is equivalent to a
set of A-formulae.

Proposition 3.10. Let L bealogic, A € L, andleti: A — L be the inclusion
morphism. If A is closed under disjunctions, the following statements are
equivalent.

(1) Forevery ® C L, thereis some ¥ C A such that ® = V.
(2) @=L D" nA, forall @ c L.
(3) &(i) : &(L) - &(A) is a homeomorphism.

Proof. (1) = (2) Let @ c L. Clearly, ® = @~ n A. Hence, we only need
to prove that @~ N A £ @. By (1), there is a set ¥ € A such that ¥ = ®.
Hence, @ = ¥ implies that ¥ € @~ N A. Since ¥ E @, it therefore follows
that @~ N A = ©.

(2) = (3) Suppose that every @ C L is equivalent to @~ n A. We have
to prove that &(i) is continuous, closed, and bijective. Continuity and
surjectivity follow from Corollary 2.13.

For injectivity, suppose that p,q € S(L) are two types with S(i)(p) =
S(i)(q). By (2), p=L pn A and q = qn A. Consequently, we have

p=rpnA=06(i)(p)=CS(i)(q) =qnA=Lq.
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It follows that p = g, as desired.

It remains to prove that &(i) is closed. Since &(i) is injective, it is
sufficient, by Lemma Bs.2.3, to prove that &(i)[ (D), ] is closed, for every
@ c L. By (2), @ = @~ n A. Hence, it follows by Lemma 3.9 that the set
S()H[(D)L] = (D= nA), is closed.

(3) = (1) Suppose that &(i) is a homeomorphism. To show that every
® c L is equivalent to some ¥ € A, we fix @ € L. Since (@) is closed
in &(L), it follows that C := &(i)[(®)_] is a closed subset of S(A).
By Lemma 2.2, there exists a set ¥ € A such that C = (¥),. Hence,
S(i)[(D)L] = (V)4 implies, by Lemma 3.9, that ® = V. O

Exercise 3.2. Show that the preceding lemma may fail if A is not closed
under disjunctions.

For logics with compact type space, we can strengthen this proposition
as follows.

Proposition 3.11. Let L be a boolean closed logic such that &(L) is com-
pact,let A C L, andleti: A — L be the inclusion morphism. The following
statements are equivalent:

(1) For every ¢ € L, there is some y € A with y =, ¢.
(2) Aisaretract of L.
(3) A is boolean closed and

spec(£b(i)) : spec(£b(L)) — spec(£b(A))

is a homeomorphism.

(4) Aisboolean closed and S(i) : (L) — S(A) is a homeomorphism.

Proof. (1) < (2) was already proved in Lemma 3.4.

(3) = (2) According to Lemma Bs.6.7, £b(i) : £b(A) — £b(L) is an
isomorphism. Hence, the claim follows by Lemma 3.4.

(1) = (4) ©(i) is a homeomorphism by Corollary 3.3 (a). Therefore,
we only need to show that A is boolean closed. Let ¢, Y € A. Then ¢ A 9,
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¢ v 9, and —¢ are L-formulae. By (1), there are formulae v, v, v, € A
with

Vo= oA, vi=p v, and wvy,=; 9.

Hence, A is boolean closed.
(4) = (3) According to Lemma 2.17, §(L) and &(A) are both com-
pact. Therefore, we can use Lemma 2.8 to obtain homeomorphisms

h:S(L) —> spec(€b(L)) and h,:S(A) — spec(£b(A)).

If &(i) is a homeomorphism, then so is spec(£b(i)) = ho 0 S(i) o b7,
]

Corollary 3.12. Let L be a boolean closed logic such that &(L) is compact,
and let A € @ ¢ L. The following statements are equivalent.

(1) Every formula in @ is equivalent to a finite boolean combination of
formulae in A.

(2) pnA=qnAimpliespn ®=qn O, forallp,qe S(L).

Proof. (1) = (2) is obvious. For (2) = (1), let A, and @, be the boolean
closures of, respectively, A and @ and let i : A, — @, be the inclu-
sion morphism. By Proposition 3.11, it is sufficient to show that &(i) :
S(D,) - S(A,) is a homeomorphism.

According to Lemma 2.16, &(i) is continuous, closed, and surjective.
Hence, it remains to prove that it is injective. Suppose that S(i)(p) =
&(i)(q). Fix models 3, = pand 3, = q, and set p, := Thy(F,) and
9+ := Thz(3,). Then

prNA,=pnA, =6(i)(p) =S(i)(q) =qnA, =q. NA,.

In particular, we have p, N A = g, N A. By (2), we obtain p, N ® = q,. N D,
which implies that

p=p:ND, =9, NP, =q. L]
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As an application we prove the intuitively obvious fact that, if there
are more formulae than types, many formulae have to be equivalent.

Proposition 3.13. Let L be a boolean closed logic such that &(L) is com-
pact. There exists a retract L, of L of size |L,| < |S(L)| @ R,.

Proof. Let (pg)a<x be an enumeration of S(L) without repetitions. For
every pair of indices «, 8 < k, a # f, fix a formula y,p € Py \ Pg.
Set ¥ := {y4p | &, B < x} and let L, be the set of all finite boolean
combinations of formulae in V. Then |L,| < k ® kK ® R, < k ® R, and

paN¥=pgn¥ implies p, =pg.
Therefore, Corollary 3.12 implies that L, is a retract of L. ]

Corollary 3.14. Let T < FO°[X] be a first-order theory. There exists a
subset 2, C X of size |Z,| < |S<“(T)| and a family of formulae ¢ (x), for
§ e X\ X, such that, for every model M of T,

Z;’mztp?ﬂ%, forallée X\ Z2,.

Proof. For each finite tuple § of sorts, we can use Proposition 3.13 to
obtain a retract A; of FO°[X]/T such that |A| < |S*(T)|. Let X, be the
set of all symbols from X that appear in some A;. Note that S*(T) # @
implies that

S<(T)] = [US*(T)] 2 %
Hence,

[Zo] < D 1As] @ Ro = [ST(T)| @ R, = [$7(T)].

Furthermore, for every relation symbol R € X \ 2, of type §, there exists
a formula g(x) € A; € FO’[Z,] such that Rk = ¢ (). Similarly, for
every function symbol f € ¥ \ %, of type § — ¢, there exists a formula
¢(%,y) € Ay € FO*'[Z,] such that fx = y = ¢ (%, y). O
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4. Local type spaces

For technical reasons we will consider in the next section certain quo-
tients of first-order type spaces &°(U). To define these quotients we
consider a restriction L|, of some logic L and we equip the correspond-
ing set of types S(L|,) with a topology that is finer than the usual one.
Our aim is to show that, for first-order logic, this topology coincides
with the usual one. For simplicity, we only consider logics L that are
closed under disjunction.

Definition 4.1. Let L be a logic that is closed under disjunction, A € L
a fragment, and let i : A — L be the inclusion morphism. We denote
by &, (L) the topological space with universe S(A) where the topology
consists of all sets

(@), := S(i)[(®)], fordCL.

Lemma 4.2. Let L be a logic that is closed under disjunctions, A C L, and
let i : A — L be the inclusion morphism.

(a) The restriction function
pa:S(L) > &a(L):p>pnA
is closed and surjective.
(b) The identity function
h:G,4(L) > &(A):p—p
is continuous and bijective.

() G4(L) =8(4) if, and only if, S(i) : (L) — S(A) is closed and
P4 is continuous.

Sa(L)

[

S(L) h

S0

S(4)
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Proof. First, note that §(i) = h o p, since

h(pa(p)) =h(pnA)=pnA=8(i)(p), foreverypeS(L).

(a) Since L is closed under disjunctions, each closed set of &(L) is
of the form (®), for some @ c L. The function p, is closed since, for
every @ C L,

pal(@)r]={pnAlpe(@)}={S()(p) [pe (@)} = (D)

is a closed set of S(A).

For surjectivity, note that A~ and &(i) are both surjective. Therefore,
sois pp = h™ o &(i).

(b) h is clearly bijective. For continuity, note that 4 o p, = &(i). Since
S&(i) is surjective, it follows by Lemma A2.1.10 for a closed set C ¢ S(A)
that

R [Cl = [S()[S(i) " [C]]]
= h7'[hlpa[S()[CI]] = pa[S() " [C]].
This set is closed, since &(i) is continuous and p, is closed.
(c) (=) IfS,4(L) =S(A), then h is a homeomorphism. Hence, p, =
h™ o &(i) is a composition of continuous functions and, therefore,
continuous. Similarly, &(i) = hop, is a composition of closed functions

and, therefore, closed.
(<) Itis sufficient to show that the identity function

is a homeomorphism. We have already seen in (b) that it is bijective and
continuous. Hence, it remains to prove that 4 is closed.

By assumption, p, is continuous and &(7) is closed. It follows as in (b)
that

h[C]=8&(i)[pa'[C]]
is closed, for every closed set C € Sy (L). ]
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In the applications below we are interested in the case where S(L) is

compact and A closed under negation. In this situation the topologies of
S, (L) and S(A) coincide.

Theorem 4.3. Let L be a boolean closed logic such that S(L) is compact
and let A C L.

(a) The restriction function
pa:S(L) >Gp(L):p>pnA
is continuous, closed, and surjective.
(b) If A is closed under negation, then S, (L) = &(A).

Proof. (a) We have already seen in Lemma 4.2 (a) that p, is closed and
surjective. Hence, it remains to prove that it is continuous.

Let A, be the set of all finite boolean combinations of formulae in A.
We claim that

pa (@)a] = (@7 nAL)L.

() Letpe p;'[(@)a].- Thenpn A = ps(p) € (@) and there is some
type q € (@), with gn A = pn A. Since every formula in gn A, is a
boolean combination of formulae in gn A, it follows that qn A, =pnA,.
Hence,

@~ cq implies @ NA,CqnA,=pnA,.

Consequently, p e (0" N A, );.
(2) Letp e (O N A, ) and set p, := pn A,. If there is some q € S(L)
with @ U p, C g, then
gNA,; =p, implies pa(p)=pnA=p,NA=qnAc(D),.

Hence, p € p;'[(D)4]. Consequently, it remains to show that @ U p,, is
satisfiable.
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c3. Types and type spaces

For a contradiction, suppose otherwise. Then

(@) n (YL =(PUp,)L=2.

Y€po

Since &(L) is compact, we can find a finite subset ¥ € p, such that

(@0 (v =92.
ye¥
Hence, ® = - A Y. Note that ¥ ¢ A, implies - A ¥ € A,. Hence,
- AY¥Yed NnA, Cyp,andp, is inconsistent. A contradiction.

(b) We have seen in (a) that p, is continuous. By Lemma 4.2 (¢), it
is therefore sufficient to show that S(i) : §(L) - S(A) is closed. Let
A, € L be the set of all finite boolean combinations of formulae in A,
and let i, : A - A, and iy : Ay — L be the corresponding inclusion
morphisms. Then &(i, ) is closed by Lemma 2.16, and &(i,) is closed
by Lemma 3.5. Hence, &(i) = S(i,) o &(i,) is also closed. O

We will mainly use type spaces of the form &,(L) in the case of
first-order logic. In this case the definitions are as follows.

Definition 4.4. Let T € FO°[X] be a theoryand A € FO[X, X U Y] a set
of formulae where X and Y are disjoint sets of variables. For a set U of
parameters, we set

Ay ={o(x:¢) | p(x;9)eA, xcX, ycY,ccU}
U{-¢(%¢) | p(x:7) €A, xc<X, ycY,ccU}.

(a) A partial type p over a set U is a A-typeif p C Aj. For A = {¢} we
simply speak of a ¢-type.
(b) The restriction of a partial type p is the type

pla =pnAy.

(c) Let M be a structure. The A-type of atuple a € M overaset U € M
is

tp,(a/U) =tp(a/U)|a.
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(d) A A-type p over U is complete if, for every formula ¢(x; y) € A
and each tuple ¢ € U, we have ¢(%;¢) € p or = (x;¢) € p.
(e) The space of all complete A-types over U is

84(U) := &4 (FO[ 2y, X]/T(V)).
As usual we also write S5 (T) for S, ().

Since first-order type spaces are compact, it follows by the above
results that &, (U) is equal to S((FO[Zy, X]|/T(U))|ay ). Our aim is
to show that this definition does not depend on the signature .

Theorem 4.5. Let T € FO°[X] be a theory and A € FO[2, X U Y] a set
of formulae where X and Y are disjoint sets of variables. For a set U of
parameters, set

Ap={¢xc)|e(x:7)ed, ccU}
U{-¢(x:¢)| o(x;97)eA, ccU}.
(a) &4(U) =&((Fo[Zy, X]/T(U))|,.).
(b) IfA € FO[Z,, X, U Y], for some X, EUZ and X, € X, then
S4(T) =GA(TNFO°[2,]),

where the local type space on the left-hand side is with respect to the
logic FO[ X, X | and the one one the right-hand side with respect to
FO[Z,, X, |-

Proof. (a) follows by Theorem 4.3 (b), while (b) follows from (a) and
Proposition 2.21 (a) (treating the free variables from X and X, as constant
symbols). [

Corollary 4.6. Let T € FO°[X] be a theory, A € FO[Z, X U Y] a set of
formulae, U a set of parameters, and Ay, the set from Definition 4.4. Then

SA(U) = spec(£b(A7)),

where £b( A7) denotes the subalgebra of €6(FO[ 2y, X]/T(U)) generated
by Ay
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c3. Types and type spaces

Proof. Set L := FO[Zy, X]/T(U) and let A* be the boolean closure
of A};. By Theorems 4.5 (a) and 2.18 and Lemma 3.5, it follows that

G4(U) =6(4y) 26(47)
~ spec(€6(A™)) = spec(€b(A7)) . O

5. Stable theories

In this section we consider the size of first-order type spaces. First, let us
state two trivial bounds.

Lemma 5.1. Let T be a complete first-order theory and § a sequence of
sorts. Then

U] < |S°(U)| < 2TIRIVIREL for every set U of parameters.

One situation where the size of a type space is important is when we
want to construct a model realising all types. First note that we can use
the Compactness Theorem to show that, for every structure 2, we can
add a tuple realising any given type p over a subset U C A.

Lemma 5.2. Let A be a X-structure, U C A, and p € S*(U). There exists
an elementary extension B > A of size |B| < |A| @ |Z| @ |a| ® R, in which
p is realised.

Proof. Let @ := puTh(?l,). We regard the free variables x;, i < a, of p as
constant symbols. If @ is satisfiable then, by the Theorem of Léwenheim
and Skolem, there exists a model B = @ of size |B| < |A| @ |2| @ |a| ® R,.
Furthermore, we have B > U, by Lemma c2.2.3, and there exists some
a € B* with tp(a/U) =p.

Hence, it is sufficient to show that @ is satisfiable. Let @, € @ be finite.
We write

A Po = 9(x,a) Ay(a,b)
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5. Stable theories

whered € U,b € ANU,p E ¢(%,d),and ¥ & w(d, b). The last statement
implies that 3yy(a, y) € Th(YUy ). By definition of a type, there exists a
model € = p U Th(y). In particular, we have

CEo(x,a)AIpy(a,y).

Choose a tuple ¢ € C such that € = y(a, ¢). We obtain a model of @, by
interpreting the constant symbol b; by the element ¢;, for everyi. []

Corollary 5.3. For every X-structure 9, there exists an elementary exten-
sion B > A of size at most |S<“(A)| in which every typep € S<“(A) is
realised.

Proof. According to Corollary 3.14, we can find a signature X, € X4 of
size |2o| < |S<“(A)| such that there exists a retraction

(a, B) : FOT[Z4]/T(A) > FO*[Z,]/ T,

where T, := T(A) NFO°[Z, ]. If we can show that there exists a model B
of T, realising every type in S$<“ (T, ), it follows that its expansion (D)
is a model of T(A) realising every type in S<“(A). Therefore, we may
assume without loss of generality that | 2| < [S<“(A).

Fix an enumeration (P )q<x of S<“(A). We can use Lemma 5.2 to
find, for every « < k, an elementary extension €, > 9 realising p,. By
Lemma c2.5.7, there exists a common elementary extension € of all ¢,.
It follows that € realises every type p,. By the Theorem of Léwenheim
and Skolem, we can find an elementary substructure A < B < € of size
at most [S<“(A)| @ |X| ® R, such that every p, is realised in B. Since
S°“(A) = Up<w S™(A) isinfinite, we have |S<“ (A)|®|Z|®R, = [S<(A)|
and the claim follows. ]

The number of different types a theory possesses also serves as a rough
measure of its complexity. Intuitively, if there are only a few types the
number of different configurations that can appear in a model is small.
Before considering full type spaces &°(U), we start by looking at those
of the form &, (U).
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Definition 5.4. Let T be a complete first-order theory and « an infinite
cardinal. A formula ¢(%; ) is x-stable (with respect to T) if we have
1S (U)| < «, for all sets U of size |U| < k. We call ¢(x; y) stable if it is
x-stable, for some infinite cardinal k. Otherwise, ¢(%; ) is unstable.

Example. If ~ is an equivalence relation with infinitely many classes,
then the formula x ~ y is k-stable, for all infinite «, since

Sy (U] = |U/~|@1<|U]@1.

The definition does not tell us much about stable formulae. We will
therefore present three equivalent characterisations, two combinatorial
ones that can be checked more easily, and one logical characterisation.

The equivalence proofs rest on two combinatorial results. The first
one is a special case of the Theorem of Ramsey. We will prove the full
version in Section E5.1 below.

Lemma s5.5. Let (a,),<w be a sequence of elements and let (By,) n<,, be a
sequence of sets. There exists an infinite set I € w such that either

a;j € By, foralli<kinl,
or a; ¢ By, foralli<kinlI.

Proof. We construct an increasing sequence n, < n, < --- of indices,
a sequence My, My, ... € [2] of numbers, and a decreasing sequence
Jo 2 J; 2 --- of infinite sets such that, for every i < w, we have n; € J; and
either

m;=0 and a,, ¢ By, forallke];,,,

or m;=1 and a, €By, forallke];,.

We start with 7, := 0 and ], := w. By induction, suppose that we have
already defined n; and J;. Set

Lo:={ke]i|a, ¢Bx} and L,:={ke];|a, €By}.
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Then J; = L, U L,. As J; is infinite, at least one of L, and L, must also be
infinite. Choose m; < 2 such that L,,, is infinite. We set

Jiv1:=Lm, N[n;+1] and n;y, :=minJ;,,.
Having defined (#;)i<w, (7;)i<w> and (J;)i<w> we consider the sets
Mo:={i<w|m;i=0} and M,:={i<w|m;=1}.
Note that n; € J; € J; implies that

an, ¢ By, foralli < jin M,,
and ap, €B,;, foralli<jinM,.

Since M, U M, = w, at least one of M, and M, is infinite. If M, is
infinite, we can therefore set I := {n; | i € M, }. Otherwise, we use
I:z{l’li‘iEMl}. ]

Theorem 5.6 (Erdds, Makkai). Let X be an infinite set and S € (X) a
family of size |S| > | X|. Then there are sequences (a;) i< in X and (B;)i<w
in S such that either

aieBr iff i<k, foralli,k<w,
or a;eBy it i>k, foralik<w.

Proof. For every pair of disjoint finite subsets Y, Z € X, choose, if pos-
sible, aset Be Swith Y € Band Z € X \ B. Let S, € S be the set of
the chosen subsets B. As there are only | X< x X<“| = | X| pairs of finite
subsets, it follows that |S,| < |X]| < |S|. Consequently, there exists a set
A € S that cannot be expressed as a finite boolean combination of sets
from S,. (We allow empty boolean combinations, so that A is different
from @ and X.)

We inductively construct sequences (¢, )n<e in A, (d))n<w in X \ A,
and (B, )n<e in S, such that, for all #,

¢ {co»...Cn} S By,
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e {do,...,d,} € X~ B,,and
e c;€B, < d;eB,, foralli>n.

For the inductive step, suppose that we have already defined elements
Core+>Cnev>dos...,dy_y,and sets B,, ..., B,_,.Since A is not a boolean
combination of By, ..., B,_,, there are elements ¢, € Aand d,, e X\ A
such that

c,€By iff d,eBy, forallk<mn.

Then {co,...,¢n} € Aand {d,,...,d,} S X \ A. By choice of S,, it
follows that we can choose a set B, € S, with {co,...,¢,} € B, and
{ds,...,d,} € X \ B,. This concludes the inductive step.

We have constructed sequences such that

c;€By and d; ¢ By, fori<k,
c; € By < d; € By, fori>k.
By Lemma 5.5, there exists an infinite subset I € w such that either
e ¢; ¢ By, forallindices i > kin I, or

® c; € By, for all indices i > k in I.

In the first case, the sequences (¢, ) ey and (B, ) »er satisfy
c;eBy it i<k, foralli,kel.

In the second case, the sequences (d,, ) ,er and (B),) nes satisfy
dieBy, it i>k, foralli,kel.

Shifting the sequence (d;);c; by one, we obtain the desired sequences
(ai)i<w and (B;)i<o- O]

Using these two results, we can present our characterisations. We
introduce each in turn, before proving that they are all equivalent to
(un-)stability. The first combinatorial characterisation is based on the
non-existence of a definable linear order.
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Definition 5.7. Let T be a theory. A formula ¢(x, y) has the order prop-
erty (with respect to T) if there exists a model M = T containing two
sequences (") <, and (b") <, such that

ME o(a',b*) iff i<k.
Using compactness we obtain several equivalent definitions of the
order property.

Lemma5.8. Let T be a complete first-order theory and ¢(%, ) a formula.
The following statements are equivalent.

(1) ¢ has the order property with respect to T.

(2) For every linear order (I, <), there exists a model M of T that con-
tains sequences (a') ey and (b') ;e such that

Me o(a',b*) iff i<k,

(3) For every model M of T and all finite linear orders (I, <), there are
sequences (a')ie; and (b") e in M such that

Me o(a',b*) if i<k,

Proof. (2) = (1) The claim follows from (2) if we set I = w.
(3) = (2) This is a direct application of the Compactness Theorem.
Given I, choose new constant symbols ¢’ and d’, for i € I, and define

O:=Tu{¢(,d") |ikel, i<k}
u{-g(c,d") |i,kel, i>k}.

Clearly, every model of @ contains two sequences with the desired proper-
ties. Hence, it remains to prove that @ is satisfiable. By the Compactness
Theorem, we only have to show that every finite subset of @ has a model.
Let @, € @ be finite. Then there exists a finite subset I, C I such that

O, TU{p(E,d")|ikel,, i<k}
u{ =g, d") |ikel,, i>k}.

567



c3. Types and type spaces

Let 9)?_be an arbitrary model of T. By (3), we can find sequences (") e I,
and (b') 1, in M such that

ME o(a’,b*) iff i<k.

Consequently, we can satisfy @, in the structure M if we interpret the
constants ¢’ by a' and the constants d’ by b'.

(1) = (3) Fix a model N of T that contains sequences (a"),<, and
(") n<w such that

NEoa',b*) iff i<k,
Consider the formula
VUm = E|92:o'"El-’_cm—lEl)_/o'“zl)_/m—l
/\]<[¢(93i))7k) A(xi, %) A =9(Xk, 7i)] -
1<

Suppose that |I| = m < w and let M be an arbitrary model of T. Since N
®m we have T E ¢, which, in turn, implies that M = ¢,,. Consequently,
M contains two finite sequences (4" ) <,y and (b™) <., with the desired
properties. ]

The second combinatorial characterisation is based on the non-exist-
ence of certain trees.

Definition 5.9. Let T be a complete first-order theory, ¢ (%; y) a formula,
U a set of parameters, and y an ordinal. A ¢-tree of height y over U is a
family (¢, )we.<r of parameters ¢,, € U such that, for every # € 27, the
set

T(U) u{go"(“)(fc;énra) la<y}

is consistent, where

9°(%:7) = o(x57) and ¢'(%;7) = -9(%; 7).
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Lemma 5.10. Let T be a first-order theory and ¢(x; y) a formula such
that, for every n < w, there exists a model of T containing a ¢-tree of
height n. Then, for every ordinal y, there exists a model of T containing a
@-tree of height .

Proof. Given y, set

D, = TU{(p”(“)(k,,;)'/ﬂm) ‘ a<y,n 62”}.

If this set is satisfiable, there exists a model of T containing elements
d, and ¢, for n € 27 and w € 277, such that every a, satisfies

T(Uy ) U{ 9" (%561) | @ <y}

Hence, (¢, )wer<r is a @-tree of height y.

It therefore remains to show that @, is satisfiable. By the Compactness
Theorem, it is sufficient to prove that every finite subset is satisfiable.
Hence, consider a finite set ¥ ¢ ®,. Let a, < --- < a,_, be an enu-
meration of all ordinals a such that ¥ contains a formula of the form
0" (2,3 y1o) and let 0 : 27 — 25" be the function mapping a se-
quence # € 2P of length B < y to its restriction (n(a,),...,n(ax)),
where k < n is the maximal index such that a < . By assumption, there
exists a ¢-tree (d,, )ye,<n of height n. For each branch ( € 2", fix a tuple
d satisfying

T(Updy) U{ 9" (25de) |i<n}.

Then ¥ is satisfied if we assign the value a,(,) to the variable x, and the
value d(,(w) to the variable j,,. H

The existence of large ¢-trees implies that the local type spaces are
also large. In particular, formulae with large ¢-trees are unstable.

Lemma 5.11. Let T be a complete theory and ¢(X; ) a formula such that
there are @-trees of height n, for all n < w. For every infinite cardinal k
there exists a set U of parameters such that |S,(U)| > « = |U|.
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Proof. Let y be the minimal cardinal such that 2# > x. By Lemma 5.10,
there exists a ¢-tree (¢, )we,<s Of height u. Since 2<# < «, we can choose
a set U of size |U| = k containing all parameters ¢,,, for w € 2<¥. For
every branch # € 2#, fix a tuple a, satisfying

{(p”(“)(fc; Crta) | a < [,t}.

For 1 # , it follows that tp,,(a,/U) # tp,,(d;/U). Hence,

S (U)| 2 2¢ >« =|U]. O

Before proving the converse, let us present a third, logical character-
isation of stability.

Definition 5.12. Let M be a structure, C, U € M sets of parameters, A a
set of formulae, and ¢(%; 7) a formula.

(a) A g-definition of atypep € S,(U) over C is a formula 6( y) over C
such that

p(x;¢)ep it MES(E), forallccU.

(b) A complete type p € S5 (U) is definable over C if, for every ¢ € A,
the type p|, has a ¢-definition over C.

Example. Recall the example on page 529, where we described S*(Q)
for the theory T := Th({Q, <) ). The definable types are those of the form
(a*), (a7), (+00), (—00), and all realised types. The irrational types are
not definable. For instance, for (a*) and ¢(x; y) := x < y, we can use
the definition §(y) := y > a.

The number of definable types is always small.

Lemma 5.13. Let ¢(%;7) € FO[Z, X U Y]. Then S,(U) contains at most
2| @ |Cle xR,

types that are definable over C.
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Proof. W.l.o.g. we may assume that X and Y are finite. Then there are
12| @ |C| ® R, first-order formulae over C and, hence, at most that many
¢-definitions. Furthermore, if p,q € S,(U) are types with the same
¢-definition then p = q. ]

Lemma 5.14. Let U be a set of parameters and let ¢(X; y) be a first-order
formula that has no g-tree of height N < w. Then every ¢-type in S,(U)
is definable over U.

Proof. For a formula y(x) over U, let D, () be the maximal number n
such that there exists a ¢-tree (¢, )ye,<n of height n such that, for every
n € 2", the set

T(U) u{y(x)} u{o"D(x&) [i<n}

is consistent. By assumption, D, (y) < N. In particular, the maximum
is well-defined. Furthermore, D, is monotone in the sense that

yE9 implies Dy(y) < Dy(9).

Given p € S,(U), choose a finite subset @ < p such that D, (A @) is
minimal. By choice of @ and monotonicity of D, it follows for every
¢ € U that

p(x;6)ep  if Dy(A®(x) Ap(:6)) = Dy( A\ (%))

Since the non-existence of a ¢-tree of height n with the above property
is definable in first-order logic, it follows that, for every n < w and every
formula y(x; ) over U, there is a formula 8, () over U such that

Me62(e) iff  Dy(y(%:¢)) <n.

Hence, we can use the formula 8}, 4, with 71 := Dy (A @) +1to define p.

]

After having introduced three properties of formulae, we can show
that they are all equivalent to (un-)stability.
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Theorem 5.15. Let T be a complete first-order theory and ¢(%; ) a for-
mula. The following statements are equivalent:

(1) ¢ is stable.
(2) ¢ is x-stable, for all infinite cardinals .
(3) ¢ does not have the order property.
(4) There exists some n < w such that there is no ¢-tree of height n.
(5) Every complete @-type is definable over its domain.
Proof. (2) = (1) is trivial and (1) = (4) = (5) = (1) were already proved
in, respectively, Lemmas 5.11, 5.14, and 5.13.

(4) = (3) Suppose that ¢ has the order property. Let < be the infix
ordering on I := 25, which is defined by

. <
u<v it v=ux, for some x € 25%,
oru =woxandv =wiy, forsomew €2 and

<
x,y €25,

By Lemma 5.8, we can find a model M of T that contains sequences
(aw)wer and (b, )wer such that

Me o(dy,b,) iff wu<w.
For # € 2“ and » < w, it follows that
Me o(ay, byrn) ff n<ytn iff  n(n)=o.
Consequently, for every # € 2* and every n < w, the tuple a, satisfies
T(U)u{ "D (%5by)|i<n},

and (b, )ye<n is a @-tree of height n.
(3) = (2) Suppose that there is an infinite set U with |S,(U)| > |U|.
Fix a model M containing realisations of every ¢-type over U. Let § be
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5. Stable theories

the sorts of those variables in x that actually appear in ¢ and let f be
those in y. For a € M*, we set

S(a):={ceU" | ME ¢(a;¢)}.
Note that tp,(a/U) # tpq)(l_a/U) implies S(a) # S(b). Hence,
S:={S(a)|aeM}cpU)

is a family of size |S| = |S,(U)| > |U| = |U?|. By Theorem 5.6, there exist
sequences (¢;)i<e in U’ and (d; )<, in M*® such that either
EIES(C_lk) iff lSk,
or E,‘ES(G_lk) it i>k.
It follows that
Me @(anéx) iff i<k
or MeEoe(ascy) iff i>k.

In the first case, ¢ has the order property and we are done. In the second
case, we can take, for every n < w, a prefix of length » of these two
sequences and reverse their ordering to obtain sequences (a});<, and
(¢7)i<n such that

Meg(alsc,) iff i<k.

Consequently, it follows by Lemma 5.8 (3) that ¢ has the order property.
[

Having characterised stable formulae, we turn to theories and their
type spaces.

Deﬁnit_ion 5.16. (a) A complete first-order theory T is k-stable if we
have |S*(U)| < «, for all finite tuples of sorts § and every set U of size
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c3. Types and type spaces

|U| < k. We call T stable if it is k-stable, for some infinite cardinal .
Otherwise, T is unstable.
(b) A complete first-order theory T is totally transcendental if

rkcp (& (U)) < oo for all sets U and all finite tuples § .

We obtain equivalent characterisations to those of Theorem 5.15.

Theorem 5.17. Let T be a complete first-order theory. The following state-
ments are equivalent:

(1) T is stable.

(2) T is k-stable, for every cardinal x such that «7 = «.
(3) Every first-order formula is stable.

(4) Every complete type is definable over its domain.

(5) rkcp(S4(U)) < oo, for all sets U and all finite sets A.

(6) |Sa(U)| < «, for all infinite cardinals «, all finite sets A, and all
sets U of size |U| < «.

Proof. (2) = (1) is trivial.

(1) = (3) Suppose that some formula ¢(%, 7) is not stable. By The-
orem 5.15, it follows that, for every infinite cardinal «, there exists a set U
of size |U| < x such that

K <[Sp(U) < [S*(V)],

where s are the sorts of Xx. Consequently, T is not x-stable, for any x > R,.

(3) = (4) Every type p € S°(U) is definable over its domain since, by
Theorem 5.15, all of its restrictions p|¢ are definable.

(4) = (6) Let A be a finite set of formulae and U a set of size |U| < «.
There exists an injective function S4(U) — [lea Sp(U) mapping a
A-type p to the tuple of its restrictions (p|y ) yea. If every type is definable
over its domain, it follows by Theorem 5.15 that

54(0)] < TTISp(U)] < 61l = x.
peA
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5. Stable theories

(6) = (2) Let  be a cardinal with x!7l = x and let U be a set of size
|U| < . Since there exists an injective function

SS(U) =TT, Sp(U) 10+ (plg)g
it follows that
[S<(U)| < T, IS0 (U)] < T = .

(6) = (5) Suppose that rkcg (S, (U)) = oco. We have seen in Corol-
lary 4.6 that

SA(U) = spec(£b(Ay)) -

By Lemma B2.5.15, there exists an embedding (v, )we,<w of 2% into
£€b(Ay). Let U, € U be the set of all parameters appearing in these
formulae y,,. Then U, is countable and (v, )ye,<w is an embedding
of 2 into £b(Ay ). Consequently,

rkcp (S (Us)) = tkep(spec(€b(Ay ))) = oo.

It follows by Corollary Bs.7.4 that [Sx(U,)| > 2™ > |U,|. This contra-
dicts (6).

(5) = (6) Suppose that there is some infinite set U with |S,(U)| > |Ul|.
We have seen in Corollary 4.6 that

SA(U) = spec(£b(Ay)) -

Consequently, [spec(£b(A7))| > |€6(Ay)| implies, by Corollary B2.5.22,
that

rkCB(gA(U)) = rkCB(spec(Sb(Aa))) =0, D

R, -stable theories are particularly simple. They are «-stable, for every
cardinal x, and not only the local type spaces ©,(U), but even the full
type space &<“(U) has a Cantor-Bendixson rank.
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c3. Types and type spaces

Theorem 5.18. Let T be a complete theory over a countable signature. The
following statements are equivalent:

(1) T is R,-stable.
(2) T is x-stable, for all infinite cardinals .

(3) T is totally transcendental.

Proof. By Theorem 2.18, we have
&*(U) = spec(B(U)) where B(U) := &b(r0°[Zy]/T(V)).

(2) = (1) is trivial.

(3) = (2) Suppose that there is some infinite cardinal x such that T is
not «-stable, that is, we have |S*(U)| > |U]|, for some set U of size |U| = «.
By Corollary B2.5.22 there is some type p € S*(U) with rkp(¢) = oo.
Hence, Theorem B5.7.8 implies that rkcg (S°(U)) = oo.

(1) = (3) Suppose that rkcg(S°(U)) = oo, for some set U and some
finite tuple 5. By Theorem Bs.7.8, there is some formula ¢ € B(U) with
rkp(¢) = co. Hence, we an use Lemma B2.5.15 to find an embedding
(W )wea<w of 2 into B(U). Let U, < U be the set of all parameters
appearing in these formulae y,,. Then U, is countable and (¥, ) e <o is
an embedding of 2<“ into B( U, ). By Lemma B5.7.3, it follows that

[S°(Us)| = Ispec(B(Us))| 2 2™ > [U].

Hence, T is not ®,-stable. ]
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c4. Back-and-forth equivalence

1. Partial isomorphisms

In many constructions and proofs we will have to find two sequences
d and b that cannot be told apart by any formula of a given logic, i.e., we
are interested in the relation (2, @) =; (%, b). In the present chapter we
take a closer look at such relations for L = FOox, and L = FO.

Definition 1.1. Let % and B be X-structures, 4 € A and b € B sequences
of the same length, and & an ordinal.

(a) We write (9, @) =, (3B, b) iff
A= g(a) if BE (b)),

for all formulae ¢ € FOoox, [2] of quantifier rank qr(¢) < a. If A =, B
we say that U is a-equivalent to B.

(b) We write (2, @) =oo (B, b) iff (U, ) =, (B, b), for all ordinals a.
Hence, we have

(,8) o0 (B,B)  iff (%) =po_., (B,D).

The relations =, can be computed by induction on «. Note that we
have (9, a) =, (B, b) if and only if the function a; — b; induces an
isomorphism ((a)o = (b).

Definition 1.2. Let % and B be X-structures. A partial isomorphism
from 2 to B is a function p with dom p € A and rng p € B such that
p can be extended to an isomorphism

{(dom p)a = (rng p)es .
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c4. Back-and-forth equivalence

We denote the set of all partial isomorphisms from U to B whose
domains have cardinality less than « by pIso, (%, 8). The union for all
cardinals « is pIso(2, B) := U, pIso, (U, B).

For sequences (a;)i<q and (b;) <, we simplify notation by writing
p: aw b for the function p = {{a;,b;) | i < a}. (Note that, if we
reorder the sequences G and b then we obtain the same function p.)

Remark. (a) Note that, by Theorem B3.1.9, in the above definition the
isomorphism

7 : {(dom phor > ((rng ph

extending p is unique, if it exists.

(b) If X is a relational signature then (X))o = X and a function p is a
partial isomorphism iff p : dom p = rng p.

(c) Finally, note that () — () = & is the unique function p with
dom p = @ and rng p = @. It is a partial isomorphism iff (@) = (),
that is, if the substructures generated by the constants of % and & are
isomorphic and if the same relations of arity o hold in & and 3.

Definition 1.3. Let 2 and B be X-structures.

(a) A partial isomorphism p € plso(¥, B) has the back-and-forth
property with respect to a set I € pIso(2, B) of partial isomorphisms if
the following conditions are satisfied:

Forth. For all a € A, there is some g € I such that p € g and a € domg.
Back. For all b € B, there is some g € I such that p € gand b € rngq.

A set J € pIso(¥,B) of partial isomorphisms has the back-and-forth

property with respect to I if every element of ] has the back-and-forth

property.
(b) A back-and-forth system between 2 and B is a sequence (I, ), of
sets I, € pIso(Q, B) such that

¢ for every «, I, has the back-and-forth property with respect
to I,, and

& Is € Ng<s s, for limit ordinals .
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1. Partial isomorphisms

The canonical back-and-forth system (I, (2, B)), between A and B is
defined inductively by

I,(A,B) = plso(A, B),
Lyi:(A,B) := {p el (A VB)| phas the back-and-forth
property w.r.t. I, (%, B) },
and  I5(A,B) = () [,(¥,B), forlimitordinalsd.

a<d

We will also need the restrictions
IL(A,B) :=1,(A,B) nplso, (A, B)
to domains of size less than «.

Example. Let = (Z,<) and B = (Q, <). We have

IO(QI,%):{C_I'—>1-7|CIZ'<6lk<:>bi<bk},
L(A,B)={awb|a;<ar < b;<brand|a; —ar|+1}

L(%,3) = {() =~ ()},
L(A,B)=0.

Recall that an open dense linear order is a linear order without first
and last element such that between any two elements there is a third one.

Lemma 1.4. If U = (A, <) and B = (B, <) are open dense linear orders
then plso, (%, B) has the back-and-forth property with respect to itself.

Proof. Supposethatd — b e plso,_(%,B) where w.l.o.g. we may assume
that a, < - < a,_,. By symmetry it is sufficient to prove the forth
property. Let ¢ € A. If ¢ = a;, for some i, then dc ~ bb; is a partial
isomorphism and we are done. Suppose that there is some 7 such that
a; < ¢ < ajy,. Since B is dense we can select an arbitrary element
b; < d < bjy, and the mapping ac — bd is a partial isomorphism.
Similarly, if ¢ < a, or ¢ > a,,_, then we can take any element d < b, or
d > b,_, to obtain a partial isomorphism dc + bd. ]
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c4. Back-and-forth equivalence

Theorem 1.5 (Cantor). Any two countable open dense linear orders are
isomorphic.

Proof. Let A = (A, <) and B = (B, <) be countable open dense linear
orders and fix enumerations (a;) <, and (b;) <, of A and B, respectively.
Let I := pIso, (2, ®B). We construct an increasing chain p, € p, € ... of
partial isomorphisms p; € I suchthata; € dom p,;,, and b; € dom p, ;..
Their union p := U; p; is a partial isomorphism with domain dom p = A
and range rng p = B, that s, it is the desired total isomorphism p : A = B.

We define p; by induction on i. Let p, := &. Suppose that p; € I
has already been defined and that i = 2# is even. Since I has the forth
property with respect to itself we can find some p;,, € I extending p;
such that a,, € dom p;,. Similarly, if i = 2n + 1 is odd then we use the
back property to find a partial isomorphism p;,, € I extending p; with
bn €IrmNgpi+:. []

Exercise 1.1. Let R = (R, +) be the additive group of real numbers. Show
that pIso,, (R, R) has the back-and-forth property with respect to itself.

Exercise 1.2. Prove that any two countable atomless boolean algebras
are isomorphic.

Remark. (a) The canonical back-and-forth system (I, (%, B)), is max-
imal, that is, for any back-and-forth system (I, ), we have I, € I, (%, B),
for all a.

(b) Obviously, a back-and-forth system forms a descending chain

I,2L2---21,2...
Furthermore, if there is some ordinal « such that

[,(A,B) =1,4,(Y,B)

then I, (U, B) = 13(Y,B), for all B > a. Hence, there always exists an
ordinal a < |I, (%, B)|* such that

I,(¥,9B) =1(A,B), forallf>a.

580



1. Partial isomorphisms

Definition 1.6. Let a be the minimal ordinal such that
Io(A,DB) = [1,(A,B).

We denote this limit by I, (¥, B) := I,(Y, B) and the corresponding
restrictions by I, (U, B) := I (A, B).

Remark. I.,(¥,B) has the back-and-forth property with respect to
itself.

Exercise 1.3. Let I and B be finite structures with |A|, |B| < n. Prove
that I,,(, B) = [ (A, B).

Lemma1.y. Ifpel,(U,B)andqc pthenqel,(A,B).
Proof. The claim follows by a straightforward induction on «a. ]
Corollary 1.8. I,(A,B) @ iff ()~ () € [,(A,B).

Lemma 1.9. Let A and B be structures and k an infinite cardinal. The
sequence (I5 (A, B) ), is a back-and-forth system.

Proof. The claim follows by induction on « since, if

(A,B) and dc+ bd € I,(A,B)

= 1 K
arbell,,

then the set ac has cardinality less than «. Therefore,
dac ~ bd € plso, (%, B)
which implies that dc ~ bd € I*(, D). O

Definition 1.10. Let 2l and 3 be I-structures, @ € A, b € B, and « an
ordinal. We define

(A, a) 2, (B,b) :iff aebel(Y,B),
(U, d) 2o (B,b)  :iff abelo(UB).

IfA =, B we say that A is a-isomorphic to B. For an arbitrary back-and-
forth system (Ig)p we write

(Ig)p: (W, a) =2 (B,b) :iff a—bcp,forsomepel,.
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Example. Let X = { P; | i < n} be a signature consisting of n unary
predicates. For a 2-structure A = (A, P) and a set I € [n], we set

Pl:={acA|lacPliff icl}.

For k, I, m < w, define
k=,1 :iff k=lorkI>m.

We claim that (2, @) =, (B, b) if and only if @ + b € pIso(%,B) and
PP\ a| =, |PP N b|, foralllc[n].

We prove the claim by induction on m. If m = o then a — bel,(UB)
iff a — b is a partial isomorphism. Suppose that m > o.
For one direction, assume that there is some I such that

PP\a Fm PP\ bl.
|P; T

By symmetry we may assume that |P¥ \ d| > |[P? \ b|. If c € P} \ d then
we have

PPN dc| #my |PP N bd|, for everyd e PP\ b.

By inductive hypothesis it follows that dc ~ bd ¢ I,,_,(%, D), for all
d € B. Consequently, @ — b ¢ I,,(%,3).
For the other direction, let a — b be a partial isomorphism such that

P\ a| = [PENb|, foralllc[n],

andletc € AN a.Set]:={i<n|ceP}}andchoose an arbitrary
element d € PP \ b. It follows that

PP N dc| =y |PP N bd|.

By inductive hypothesis, this implies that ac ~ bd € I,_,(%,B), as
desired. The back property follows by symmetry.
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1. Partial isomorphisms

We will show below that the relations =, and =, coincide. Hence,
we can determine whether 2 =, B holds by defining a back-and-forth
system (Ig)p : A =4 B with I, # @.

Lemma 1.11. We have A =, B if and only if there exists a nonempty set
I ¢ plso,_ (U, B) that has the back-and-forth property with respect to
itself.
Proof. (=) By Lemma 1.9, we can set I := I53° (Y, B).

(<) We prove by induction on « that I ¢ I,(¥, ), for all «. Then
we have I € I, (YU, B) which implies that I, (%, B) + @.

Clearly, I < pIso(¥,B) = I,(A,B). Suppose that I < I,(A,B). Each
p € I has the back-and-forth property with respect to I and, therefore,
also with respect to I, (2, B) 2 I. Hence, p € I, (Y, B). Finally, if § is
a limit ordinal and I ¢ I, (%, B), for all « < §, then

Ic () La(2%3B) = I;(%,3B). -
a<é

As an application we consider discrete linear orders.

Definition 1.12. Let 9 = (A, <) be a linear order.

(a) A is discrete it every element of U that is not the least one has an
immediate predecessor, and every element that is not the greatest one
has an immediate successor. We say that U is bounded if it has a least
and a greatest element.

(b) We define the distance d(a, b) of two elements a, b € A by

d(a,b):=|{ceAla<c<borb<c<all.
Furthermore, we set

d(-c0,b) = [{b],
d(a, 00) := |fla],
and d(-oo0,00):=|A|®1.

(c) For numbers m, n, k < w, we define

m=n :iff m=n or mn>k.
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c4. Back-and-forth equivalence

Lemma 1.13. Let % = (A, <) and B = (B, <) be bounded discrete linear
orders, a € A" and b € B", and n < w. We have

(A, a) =, (B,b)
if and only if @ ~ b is a partial isomorphism such that, for all i, k,

d(dl',dk) =,n d(b,’,bk), d((li,OO) =,n d(bi,OO),
d(—o00,ay) =,n d(—o00,b), d(—00,00) =,u d(—00,00).
Proof. (=) We prove the claim by induction on n. Let m := |a|. To avoid
case distinctions we add new least and greatest elements —oco and oo
to A and B and we set a_, := —oo and a,, = oo, and similarly for

b_,and b,,.
For n = 0, we have

(U, a) 2o (B,b) iff a beplso(Y,B).

Note that every partial automorphism trivially satisfies the condition
d(ai,ak) =1 d(biabk)' _

Consider the case that n > o and suppose that (%, a) =, (B,b).
Clearly, the first condition is satisfied since @ +> b is a partial isomorph-
ism. Therefore, it remains to show that

d(aj,ax) =, d(b;,by), forall-1<ik<m.
For a contradiction, suppose that there are i and k such that
d(ai,ak) #on d(b;, by).
By symmetry we may assume that a; < ax and d(a;, ax) < d(b;, by). In

particular, we have d(a;, a; ) < 2". Furthermore, by inductive hypothesis,
we have

d(a,-, ak) =,n-1 d(bia bk) >

584
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which is only possible if d(a;, ax) > 2" . Hence, there exists some ele-
ment b; < d < by with d(b;,d) = 2"7". By the back-and-forth property,
we can find an element ¢ € A such that

(9, dc) =, (B, bd).

By inductive hypothesis, we have d(a;, ¢) =,+-1 d(b;, d) which implies
that d(a;,c) > 2" = d(b;, d). Consequently, we have

d(c,ax) =d(a;,ar) —d(a;,c)<2" —1-2""=2""-1
which implies that d (¢, ax) = d(d, by ). Together, it follows that that

d(ai,ax)=d(a;,c)+d(c, ay)
>d(b;,d)+d(d,by) =d(b;,by).

A contradiction.

(<) Let I,, be the set of all partial functions a ~ b where the tuples
g and b satisfy the above conditions. We claim that (I,,) <, is a back-
and-forth system. Clearly, every @ + b € I, is a partial isomorphism. It
remains to check the back-and-forth property. By symmetry, we only
need to prove one direction. Let 4 ~ b € I, and ¢ € A. Fixindices i and k
such that a; < ¢ < ay and there is no index [ with a; < a; < a.

We distinguish three cases. If d(a;,c) < 2"7" then let d € B be the
element such that b; < d < by and d(b;,d) = d(a;,c). If d(a;,a;) =
d(b;, by ) then we clearly have d (¢, ax) = d(d, by). If, on the other hand,
d(a;,ar),d(b;,bx) > 2" then d(c,ar) > 2" and d(d, by) > 2"
Hence, in both cases we have d(d, by) =, d(c, ay).

Similarly, if d(a;,c) > 2”7 but d(c, ax) < 2"~ then we choose d € B
such that b; < d < by and d(d, by ) = d(c, ax). As above it follows that
d(a,-, C) =,n-1 d(bi, d)

Finally, suppose that d(a;,c),d(c, ax) > 2"7". Then we select an ele-
ment b; < d < by such thatd(b;,d) = 2"7". Since d(a;, ax),d(b;, by) >
2" it follows that d(d, by ) = d(b;, bx) — d(bi,c) > 2" O
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Corollary 1.14. For discrete linear orders A and B and n < w, we have
Ax, B iff |A|=,_, |B|.

Lemma1.1s. LetQ; = (A;,<, P) and B; = (B;, <, P), for i € [2], be linear
orders expanded by unary predicates P.

Ao 20 By and A, 2, B, implies Ay +A; 2y By +B,.
Proof. Fix back-and-forth systems (Ill?) p<a * Ui 2o Bi. We claim that

(]/3)/3S(X :Q'[0+Q[1 =a %o+%1
where
]/3::{d&l—)l;d|dv—>l-9€]zandc'n—>de]k}.

We have ], # & since I(i + &, for both i. Furthermore, J5 = Np<s Ip>
for limit ordinals §. It remains to prove the back-and-forth property.
Suppose that ac |—>_l_9d € Jprand e € A If e € A, then th_ere_is some
f € Bo with ae — bf € Iy. Hence, it follows that aec — bfd € Jp. If
e € A, then the same argument provides a suitable element f € B,. The
back property follows analogously. ]

2. Hintikka formulae

The relations =, are definable in FO..x, by a formula of quantifier rank «.
Consequently, we have =, € . The other inclusion will be shown in
Section 3.

Lemma 2.1. Let 2 be a X-structure, a € A, and o an ordinal. There exists
a formula g ;(X) € FOcox,[Z] of quantifier rank qr(¢g ;) = « such that

BEesa(b) i arbel(AB),

for all X-structures B and every b C B.
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Proof. We construct ¢y ; by induction on a.

(a = 0) Let @ be the set of all literals y(x) such that U = w(a). We
set oy ; = N\ .

(a = 8 + 1) We have to express the back-and-forth property.

(Pgltzl(x) = 4’5{,&(’2) WA EI)"Pgl,ac(’z)’) Ay \/ q’g[,ac(’z)’) :

ceA ceA

(a limit) We take the conjunction over all f < a.

(AR /3_ 2)
93,4 (X) ﬁ/<\a</’g[,a(x) -

Remark. Formulae of the form ¢g ; are called Hintikka formulae. Note
that ¢§ ; € FO+x,[2] where « := |A| @ |2 @ |a| ® R,. If Z, @, and «
are finite then it follows by induction on « that there are only finitely
many formulae of the form ¢g ; and that we can choose them to be in
FO“[Z].

Since o, = ~,, for some ordinal «, we can also define the relation ~,.

Definition 2.2. Let A be a structure. The Scott height of U is the least
ordinal & such that I5e (Y, ) = I (U, A). The Scott sentence g of A
is defined by

o3 = 9an A N\ VE[95:() = 057 (B)],

aeA<e
where « is the Scott height of Y.
Lemma 2.3. The Scott height of U is less than |A|*.

Proof. If A is finite then I) (2, ) = I (¥, ) and the Scott height is at
most |A| < R,. Similarly, if A is infinite then there exists some ordinal

o < |I5° (M) < (JA)" = |A]"

such that %o (U, ) = 10 (A, ). O
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c4. Back-and-forth equivalence

Exercise 2.1. Compute the Scott height of (w, <).

Theorem 2.4. For all structures 2 and B, we have
B =gy iff Bz Y.

Proof. Let a be the Scott height of 2. ]
(=) IfB = o5 then a = b € I3°(A, B) implies a = b € I3, (A, B).
Hence,

IR

a+1

(A, B) = (A, B) = I (A, B) .

Furthermore, I72 (9, ) is not empty since B = g () implies () = () €
I,(A,9B).

(<=) Suppose that B =, 2. Then we have B gog[)o. To see that
DB also satisfies the second part of the formula @3~ we have to show that

arbel(U,B) implies a~ bely

a+1

(%, B).

Let a — b € I (A, B). We claim that @ + b has the back-and-forth
property with respect to I5° (U, B).

For the forth property let ¢ € A. Since A =, B there exist some tuple
b’ c Awith (2, b') 2, (B, b). Hence,

(U, b") =, (B, b) =4 (Y, a).
Since « is the Scott height of U is follows that
(A, 0") 24y (U, ).
Hence, we can find some d’ € A with
(U, b'd") =, (Y, dc).
Since (2, b') 2o, (B, b) there is some d € B such that

(A, 5'd") 2oy (B, bd).

588



3. Ehrenfeucht-Fraissé games

Consequently, we have

(A, dc) 2o (A, 0'd") 24 (B, bd),
and dc ~ bd € 1, (,B). The back property follows analogously.  []
Corollary 2.5. A =+ B implies A 2o, B.

Proof. If a is the Scott height of A then qr(¢3’) < a + w < |A|". O

3. Ehrenfeucht-Fraissé games

Ehrenfeucht-Fraissé games provide an intuitive way of describing back-
and-forth systems.

Definition 3.1. Let 9 and B -structures, d, C A, b, € B, and let « be
an ordinal.

(a) The Ehrenfeucht-Fraissé game EF, (%, 4o, B, b, ) is played by two
players (spoiler and duplicator) according to the following rules:

* A position in the game is a tuple (B, a, b) where f < a, a € A,
b c B,and |a| = |b].

¢ The initial position is («, d,, b, ).

o In the position (B, a, b) spoiler chooses an ordinal y < 8 and
either an element ¢ € A or some d € B. Duplicator responds by
selecting an element of the other structure, i.e., either d € B or
¢ € A. The new position is (y, dc, bd).

+ Spoiler loses if he cannot choose y because 8 = o. Duplicator loses
if a position (f3, a, b) is reached where a — b ¢ pIso(YU, B).

(b) The infinite version EF_ (¥, a,, B, b,) of the Ehrenfeucht-Fraissé
game is played in the same way as EF, (9, do, B, b, ) with the exception
that the first component of all positions is omitted and every play has
length «. Hence, duplicator wins if she can continue the game for « steps
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c4. Back-and-forth equivalence

while, as before, spoiler wins if a position (4, b) is reached such that
d ~ b is not a partial isomorphism.

(c) A winning strategy of one of the players is a function mapping
positions to moves such that, regardless of the moves of his opponent,
the player wins if he always plays the moves given by the strategy. We say
that a player wins the game EF, (9, @, B, b) if he has a winning strategy.

Example. Let = (Z,<) and B = (Q, <). Spoiler wins the 3 round game
EF; (¥, B). The game starts in position

(3 () (N

In the first round, spoiler chooses 2 < 3 and o € Z. Duplicator has to
answer with some number a € Q. The new position is

(2, {0), (a)).

In the second round, spoiler chooses 1 < 2 and 1 € Z. Duplicator replies
with some b € Q such that b > a. The new position is

(1, (0,1), {(a,b)).

Finally, spoiler chooses o < 1and (a + b)/2 € Q. Duplicator has to
respond with some element z € Z such that o < z < 1. Since there is no
such element she loses.

Exercise 3.1. Let A be the tree consisting of one path of length #, for
every n < w, and let B be the tree consisting of one path of length «, for
every « < w.

A B

Find the least ordinal « such that Spoiler wins EF, (%, ).
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3. Ehrenfeucht-Fraissé games

Immediately from the definition we obtain the following connection
between Ehrenfeucht-Fraissé games and the back-and-forth property.
Lemma 3.2. Duplicator wins EF, (%, 4,9, b) if and only if

¢ forall B < a and every c € A there is some d € B such that she wins
EFg (¥, ac,B,bd), and

¢ forall B < a and every d € B there is some c € A such that she wins
EF (2, dc,®, bd).

By induction it follows that the winning positions in the game form a
back-and-forth system.

Lemma 3.3. Duplicator wins EF, (%, 4, B, b) iffa + b € [, (Y, B).

Proof. We show the claim by induction on «. ) )
(¢ = 0) By definition, duplicator wins EF, (%, a,B,b) iffa —» b ¢
plso(YU, B) = I,(A, B). )
(a = B +1) Duplicator wins EFg, (%4, 4,8, b)
iff  forall c € A there is d € B such that she wins EFg(%, ac, B, bd)
and for all d € B there is ¢ € A such that she wins EFg(%, ac, B, bd)
iff  forall c € Athereisd € B such that ac — bd € Ig(%, B)
and for all d € B there is ¢ € A such that ac — bd ¢ Ig(,B)
iff @~ b has the back-and-forth property w.r.t Ig(%, B)
iff arbelp,(A,B).

(a limit) Duplicator wins EF, (2, 4,3, b)

iff  she wins EF(2,d,®B,b) forall f < a
if arbelg(A,B)forallf<a
iff arbel(UB). ]

We have seen that the relation =, refines =,. The following lemma
establishes the converse.
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Lemma 3.4. Let A and B be structures with elements @ € A and b € B. If
there exists a formula ¢(X) € FOoon, [2, X ] of quantifier rank qr(¢) < «
such that

A= @(a) and B o(b)

then spoiler wins EF, (%, 4,9, b).

Proof. W.l.o.g. we may assume that ¢ is in negation normal form. We
prove the claim by induction on ¢.

(¢ literal) As a and b are distinguished by an atomic formula the
mapping @ ~ b cannot be a partial isomorphism. Hence, spoiler wins
the game EF, (%, 4, B, b) immediately.

(¢ = A\ @) There is some formula y € @ such that

Ae=w(a) and By y(b).

Since qr(v) < a spoiler wins EF, (2, @, 3, b), by inductive hypothesis.

(¢ =V @) follows in the same way.

(¢ = 3xy) Let := qr(y) < a. There is some element ¢ € A such that
A = y(a,c), but B ¥ y(b,d), for all d € B. In the first move spoiler
can choose f§ and the element ¢ € A. Duplicator responds with some
element d € B. By inductive hypothesis, spoiler can win the resulting
game EFg (%, dc,B, bd). Therefore, he also wins EF, (%, d,9, b).

(¢ = Yxy) analogously by choosing some d € B. O

Theorem 3.5 (Karp). Let A and B be structures and « an ordinal.
(a) The following statements are equivalent:
(1) (2, d) =, (B, b).
(2) (%) 2 (B, D).
(3) (B,b) Pota -
(4) Duplicator wins EF (%, a, 3, b).

(b) The following statements are equivalent:
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3. Ehrenfeucht-Fraissé games

(4) Duplicator wins EFse (Y, a@, 3B, b).

Proof. (a) We have already shown in Lemmas 2.1 and 3.3 that (2), (3),
and (4) are equivalent.

(1) = (3) follows directly from the definition of =, since qr(q)g[) ;) <a.

(4) = (1) If (%, @) #4 (B, b) then there is some formula ¢ € FOqox,
of quantifier rank qr(¢) < a such that % = ¢(d) and B ¥ ¢(b). By
Lemma 3.4, spoiler wins EF, (%, 4,3, b).

(b) The equivalence (2) < (3) was proved in Theorem 2.4, and the
implication (1) = (3) is trivial.

(2) = (4) Duplicator can win if she ensures that only positions (¢, d)
are reached where ¢ + d € I, (%, ®B) ¢ plso(,B). But this is easily
done since I, (Y, B) has the back-and-forth property with respect to
itself. If spoiler chooses some element ¢ € A then there exists an element
d € B with dc ~ bd € I,(%,B). Similarly, if spoiler plays in B then
duplicator can respond in .

(4) = (1) If (A, 4) #oo (B, b) then there is some formula ¢ € FOoy,
such that & = ¢(a) and B # ¢(b). Let & := qr(¢). By Lemma 3.4,
spoiler wins EF, (2, 4,3, b). He can use the same strategy to win the
infinite game EF5° (9, @, B, b). O

Corollary 3.6 (Ehrenfeucht, Fraissé). Let X be a relational signature
and A and B X-structures. For m < w, let A, € FO[X] be the set of all
first-order formulae of quantifier rank at most m.

(@) A=,, B iff Az, 2, Bz, forallfiniteX, c X,
(b) U= B iff Ay, 2, Bls, forallfiniteX, cX.
Exercise 3.2. Find structures A and B such that A =5 B but A 2, B.

Corollary 3.7. Every formula ¢ € FOeox, [2, X]| of quantifier rank o is
equivalent to a disjunction of Hintikka formulae of quantifier rank «. For
v € FO[Z, X| and relational X, we can choose this disjunction in FO[ X, X .
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Proof. We have v = \/ @ where

D:={ g, |AEy(a)}

is the set of all Hintikka formulae corresponding to models of .

If y € FO[ 2, X] then « < w and there exist finite subsets X, € ¥ and
X, € X such that y € FO[2,, X, ]. Hence, we have v = \/ @, where
@, := ®NFO[Z,, X, ] is finite. H

We conclude this section with several applications of Ehrenfeucht-
Fraissé games.

Lemma 3.8. There exists no first-order formula ¢ such that, for every
finite structure A, we have

A= iff  |A]iseven.

Proof. Suppose that such a formula ¢ exists and let m := qr(¢). By
Corollary 1.14, we have

(2], <) E @ iff ([2"+1],<)E0@.
A contradiction. ]

Let us apply Ehrenfeucht-Fraissé games to equivalence relations. Re-
call that we write m =¢ n ift m = n or m, n > k. If E is an equivalence
relation then we denote by N; (E) the number of E-classes [a]g of size
[a]g| = k and N} (E) denotes the number of classes of size |[a]g| > k.

Lemma 3.9. Let E and F be equivalence relations on the sets A and B,
respectively. We have (A, E) =, (B, F) if and only if

Ni(E) =m-k Ni(F) and Ni(E) =m-x N{(F),

forall k < m.
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3. Ehrenfeucht-Fraissé games

Proof. (=) First, suppose that N; (E) > N;(F) =: s. We claim that
spoiler wins EF, x4, (¥, ®). Since N; (E) > s we can find s + 1 different
E-classes [ao]E, ..., [as]E of size |[a;]g| = k. In the first part of the
game spoiler plays their representatives da,, ..., a;. Duplicator has to
answer with elements b, ..., b, of different F-classes in B. Since we
have N (F) < s + 1 there is an index i such that [ := |[b; ]| # k. If | < k
then spoiler continues by playing k — 1 different elements

Cos-vsChos € [ai]g ~{a;}.

Since |[b;]Fr N {b;}| < k —1 duplicator cannot answer all of them. Con-
sequently, spoiler wins after at most s + 1+ k —1 = s + k rounds. Similarly,
if I > k then spoiler plays k different elements

do,...,dk_l € [b,]p AN {bi}>

and again duplicator cannot answer all of them. In this case spoiler wins
after at most s + 1 + k rounds.

It remains to consider the case that N} (E) > N7 (F) =: s. By a sim-
ilar argument as above we show that spoiler wins EF;_ ., (¥, ). Since
N7 (E) > s we can find s + 1 different E-classes [d, |, . . ., [as ] g of size
[[ai]e| > k. In the first part of the game spoiler plays their represent-
atives d,, . .., as. Duplicator has to answer with elements b,, ..., bs of
different F-classes in B. Since we have N} (F) < s + 1 there is an index i
such that |[b;]r| < k. In the second part of the game spoiler plays k
different elements

Cos--+sCk1 € [ai]g N{ai}.

Since |[b;]r \ {b;}| < k duplicator cannot answer all of them. Con-
sequently, spoiler wins after at most s + 1 + k rounds.

(<) For k < m, let I, be the set of all partial isomorphisms d ~ b
with @ € A" ¥ and b € B™~* such that

‘[ai]E\d| = |[bilr ~b|, foralli<m—k.
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We claim that (I} )k : (A, E) 2 (B, F). Clearly, we have () — () € I,,.
By symmetry, it is therefore sufficient to prove the forth property.

Let a — b € I;,,, and ¢ € A. We have to find some d € B such that
ac — bd € Ir. We consider several cases. If ¢ = a;, for some i, then
dc > bb; € I If c € [a;]g \ @, for some i, then

‘[ai]E \ 51| =k+1 ‘[bi]E \ b‘

implies that there is some d € [b; ] \ b. It follows that dc + bd € I}.

It remains to consider the case that ¢ ¢ [a;]g, for all i. Set s := |[c]g|.
We are looking for an element d € B with s =, |[d]r| and [d]rnb = .
First, consider the case that s < k. Then we have

[ailel=s it |[bi]e]=s.
Let I be the number of indices i with |[a;]g| = s. Since
N;(E)=pn-s NJ(F) and Il+1<m-k-1+1<m-s,
it follows that N7 (E) > [ +1implies N; (F) > [ + 1. Consequently, we

can choose some element d € B such that |[d]r| =sand [d]pnb = @.
The proof for the case that s > k is analogous. Then we have

[ai]el >k iff |[bi]s[ >k,
and we denote by I the number of indices i with |[a;]g| > k. Since
N;(E) =pm_x NJ(F) and Il+1<m-k,

it follows that N3 (E) > [ +1implies N (F) > [ +1. Consequently, we can
choose some element d € B such that |[d]r| > kand [d]pnb=2. [

We have seen in Lemma c1.1.7 that we can define every ordinal « < «

in FOyy, [<]. Nevertheless there is no FOoox, [ <]-formula that axiomat-
ises the class of all well-orders.

596



3. Ehrenfeucht-Fraissé games

Lemma 3.10. For every ordinal «, there exists an ordinal § > « such that
d =5 8 + 8- 1, for each linear order T.

Proof. By Lemma A4.5.6, we can choose 8 > & such that w(®) = §. Then
8 is a limit ordinal such that § = @A) §, for all § < 8. Hence, for each
B < 8, we can write & as sum of & copies of the order w(#). We call such
a summand a wP)-interval of 8.

6

o:

w®B) B wB) wB)

In the same way we can write linear orders of the form § + §7 as a sum
of wP)-intervals.

_ For B < 4, let I be the set of all finite partial isomorphisms a +
b € plso, (98,8 + d7) satistying the following conditions. For notational
simplicity we assume that a, < --- < a,,_;.

(1) a;and a;,, belong to the same 0P interval iff b; and b, belong
to the same w(#)-interval.

(2) a; is the a-th element of the w(?)-interval containing a; if and
only if b; is the a-th element of the wA)-interval containing b;.

(3) a, isin the first w(#) -interval if and only if b, is in the first wP) .
interval.

Further, we set I5 := {() = () }. We claim that (Ig)g<s: § 25 6 + d7.

To prove the back property, suppose that a — b € Ig,, where g, <
~+<au_,andletd € § + O7.

If d belongs to the w(#)-interval of some b; then let ¢ be the corres-
ponding element in the w(P)-interval of a;. It follows that dc — bd € I B
If d belongs to the first w® -interval or if d > b,,_, then we can easily
find a suitable element ¢ € § such that ac — bd € I 8-

It remains to consider the case that the w(P)-interval of d lies strictly
between those of b; and b;,,. Since a; and a;,, do not belong to the
same w'#)-interval we can choose some w(?)-interval between those
containing a; and a;,,. Let ¢ be the a-th element of this interval, where
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a is the position of d in its w(P)-interval. Again, it follows that dc +

i?d € I[g.
In the same way, we can prove the forth property. Since () ~ () € I,
for all B < 8, it follows that (Ig)p<s : & =5 § + 87. ]

Theorem 3.11. There is no sentence ¢ € FOson, [<] such that
A= iff Aisa well-order.

Proof. Suppose there is such a formula ¢. Let « := qr(¢). By the preced-
ing lemma we can find an ordinal § > « such that § =5 § + 6 where
{ := (Z,<). Since 0 is a well-order we have § £ ¢. This implies that
d + 0¢ = ¢. Contradiction. O

4. k-complete back-and-forth systems

Sometimes the partial isomorphisms of a back-and-forth systems can
be used to construct a total isomorphism between two structures.

Definition 4.1. Let x be an infinite cardinal and I ¢ pIso(%, ).

(a) The set I is x-complete if, for every increasing chain (p;)i<q S I
and every subset X ¢ U;., p; of size | X| < «, there is some g € I with
Ui<(x pi F Xc q-

(b) I is k-bounded if, for every p € I and each subset X € dom p,
there is a partial isomorphism g € I of size |g| < |X|" & « such that

plrXcqgchp.
(c) We call I x-finitary if, for every p € plso (2, B), we have
pel iff pltXel forallfinite X Cdomp.

Remark. Note that every k-finitary set is k-complete and R,-bounded.

Definition 4.2. For structures & and B and a cardinal «, we set

I, (%,B) := {aw b eplso, (A,B) | (U, a) =0 (B, D) }.
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Remark. Since every first-order formula refers only to finitely many
constants it follows that the sets If, (U, B) are x-finitary and, hence,
k-complete.

Definition 4.3. Let A and B be structures and x an infinite cardinal.
(a) For a set I € pIso(2l, B), we write I : (%, a) c£ (B, b) if

e d > bcp,forsome p eI with |[domp \ d| < «,

—iso

¢ [ is x-complete and x-bounded,

¢ I has the forth property with respect to itself. (We do not require

the back property.)
Similarly, we define I : (2, a) = _ (3B, b) if

o aw bcp,for some p € I with |dom p \ d| < «,

=iso

¢ [ is k-complete and x-bounded,

¢ [ has the back-and-forth property with respect to itself,
that is, if

I:(%a) i, (B,b) and 1:(2a) 2, (B,b).
We write :fso P if there exists some set I with I : & = B, and
similarly for £, .

(b) Of particular interest are the following special cases.

(A, a) e (B,b)  :iff 1A, DB): (A, a) ek, (B,b),
(A, a) =% (B,b)  :iff  I5(A,B): (A, a) =X, (B, b),
(A, a)cfo (B,0)  :iff [ (A, B) : (%, a) =, (B, D),
(A, a) 250 (B, 0)  :iff [ (A, B) : (%, a) =5, (B, D),
(A, a) €° (B,b)  iff IS (A,DB): (A, a) ek, (B,b),
(A, a) =2* (B,b)  iff IS (A, DB): (A, a) =k, (B,b).

Remark. (a) I (A, B
we have

A= B iff Az, B.

is trivially R, -complete and R,-bounded. Hence,
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(b) The sets IX (Y, B) and I, (Y, B) are k-finitary and, hence, k-com-
plete and x-bounded. Consequently, we have
Acr B iff  I5(U,B) is nonempty and it has the forth
property with respect to itself.

and similarly for the relations =%, cf |, and 2.
(c) Note that we have

I5(U,B) [, (UB) cI5(A,DB).
Furthermore, we have shown in Lemma 1.11 that

[: A= B implies I1CS1(AB).

=iso
Let us summarise these remarks in the following lemma.

Lemma 4.4. Let k be a cardinal and x € {0, FO}.
(a) The following statements are equivalent:
(1) A=k B.
(2) The set I'(U,B) is nonempty and it has the forth property
with respect to itself.

(b) The following statements are equivalent:
(1) A=XDB.
(2) IX(A,B) =I5(U,B) + 2.
(3) The set IE (A, B) is nonempty and it has the back-and-forth
property with respect to itself.

As an example we consider dense linear orders.

Definition 4.5. Let U = (A, <) be a linear order.

(@) For C,D c A,wewrite C< Difc<d,forallce Candd € D.

(b) A is k-dense if, for all sets C, D ¢ A of size |C|, |D| < x with C < D,
there exists an element a € A such that C < a < D. Note that we allow
C=gorD=g.
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Lemma 4.6. If B = (B, <) is a k-dense linear order then we have
Acs B, forevery linear order .

Proof. We have already noted that pIso, (%, B) is x-complete. Further-
more, since linear orders are relational structures we have

() = () e pIso, (U, B) + > .

Consequently, it remains to prove the forth property.
Let p € plso, (%, B) and a € A If a € dom p then we are done.
Otherwise, we can partition the domain of p into

C:={cedomp|c<a} and D:={dedompl|a<d}.

Then C < D which implies that p[C] < p[D]. Since B is k-dense and
|C|,|D| < |dom p| < x we can find some element b € B with

p[C]<b< p[D].
Hence, pu{(a, b)} is the desired partial isomorphism extending p. []
Corollary 4.7. If A and B are k-dense linear orders then A = B.

The relation = can also be characterised via Ehrenfeucht-Fraissé

games. The proof is completely analogous to that of Lemma 3.3.

Theorem 4.8. Let A and B be structures and « a cardinal. The following
statements are equivalent:

(1) (%, a) =, (B, D).

(2) Duplicator wins EF%, (2, @, B, b).

k-complete sets with the back-and-forth property can be used to
construct embeddings and isomorphisms.

Lemma 4.9. Let A and B be structures and x an infinite cardinal.
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(a) Suppose that I : A =¥ B. For all sequences a € A* and b € B,

=iso i
there exist sequences ¢ € A* and d € B* such that, for all « < k,

I, (ai)icas (i) ica) Zso (B> (di)icas (bi)ica) -

In particular, we have (%, ac) =, (B, db).
(b) Suppose that I : A B. For every sequence a € A", there exist a

—iso
sequence b € B* such that

I:(, (ai)ica) o (B, (b)) icq), foralla<k.

In particular, we have (2, a) =, (B, b).

Proof. (a) We construct an increasing chain (p; )<, of partial isomorph-
isms p; € I with |p;| < « such that a; € dom p;,, and b; € rng p;,,, for
all i < x. Then we obtain the desired sequences ¢ and d by setting

¢i = (pi+1) '(bi) and d;:=piy(a;).

Since I : A =k B there is some p, € I with |p,| < k. Suppose that we

have already defined p; € I, for i < a. If & is a limit ordinal then, I being
x-complete, there is some p, € I such that

Upit[{aili<atu{pi(bi)]i<a}]cpa.

i<a

Finally, suppose that « = y + 1 is a successor. By the forth property we
can find some g € I extending p, with a, € dom q. Analogously, there is
some p, € I extending g with b, € rng p,.

(b) is proved in the same way as (a). We define an increasing chain
(pi)i<x of partial isomorphisms such that a; € dom p;,. For every a;,
we can use the forth property to find a suitable b;. ]

Lemma 4.10. Let A and B be structures generated by A, € A and B, C B,
respectively.

(@) Ifk >|Ao| @ |Bo|and I : A = B then A = B.

—iso
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4. k-complete back-and-forth systems

(b) Ifx > |Ao| and I : Ak B then there exists an embedding A — B.
Proof. (a) Let a be an enumeration of A, and_l_a one of B,. By the pre-
ceding lemma, there are sequences ¢ C A and d C B such that

(A, ) =, (B,db).

In particular, the map p : a¢ ~ db is a partial isomorphism. By definition,
there exists an isomorphism

i ((dom plo = (g phs

extending p. Since dom p 2 @ = A, and rng p 2 b = B, it follows that
7 is a total isomorphism between U and B.

(b) Given an enumeration d of A, we can find a sequence b € B such
that (%, @) =, (B, b). Hence, @ ~ b is a partial isomorphism that can
be extended to an isomorphism

7 (@)= (b

Since ((a))o = A it follows that 7 is the desired embedding. ]

1R

Corollary 4.11. If A and B are countable structures with A =, B then
A=B.

Proof. Let a be the Scott height of . Then « < |A|* < R,.Hence, Y =, B
implies that B &= @g° where ¢g is the Scott sentence of 2. By Theorem 2.4,
it follows that A =, B. This is equivalent to 2 =5° B since Ie (A, B) is
always R,-complete. Hence, Lemma 4.10 (a) implies that 2 = B. ]

Corollary 4.12. (a) If A and B are k-dense linear orders of size at most k
then A ~ B,

(b) If B is a k-dense linear order then every linear order A of size at
most k can be embedded into B.

Proof. Immediately from Lemma 4.6 and Corollary 4.7. O
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c4. Back-and-forth equivalence

We can show that the relation =  is reflexive and symmetric, but it is
unknown whether it is also transitive. The relations =%, ~f,, and =%_, on

the other hand, are transitive and symmetric but not reflexive.

Lemma 4.13. If A = B then A = B, for all k.

=iso

Proof. Fix an isomorphism 7 : 2 = B. The set

I:'={peplso, (A,B)|pcn}

is nonempty, x-finitary, and it has the back-and-forth property with

respect to itself. Hence, we have I : % = _ B. O

Remark. The above lemma fails for the relations =, 2§, and =% . In

fact, we can even find structures & such that & £ 9 or & £33 2. For
instance, if we take 9 := (w, <) then 0 — 1 € I5° (2, ) but there exists
no element a € w with (0, a) = (1,0) € I5° (9, ). Structures such that
A =5, U are called k-homogeneous. They are the subject of Section E1.1.

Lemma 4.14. Let k be a cardinal and x € {0, FO, o0 }.
At Bl € implies Ack €.

Proof. Let L, C FOsx, be the logic such that

arbel(A,B) iff (YUa) = (B,b).
We start by showing that
LELE) ={qop|pe (%), g [(B,€)}.

Clearly, if p and g preserve all L, -formulae then so does g o p. Therefore,
we only have to show that, for every a — ¢ € I5(%, €), there is some
tuple b such that @+ b € I*(%,B) and b +~ ¢ € I*(B, €).

Given a of length || < x, we can find, by Lemma 4.9, some tuple b
such that @ — b € I*(, ). Since the maps b +> G and a + ¢ preserve
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5. The theorems of Hanf and Gaifman

all L, -formulae it follows that so does b ~ ¢. Consequently, we also have
b ¢el*(B,Q), as desired.

To prove the lemma, first note that the claim implies that () — () €
I¥(Y, €) + @. Therefore, it remains to check that I* (%, €) has the forth
property with respect to itself. Let 7 € I (%, €) and a € A. Then 7w = gop,
for some p € I5 (A, B) and q € I (B, €). Since these sets have the forth
property, we can find elements b € B and ¢ € C such that

pli=puf{a,b)} e I(AB)
and q :=qu{({b,c)} e I(B, ).
It follows that U {(a,c)} = ¢’ o p’ € I (Y, €). O

Since the relations =¥ are clearly symmetric we have the following
corollaries.

Corollary 4.15. Let k be a cardinal and x € {0, FO, oo }.
(a) If A= B then A =% A

(b) The relation €% is a preorder on the class

Co= {A| A=Y

5. 'The theorems of Hanf and Gaifman

In nontrivial applications the combinatorics involved in playing Ehren-
feucht-Fraissé games quickly become unmanageable. Therefore, it is
desirable to develop methods to simplify such games.

Definition 5.1. Let 2 be a relational >-structure. The Gaifman graph
of U is the graph G () := (A, E) with edge relation

E:={(a,b)cA*|a+banda,becforsomeieR” ReX}.

Definition 5.2. Let A be a relational structure. The following definitions
will only be used in this section.
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c4. Back-and-forth equivalence

(a) We denote by d(a, b) the distance between a and b in G(2).
(b) For X,Yc A,wesetd(X,Y):=min{d(a,b)|aecX, beY}.
(c) The r-neighbourhood of a € A is the set

N(r,a):={beAl|d(a,b)<r}.

Fora e A", weset N(r,a) :=U; N(r,a;). In particular, we have
N(r,()) := @. Finally,

fﬂ(r, C_l) = (g[‘N(r,c_l)) 6_1)
is the substructure induced by N(r, a).

(d) The N(r)-type of a C A is the isomorphism type of N(r, a), i.e.,
the =-class of this structure.

(e) Fora N(r)-type 1, let #,() be the number of tuples a € A that
have N(r)-type 7.

(f) Finally, for k, m, n < w, recall that
m=n :iff m=norm,n>k.

Theorem 5.3 (Hanf). Let m < w and let A and B be relational structures
such that every 3" -neighbourhood in A and B has at most k < R, elements.

If
#:(A) =k #:(B), for every N(n)-type T with n < 3™,
then A =, B.

Proof. LetI, be the set of all partial isomorphisms a — b with G e A™~"
and b € B"™ ™" such that N(3",a) 2 N(3",b). We claim that (I,,),, : A =,
B.

We have () ~ () € I,,. By symmetry, we therefore only need to prove
the forth property. Suppose that @ — b € I,,,,. By definition, there exists
an isomorphism

m:RG",aE) 2 NG D).
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5. The theorems of Hanf and Gaifman

Letc e A. If c € N(2-3",a) then N(3",ac) € N(3"",a) and setting
d := n(c) we have

m:R(3", ac) 2N(3",bd), thatis, acw bdel,.

If, on the other hand, ¢ ¢ N(2-3",a) then d(N(3",a),N(3",¢c)) > 1.
Let 7 be the N (3")-type of c. Since 7 is an isomorphism we have the same
number of elements of 3”-type 7in N(2-3",d) and N(2-3", b). This
number is at most |a|-k = (m—n—1) -k < mk. Since #, () =k #:(B)
there exists some d € B\ N(2-3",b) of N(3")-type 7. Let 0 : (3", ¢) =
N(3", d) be the corresponding isomorphism of neighbourhoods. It fol-
lows that

muo: NG, ac) 2R3, bd),
which implies that ac — bdel,. ]

Example. (a) We have already seen in the example on page 518 that
there is no first-order formula expressing that a graph is connected. The
Theorem of Hanf allows an easy alternate proof. For a contradiction,
suppose that there is such a formula ¢ and let m be its quantifier rank.

Let A := €;mn U E;me be the graph consisting of two disjoint copies of
the cycle of length 3™ and let B := €, ;m+ be the cycle of length 23",
Then we have

#:(YU) = #:(B), for every N(r)-type 7 with r < 3™.

By the Theorem of Hanf, it follows that % =, B. In particular, 2 £ ¢ iff
B E ¢. Contradiction.
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c4. Back-and-forth equivalence

(b) In the same way we can prove that planarity of a graph is not
expressible in first-order logic. If ¢ is a formula of quantifier rank m
then, by the Theorem of Hanf, it cannot distinguish between the graphs

where each line represents a path of length 3. Since one of the graphs
if planar while the other one is not it follows that ¢ does not define the
class of planar graphs.

With the help of the Theorem of Hanf we can avoid playing Ehren-
feucht-Fraissé games, but the theorem can only be applied to structures
where the r-neighbourhoods are finite. If we want to drop this restriction
we have to replace the isomorphism type of a neighbourhood by its «-
equivalence type. This is the idea behind the Theorem of Gaifman below.

Remark. Let X be a finite signature. For all n < w, there exists a formula
@ (x,y) € FO[X] such that

A= ¢,(a,b) iff d(a,b)<n, foreveryX-structure .

Definition 5.4. (a) A set X € Ais r-scattered if d(a, b) > r, for all distinct
elements a, b € X.

(b) For ¢(x) € FO[X, X], we denote by ¢(") (%) the relativisation of ¢
to the (definable) set N (7, x).

(c) A sentence of the form

Ix6-3xp—4 /\(d(xi,xk) 221 A llf(r)(xi)>

i<k

is called basic local. A boolean combination of basic local sentences is
called local.
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5. The theorems of Hanf and Gaifman

Lemmas.5. Let U and B be Z-structures. We have A =po B if and only if
A= ff Bee  forallbasic local sentences ¢ .

Proof. We have to show that |y, =, B|s,, for all m < w and all finite
X, € 2. Fix m and %, and let I, be the set of all partial isomorphisms
aw beplso(¥s,,Bl|s,) with |a| € A" " and |b| € B" " such that

RN(7",a) =g(m) R(7"2 ),

where ¢ : w - w is some function that will be specified below. We claim
that (I,,), : |z, =m Bls, )

Since () — () € I,,, it remains to prove the forth property. Let a — b €
I+, and ¢ € A. By Lemma 2.1, there exist formulae (p% ] such that

Cr gl (8) iff (€&) =, (Dd).

If we define

n n (7"
Va = (9053((7')1,&)) ’

then we have
C=yi(c) iff RNG"d) =4 NG E).
We distinguish two cases. If c € N(2- 7", a) then
N(G",a) E 3z(d(a,z) <2-7" Ayl(az)).

Choose g(n + 1) such that it is larger than the quantifier rank of this
formula. Then it follows that

N(7",b) & Iz(d(b,z) <2-7" Ayl (bz)).
Therefore, there is some d € N(7"*%, b) such that

N(7", dc) =g(n) R(7",bd), thatis, ac— bdel,.
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c4. Back-and-forth equivalence

It remains to consider the case that ¢ ¢ N(2-7", a). Then
d(N(7",a),N(7",¢c)) >1.
The formula

O(%) = N\ d(xi,x6) 247" AN\ vl (x1)

I<k<s I<s

says that the set {x,,...,xs_,} is (4 - 7")-scattered and the 7"-neigh-
bourhood of every x; is g(n)-equivalent to (7", ¢). Choose e maximal
such that

m(7n+1,d) E Xe = on...ﬂxe_l(ae(QZ) A /\ d((i,Xk) < 2-7”) .

k<e

Note that e is well-defined since N(2 - 7", @) does not contain a (4-7")-
scattered set of size greater than |a@| = m — n — 1. If we choose g(n + 1)
large enough such that qr(y. A = xe+:) < g(n +1) it follows that

R B) e A oo
Since the sentence 9; := 3x,---3x;_,0;(X) is basic local we have
By iff AEe9I;.
If B E 9., then there exists some d € B\ N(2-7", 1_9) s_uch that
B &y (d). It follows that N(7", ¢) =g¢) N(7",d) and dc = bd € I,,.

It remains to consider the case that B ¥ 9,.,. Then the distance
between a and every element satisfying ¢ (x) is less than

4.7n+2.7n:6.7n<7n+1.
Since ¢ ¢ N(2-7", a) we have

R a) e T2 7" <d(3,2) < 67" AL (2) AY(D)]
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5. The theorems of Hanf and Gaifman

which implies that
R(7",b) £ Az[2-7" <d(b,2) <6-7" Ayl (2) Ayj(b)]

if we choose g(n + 1) larger than the quantifier rank of this formula.
Therefore, there exists some element d € N(7"*", b) with

2-7"<d(b,d) <6-7"
such that
N(7",¢) =g(ny N(7",d).

It follows that R(7", dc) =g¢ny N(7", bd) and dc + bd € I,,, as desired.
[

The preceding lemma implies that every sentence is equivalent to a
local one.

Theorem 5.6 (Gaifman). Every sentence ¢ € FO° is equivalent to some
local sentence.

Proof. Let @ := {y | yislocal and ¢ = v }. We claim that ® = ¢. By
the Compactness Theorem, it then follows that @, £ ¢, for some finite
subset @, € @. This implies that ¢ = A D,

Suppose that & = @. We have to show that A = ¢. Set

V:={y|yislocalandA =y }.

If Y u{¢p} has some model B then, since B = ¥ and local sentences are
closed under negation, it follows by the preceding lemma that B =z, U
and

B¢ implies AEg.

Therefore, it is sufficient to show that ¥ u {¢} is satisfiable. Suppose
otherwise. Then, by the Compactness Theorem, there are finitely many
formulae v, ..., ¥, € ¥ such that

Yo N AUy E Q.
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c4. Back-and-forth equivalence

Hence, we have -y, v---v =y, € @ which implies that % E -y, Vv---vV=y,.
It follows that there is some i < n with y; ¢ ¥. Contradiction. ]
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cs. General model theory

1. Classifying logical systems

In this chapter we start with a more systematic investigation of the various
extensions of first-order logic. Let us isolate some desirable properties a
logic may have.

Definition 1.1. Let L and L’ be logics. We write L < L" if, for every ¢ € L,

there exists a formula ¢’ € L’ such that Mod;/(¢") = Mod, (¢).
Similarly, if £ : € - Logic and L' : & — Logic are logical systems

then we write £ < L' if there exists a functor F : € — &’ such that

L[s] < L'[F(s)], forallse.

Wewrite L= L"if L<L"and L > L'. By L < L we denote the fact that
L<L"and L # L. The same notation is used for logical systems.

Definition 1.2. Let L be a logical system.

(a) L has the finite occurrence property if L is algebraic and, for every
¢ € L[], there exists a finite set S of sorts and a finite S-sorted signature
Y, € X such that ¢ is equivalent to some formula in L[ X, ].

(b) L is compact if every inconsistent set @ € L[s] has a finite subset
that is already inconsistent. Similarly, we call L countably compact if every
countable inconsistent set @ € L[s] has a finite inconsistent subset.

(c) L has the Lowenheim-Skolem property if it is algebraic and every
formula ¢ ¢ L[X] that is satisfiable has a countable model.

(d) L has the Karp property if it is algebraic and

Az B implies A= B.
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cs. General model theory

(e) L is closed under relativisations if it is algebraic and, for all formulae
¢ € L[X]and y; € L% [ZuT], for i < n, there exists a formula ¥ € L[X]
such that we have

Ak oW iff  (Us)|y 2 F o

whenever 2 is a (X u I')-structure such that the set U; y7 induces a
substructure of U|s.

(f) L is closed under substitutions if it is algebraic and, for all formulae
¢ € L[Zu{R}] and y € L°[X] where R is a relation symbol of type 3,
there exists a formula ¢’ € L[ X] such that

Ae ¢’ iff (U, x")E ¢, forevery Z-structure .

(g) L has the Tarski union property if it is algebraic and, for every
L-chain (Yy ) «<s, we have g <1 Uy<s Uq, forall B < 6.
(h) Let us define the following abbreviations:

(a) L isalgebraic.

(B) L isboolean closed.

(B+) L isclosed under finite conjunctions and disjunctions.
(c) L iscompact.

(cc) L is countably compact.

(rop) L has the finite occurrence property.
(xp) L has the Karp property.

(Lsp) L has the Lowenheim-Skolem property.
(ReL) L is closed under relativisations.

(suB) L is closed under substitutions.

(tup) L has the Tarski union property.

(i) L is called weakly regular if it satisfies (a), (), and (rop). If L sat-
isfies (a), (B), (rOP), (REL), and (suB) then it is called regular.

Example. FO° has all of the above properties but, if ¥ > R, then FOy,,_
satisfies only (a), (), (B+), (kP), (REL), and (SUB).
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Exercise 1.1. Prove that SO does not have the Karp property.

Lemma 1.3. Suppose that L, < L,. If L, satisfies (c), (cc), (LsP), or (kP)
then so does L,.

Exercise 1.2. (a) Suppose that L is closed under disjunction. Prove that
L is compact if and only if the type space S(L) is compact.

(b) Suppose that the logic L is compact and closed under negation.
Let ® € L and ¢ € L. Prove that @ = ¢ if and only if @, & ¢, for some
finite subset @, € O.

The following lemmas summarise some consequences of compactness.

Lemma 1.4. Let L be a logic with (B) and (c). If

¢ EE\V/ /A\ D;, _fbr'q) eLand ;< L,i€l,

iel

then there exist finite sets I, € I and @7 € @; such that

9=\ N7

iel,

Proof. For every i € I, we have @; = ¢ which implies that ®; U {-¢}
is inconsistent. Since L is compact it follows that there exists a finite
subset @9 ¢ @; such that @9 U {-¢} is inconsistent, i.e., D¢ E ¢. Set
yi = ADYandlet ¥ :={y;|iel}. If the set

I={ppu{-y|ye¥}

has a model J then J E ¢ implies that § = @;, for some i. In particular,
we have J = y; in contradiction to J & —y;.

Consequently, I is inconsistent and there exists a finite subset ¥, € ¥
such that

{oyul-vilye¥o;

is inconsistent. Set 9 := \/ ;. It follows that ¢ = 9.
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Conversely, if § £ O then § E y;, for some i, and y; £ ¢ implies that
T = ¢. Hence, we also have 9 = ¢. Let I, := {i eI | y; € ¥, }. Then we
have

=9= 2.
(P \//\ 1 l:l

iel,

Lemma 1.5. Let L, < L, be logics where L, satisfies (B,) and L, satisfies
(B) and (c). If

A=; B implies A= B
then L, = L,.

Proof. Let ¢ be an L,-formula. Then
9=V {/ATh,,(3)[3 e Mod.,(¢) }.

By Lemma 1.4, we can find finitely many interpretations J,, ..., S, and
finite subsets @; € Th;_(S;) such that

p= N\NOoVv---vAOD,.
Since L, satisfies (B, ) it follows that there is an L,-formula v = ¢. [

Lemma 1.6. Let L be an algebraic logic with (B) and ¥V < L. If L has the
compactness property then it has the finite occurrence property.

Proof. Suppose that ¢ € L[X]. Let 2" := { £’ | £ € X } be a disjoint copy
of Yandlet y : ¥ - X' : £~ &' be the corresponding bijection. Consider
the set of first-order formulae

@ :={ Vx(Rx <> R'x) | R € X a relation symbol }
u{Vx(fx=f'x)| f € afunction symbol } .

Since V < L there exists an equivalent set @ ¢ L[Z U 2] of L-formulae.
If " := L[] (9) then

du{plEe and dU{¢'}Eo.
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By (c), we can find finite subsets @, @, € @ such that
D, U{p} g and D,U{¢}Eo.

Let @, and @, be the subsets of @ corresponding to @, and @,. Fix a
finite signature I' such that @,, @, € FO[I' U I"]. For a 2-structure 2,
we denote by 9, the (Z U I'")-expansion of & where (&')% = &, for all
& € I'. We claim that

Alr =1 Blr implies A= <= BE= o,

for all S-structures % and B. Suppose that A = ¢. Then 2, = D, U o,
which implies that o, = ¢’. Note that | =; B|r implies that 2, | =
B, |r. Consequently, it follows that B, = ¢’. Since B, = D, we obtain
B E ¢, as desired.

For 9l € Str[X], let g := Thy[r1(¥|r). By the above claim it follows
that

¢ =V {A O |AeMod;51(9) }.

By Lemma 1.4, there are finitely many structures 2, ..., %, and finite
subsets ¥; € @q, such that

o= A\¥Y%Vv---vVAV eL[l]. ]

2. Hanf and Léwenheim numbers

The Compactness Theorem and the Upward and Downward Lowen-
heim-Skolem Theorems are central results in first-order model theory.
While the Compactness Theorem fails for many natural logics, we can
generalise the Lowenheim-Skolem theorems to most of them. The Hanf
and the Lowenheim number of a logic measure the extend to which a
logic satisfies these theorems. For their definition we need the following
notions.
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Definition 2.1. Let L be an algebraic logic and @ ¢ L[X] a set of L-
formulae.

(a) We say that @ pins down a cardinal « if there is a unary predicate
P ¢ X such that @ has a model U with [P%| = x but ® does not have
models & where P has arbitrarily high cardinality.

(b) @ pins down an ordinal « if there exists a binary relation < € X
such that

¢ in every model of @ the relation < is a well-order of its field and

¢ there exists a model of @ such that < is of order type a.

Definition 2.2. Let L be an algebraic logic and « a cardinal.

(a) The Hanf number hn, (L) of L is the supremum of all cardinals
that can be pinned down by a set of L-formulae of size at most «. If the
supremum is undefined we set hn, (L) := oo.

(b) The Lowenheim number In, (L) of L is the least cardinal A such
that every satisfiable set of L-formulae of size at most « has a model of
cardinality at most A. If there is no such cardinal then we setIn, (L) := oo.

(c) The well-ordering number wn, (L) of L is the supremum of all
ordinals « that can be pinned down by a set of L-formulae of size at
most k. If the supremum is undefined we set wn, (L) := oo. If wn, (L) <
oo then L is called bounded.

(d) The occurrence number occ(L) of L is the least cardinal x such that,
for every signature X and all formulae ¢ € L[X], there exists a signature
Y, € Y and a formula y € L[ %, ] such that |Z,| < x and v = ¢. Again, if
there is no such cardinal then we set occ(L) := oo.

Remark. Alogic L has (Lsp) iff In, (L) = R,.

Hanf and Lowenheim numbers for first-order logic were already com-
puted in Theorems c2.4.12 and c2.3.7.

Theorem 2.3. hn,(FO) = R, and In,(FO) = x & R, for all k.
Theorem 2.4. In, (FO,+x, ) = k.

Lemma 2.5. For every regular cardinal k, we have wn, (FOx, ) > k and
0cc(FOyx, ) =k~ :=sup{A|A<k}.
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Proof. We have already seen in Lemma c1.1.7 that every ordinal « < « is
finitely FO,x, -axiomatisable.

For the occurrence number note that occ(FO4x,) < k since each
FOyx, -formula has less than « subformulae. Conversely, for every A < «,
we have the formula

/\ P iX
i<A
with A different relation symbols. ]

Lemma 2.6. wn,(MSO) = oo

Proof. The example on page 484 shows that the class of all well-orders is
finitely MSO-axiomatisable. ]

In general the Hanf numbers of FO,+x, depend on the model of set
theory. In ZFC we can only prove the following bounds.

Theorem 2.7. 1+ < hn, (FOyx,) < J(pr)+

For the special case of FOy,x, the exact value can be computed. (The
proof is based on the study of Borel subsets of the type space and employs
Corollary c4.2.5.)

Theorem 2.8 (Hanf). hn, (FOx,x,) = J4,-

(Note that hn, (FO,+y, ) = hn, (FO,+x, ) since we can take conjunctions
over sets of size x.) We will prove the lower bound in Corollary 2.12 below.
The computation of the upper bound is deferred to Corollary E7.1.13
(where we only prove the weaker statement that hn, (FO,+x, ) < 2(,x)+).

Lemma 2.9. Let L be a logical system with V3 < L.

(a) Ifhn, (L) < oo then hn, (L) is a limit cardinal and a cardinal A can
be pinned down by a set @ C L of size « if and only if A < hn,(L).

(b) If wn, (L) < oo then wn, (L) is a limit ordinal and an ordinal «
can be pinned down by a set @ C L of size « if and only if « < wn, (L).

619



cs. General model theory

Proof. (a) Let @ be a set of size at most k¥ pinning down the cardinal y
via the relation symbol P. We construct a set ¥ of the same size pinning
down u. Let S be the set of sorts appearing in @. Choose new binary
relation symbols < and R;, for s € S, a new unary relation symbol Q, and
a new binary function symbol f. ¥ consists of formulae expressing the
following properties.

¢ <isalinear order of the set Q.

¢ Foreveryu € Q, theset R(u) := { x| (u,x) € R for somes € S}
induces a substructure satistying ®.

¢ For every u € Q, the function x — f(u,x) is an injective map
from |Ju into R(u) N P.

It follows that ¥ has a model where < has the order type u*. To see
that |Q| cannot become arbitrarily large let A be some cardinal such
that @ has no models with |P| = A. Given any model of ¥ fix a strictly
increasing cofinal map f : « — Q. By the third condition above we have
[lf(i)| <A, for all i < a. Consequently,

Q=U ()

i<o

implies that |Q| < A.

(b) The statement that 9 = (A, <) is a linear order with exactly n < @
elements can be expressed in V. Since V3 < L it follows that wn, (L) > w.

To prove the claim we show that if & is pinned down by some @ C L
of size |®@| < k then so is « + 1 and every ordinal § < a.

Suppose that @ € L pins down & > w via the relation symbol <. Let
P be a new unary relation symbol and c a new binary one.

We can construct a set @ U {y'} pinning down every ordinal 8 < «
via c by defining

yi=VxVy(xcy < (PxAPyAx<y)),

which expresses that c = <|p.
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Similarly, we can define a set @ U {y} pinning down « + 1 via c by
defining

Y= VxVy[x Cy< [(x<y/\E|z(z<x))
v(y<xa=3z(z<y)]],

which states that c is the order obtained from < by moving the least
element to the end. ]

Under very general conditions, we can show that a logical system L
has a Hanf number and a Lowenheim number.

Proposition 2.10. Let L be an algebraic logic such that L[ X] is a set, for
all 2. If occ(L) < oo then we have hn, (L) < oo and In, (L) < oo, for
all x.

Proof. Set p := k ® occ(L) and fix an universal signature X of size y, that
is, 2 is S-sorted, for some set of sorts with |S| = y, and X contains, for
all sorts s and t, u relation symbols of type § and y function symbols of
type § — t. Itis sufficient to consider sets @ € L[ X] since every signature
of size y can be embedded into X and, by definition of a logical system,
L-formulae are invariant under such changes of the signature.

For every set @ € L[X] of size |®| < x and every unary predicate
P € X, we define two cardinals v p and A as follows. If @ has models 9
where P¥ can be arbitrarily large then we set v p := 0. Otherwise, let
v, p be the least cardinal such that @ has only models & with |P%| < vo.
Similarly, it @ is satisfiable then we set

Ao :=min{|A| | A= D}.
Otherwise, we let A undefined. It follows that

hn,(L) =sup{vep|PecX, ®CcL[X]ofsize|D| <k},
and In,(L) =sup{ e | @ C L[] satisfiable and of size |®| <« }.

Note that the supremum on the right-hand side exists since, by the
Axiom of Replacement, it is taken over a set of cardinals. ]
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Theorem 2.11. Let L be a regular logical system with FO < L such that, for
every ordinal o < wn, (L), there exists a set @, € L[X,] of size |Dy| <
pinning down « in a model of size at most hn, (L). Then we have

hn, (L) > 2y, (1)(A), forallA <hn,(L).

Proof. Let X be a set of size \. We define inductively a variant of the
cumulative hierarchy by

Po(X) =X,
P(x+1(X) = p(Ptx(X)) >
Ps(X) := | Ps(X), forlimitordinals §.
a<d
Then |P,(X)| = 24(1).

Since A < hn, (L) we can find a set ¥ € L[I'] of size | | < k pinning
down A via a predicate Q. Suppose that X, is S-sorted and I is T-sorted
with SN T = gandlet p ¢ SuU T be a new sort. Choose new unary
predicates O, U, a binary relation symbol E, unary functions p, ¢, and
a constant o. We define a set ®, of formulae that is meant to describe
a structure U of the following form. We have |s = @, and Y| = V.
Furthermore, U € A, € P,(U) for the ordinal & encoded in |s. The
relation E is the membership relation of sets, p : A, — O maps every
set in Pg(U) to the ordinal §, and { : Q — U is a bijection. Formally,
O, consists of the union ¥ U @, together with the following formulae.

¢ The domains with sort T form a model of @, and o is the least
element of <.

Vx(Ox <> x < x)
(Vx.0x)(o < x)

¢ (:Q — Uisabijection and p maps A, to the field of <.
Vx(Qx < Ulx)

VxVy((x=Cy > x=y)
VxOpx
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2. Hanf and Lowenheim numbers

(In the last formula x is of sort p.)

¢ p7'(a) € Py(U) and E is the element relation.
Vx(Ux <> px =0)
(Vx.=Ux)[Vy.-Uy)(Vz(Ezx <> Ezy) > x = y]
Vx(Vu.Ou)[px =u < [(Vy.Eyx)(py < px)
A (Vv <u)(3y.Eyx)(py > v)]]

If 9 is a model of @, then <* is a well-order of type 8 < wn, (L) and
there exists an injective function A — Pg(U?). Consequently,

[Apl < 3(IU7)).
Since ¥ pins down a cardinal we further have
U™ = |Q% <hny(L).

Therefore, ©, does not have models where A, is arbitrarily large, but it
does have a model & with |[A,| = 2,(1). ]

We have shown in Lemma c1.1.7 that every ordinal o < k™ can be
defined in FO,+x,. Consequently, we obtain the following lower bound
on the Hanf number.

Corollary 2.12. hn, (FOu+yx, ) > Jy+

Lemma 2.13. Suppose that L is a regular logical system with FO < L. Then
L is countably compact if and only if wny (L) = w.

Proof. A standard compactness argument shows that if L is countably
compact and @ € L has a model such that < is of order type w then
there also is a model where < contains an infinite descending chain.
Consequently, (cc) implies wny, (L) < w.

For the converse, assume that there exists a countable inconsistent
set {9, | n < w} c L every finite subset of which is satisfiable. By
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Lemma 2.9 (b) we can prove that wny, (L) > w by constructing a count-
able set @ C L pinning down w.

Let S be the set of sorts appearing in some ¢, and choose new binary
relation symbols < and Ry, for s € S. The set @ consists of the following
statements all of which can be expressed in first-order logic:

¢ <isalinear ordering of its field.

+ For all elements a of the field of < there is some element b with
(a,b) € R.

o If there are at least n elements <-less than a then the set { b |
(a,b) € R for some s € S } induces a substructure satisfying ¢,,.

It follows that if 9 is a model of @ then every element in the field of <*
has only finitely many elements below. Consequently, @ pins down all
ordinals « < w. [

3. The Theorem of Lindstrom

We have seen that first-order logic has many pleasant properties like
compactness and the Lowenheim-Skolem property. On the other hand,
its expressive power is rather restricted as far as certain aspects like
counting and recursion are concerned. The question naturally arises
of whether there is a stronger logic that shares the good properties of
first-order logic. Surprisingly, it turns out that one can prove that such a
logic does not exist.

In many of the following proofs we consider a structure containing
two other structures, say, specified by unary predicates P and Q. We use
additional relations to encode a back-and-forth systems between these
substructures.

Definition 3.1. Suppose that ¥ and I" are signatures and p : ¥ — I'is an
isomorphism of Sig. Let A be a (X u I')-structure and P, Q S A subsets
of A.
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3. The Theorem of Lindstrom

(a) A partial isomorphism modulo u from P to Q isafunction p : a — b
with @ € P and b ¢ Q such that, for all term-reduced atomic first-order
formulae ¢(x), we have

A= (a) if Ae=ro[u](e)(b).

(b) A pseudo back-and-forth system (modulo y from P to Q) is a se-
quence (I )qev where

*

L 4

each I, is a set of partial isomorphisms modulo y from P to Q,

U is a nonempty linear order such that every element «a € U has
an immediate successor « + 1, except possibly for the last element,

we have I := N <5 s, for elements § € U without immediate
predecessor, and

every I, has the back-and-forth property restricted to P and Q
with respect to I, that is,

- ifa ad b €1,,, and ¢ € P then there is some d € Q with
ac—bdel,,and

- ifa a b eI, and d € Q then there is some ¢ € P with
ac— bdel,.

(c) We say that a tuple (U, <, P, Q, I, F, G) encodes a pseudo back-and-
forth system (I )qex modulo p from P to Q if there exist a finite set of
sorts S and sorts u and f such that

*

*

*

P= (Ps)ses » Q=(Qs)ses»and G = (Gs)ses >

P = P;and Q = U Qs,

UcA,, FcAs, PcA,, QCSAyy,
ICUxF, <cUxU, G;cFxP;xQq,
there exists an isomorphism ¢ : (U, <) = (X, <),
there exists a bijection 77 : F — U, I,
I={(u,p)e UxF|npel,},

G, ={(p,a,b) e FxP;x Q| (np)(a)=b}.

625



cs. General model theory

Lemma 3.2. Suppose that X and I are finite signatures and y : X — I an
isomorphism of Oig. There exists a first-order formula

B.(U,<,P,Q,LF,G)

that holds if and only if (U, <, P, Q, I, F, G) encodes a pseudo back-and-
forth system modulo u from P to Q.

Proof. We have to express the following properties:
(a) (U, <) is a nonempty linear order and every element has an imme-
diate successor, except for the last one.

JuUu

VuVv(u <v — Uu A Uv)

Vu(-u<u)

YuVvV¥w(u <vAv<w —>u<w)
(Vu.Uu)(Vv.Uv)(u<vvu=vvu>v)
Vu[Fv(u<v) > v(u<vAa-Tw(u<warw<v))]

(b) Gs € F x P x Q, encodes a set of partial isomorphisms modulo y.

VpYavb(Gspab — Fp A Psa A Qb)
VpVa,Va,Vb,Vb,[Gspaob, A Gspa,b, — (ao = a, < by = b,)]

For all n-ary relation symbols R € %,
VpYavb[Gs, pacho A+ A G, pan—ibay — (Ra < u(R)b)].
For all n-ary function symbols f € %,

VpVavcVbVd[Gs, pacbo A+ A G, pan_.bu_ A Gipcd —
(fa=cou(fo=4)].
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3. The Theorem of Lindstrom

(c) I € U x F encodes a sequence of nonempty sets with the back-and-
forth property.

YuVp(Iup - Uu A Fp)

YuIplup

YuVYvYp[lup Av <u — (Vc.Psc)Id3Igys)]
YuVvVp[lup Av<u — (Vd.Qd)Ic3Igys)]

where #; := Ivg A Gsged A N\ VaVb(Gipab — G.qab) . O

Lemma 3.3. Let X and I’ be finite signatures and y : ¥ — I' an isomorph-
ism of Sig. Let A be a (X u I')-structure and P, Q € A. Suppose that
P and Q induce substructures of, respectively, U|s and AU|r.

If there exists a pseudo back-and-forth system (1) qcy modulo y from
P to Q where U is not well-ordered then

Aslp Zoo Alrlalu -

Proof. Fix an infinite descending sequence &, > &, > ... in U. We claim
that | = U, I, has the back-and-forth property with respect to itself. If
p € J then p € I, for some n. Hence, for every c € P or d € Q, we can
find a suitable extension g € I,,,, < ] with, respectively, c € dom g or
d € rng q. Consequently,

Ant1

J: U slp 2eo HUlrlolu- []

Definition 3.4. Let L and L’ be logical systems and ¢, v € L[s].
(a) ¢ and y are contradictory it

Mod; (¢) nMod, (y) =& .
(b) A formula y € L[] separates ¢ from y if

Mod; (y) 2 Mod;(¢) and Mod; (x) nModL(v) =&.
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We start by investigating logical systems containing first-order logic
that have the Lowenheim-Skolem property. First, we show that if the
logic is strictly more expressive than first-order logic then it can express
finiteness.

Lemma 3.5. Let L be a weakly regular logical system with FO° < L and
(LsP).

If there are contradictory formulae ¢,y € L[ 2] that are not separated
by any first-order formula y € FO[X] then there exists a signature I', a
unary predicate U € I', and a formula 9 € L[I'] satisfying the following
conditions:

(1) If A& 9 then U™ is finite and nonempty.

(2) Forevery o < n < w, there exists a model A & 9 with |U%| = n.

Proof. For a contradiction, suppose that ¢,y € L[X] are not separated
by any first-order formula but there is no formula 9 satisfying (1) and (2).
By (Fop), we may assume that X is finite. We proceed in several steps.

(a) First, we prove that every formula y € L[I'] that is not equivalent
to a first-order formula has a model of cardinality R,. Let y be such
a formula. If y has infinite models then choose a new unary function
symbol f ¢ I" and consider the formula

¥ = x A “f is injective but not surjective”.

Since y has infinite models it follows that y’ is satisfiable. By (Lsp), there
exists a countable model of x’. Since there are no finite models of y' it
follows that this model is countably infinite.

It remains to consider the case that y has only finite models. By (rop),
we may assume that I' is finite. Thus, for every n < w, there are only
finitely many non-isomorphic I'-structures U of cardinality #n and each
of them can be axiomatised by a first-order formula 79. Consequently,
x must have models of arbitrarily large finite cardinality since, otherwise,
x would be equivalent to a finite disjunction of first-order formulae 7.
If U ¢ I' is a new unary relation symbol then the formula

9:=xA3IxUx
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3. The Theorem of Lindstrom

satisfies (1) and (2). A contradiction.
(b) Second, we prove that, for every n < w, there are countably infinite
structures ¥, and B,, such that

A=, B,ey, and Y, =,B,.

Let 15 be the Hintikka-formula of & of quantifier-rank » and set

xn=VA{ng|d=9}.

Since X is finite we have #§ € FO[X] and there are only finitely many
different Hintikka-formulae of quantifier rank n. Consequently, y, €
FO[X].

Since ¢ £ y, we have Mod(¢) € Mod(x,). As ¢ and v cannot be
separated it follows that

Mod(x,) N Mod(v) + @.

Hence, ¥ A y, is satisfiable and it is not equivalent to any first-order
formula. By (a), there exists a countably infinite model B, £ y A x,.
In particular, we have B,, = 7q, for some U = ¢. Moreover, ¢ A 7y is
satisfiable and not equivalent to any first-order formula. Thus, by (a), we
can find a countably infinite model A, = ¢ A 79 Note that %, =, B,
because both 2, and B, satisfy #y. Hence, ¥, and B,, have the desired
properties.

(c) Finally, we derive a contradiction as follows. Let X be a disjoint
copy of X and let y : ¥ — X' be the corresponding bijection. If € is a
model of the L-formula

9:= oA Llu](y)
ABu(U,<,P,Q,LF,G)

A N Vx(Psx A Qsx)
ANIx(Vy.Uy)(y=xvx<y)
ANIx(Vy.Uy)(y=xVvy<x)

AVx[Iy(y<x) - (Fy.y<x)-Tz(y<znz<x)]
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then (U, <, P, Q, I, F, G) encodes a pseudo back-and-forth system mod-
ulo y from C to C where (U, <) is a discrete linear order with a least
and greatest element. Furthermore, the 2-reduct of € satisfies ¢ and its
Y’ -reduct satisfies u(v).

For every n < w, we can find a model €, of 9 with |[U%| = n +1as
follows. By (b), there are countably infinite structures 2, and B,, with
A, =, B, such that A, = ¢ and B,, = v. Since |A,| = |B,| we may
w.l.o.g. assume that A, = B,. We form the structure €, with universe
A, = B, where, for every £ € X, we have two relations or functions

gr= g and p(H =

Hence, the X-reduct of €, equals ¥, and its X’'-reduct equals u(3,).
Furthermore, since ¥, =, B, we can add relations U, <,I,P,Q,F,G
encoding some back-and-forth system modulo y where |U| = n + 1.

Consequently, the formula 9 A |U| = n is satisfiable, for all 0 < n < w.
This concludes the proof of (2). For (1), assume that J has models where
U is infinite. If f is a new unary function symbol then it follows that the
formula

9" := 9 A “f is injective but not surjective”
is satisfiable. By (LsP), 9" has a countable model €. Let u, be the greatest
element of U®. Since every element of U has an immediate prede-
cessors we obtain an infinite descending sequence u, > u, > . ... Hence,
Lemma 3.3 implies that

Az Cly 2o Str[p](€ls) 2 B.
Since U and B are countable structures it follows by Corollary c4.4.11

that A = B. But A = ¢ and B = y. This contradicts the fact that ¢ and y
are contradictory. ]

Lemma 3.6. If L is a regular logic with FO° < L then (LsP) implies (kp).

630



3. The Theorem of Lindstrom

Proof. For a contradiction, suppose that L is a regular logic with the
Lowenheim-Skolem property but there are structures A =, B such that
A ¢ and B ¥ ¢, for some L-formula ¢. By (ForP) we may assume that
the signature of ¢ is finite.

Let U,<, P, Q, I, F, G be new relation symbols. By Lemma 3.2, there
exists a formula Bi4(U, <, P, Q, I, F, G) saying that (U, <, P, Q, I, F, G)
encodes a pseudo back-and-forth system from P := U Ps to Q := U Q.
The formula

Y= Pia A go(P) A (ﬁ(p)(Q) A (Vx.Ux)3y(y < x)

has a model € where (U, <) is an arbitrary discrete order without least
element, €|p ~ 2, and €| = B. (Note that, if there exists a pseudo
back-and-forth system (I, ),cy from P to Q and the ordering U has
arbitrarily large finite increasing chains then P and Q are closed under
the functions of ~. Hence, the formula implies that the sets P and Q
induce substructures of €|.)

By (LsP), it follows that y has a countable model €. Since (U%, <¢)
is not well-ordered we have €|p 2, €|y, by Lemma 3.3. Because these
substructures are countable it follows that €|p = €|. But €|p = ¢ and
€| ¥ ¢. Contradiction. ]

Lemma 3.7. Let L be a weakly regular logical system with FO° < L.

If L is countably compact and L has the Lowenheim-Skolem property
then every pair of contradictory L-formulae can be separated by some
FO°-formula.

Proof. Suppose that L satisfies (Lsp) but there exists a pair of contradict-
ory L-formulae that cannot be separated by any first-order formula. By
Lemma 3.5, there exists a formula 9 € L[I'] and a unary predicate U € I
such that in models 2 of 9 the set U® can have any finite cardinality,
but no infinite one. Let ¢, € L[I'] be the L-formula equivalent to the
first-order formula

on---Elxn_l(/\ Ux; A\ xi # xk)
i

i+k
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which expresses that |[U| > n. By construction, the set

Pru{gnln<aw;

is inconsistent, but each of its finite subsets is satisfiable. Consequently,
L is not countably compact. ]

Combining the preceding technical lemmas we can prove that there
does not exist a proper extension of first-order logic that has the Lowen-
heim-Skolem property and that is countably compact.

Theorem 3.8 (Lindstrom). Let L be a weakly regular logical system with
(B) and FO° < L. If L has the Lowenheim-Skolem property and L is
countably compact then L = FO°.

Proof. Let ¢ € L[X]. By Lemma 3.7, there exists a first-order formula y
separating ¢ from —¢. It follows that Mod(y) = Mod(¢). ]

We conclude this section with several variants of the Theorem of
Lindstrom where (Lsp) and (cc) are replaced by other properties.

Lemma 3.9. Let L be a regular logical system with FO° < L. If L has the
Karp property then there exists a satisfiable formula ¢(U,<) € L such
that, for all models A = ¢, we have

(U, <) = (w,<).
Proof. Fix a formula ¢ € L[X] that is not equivalent to any first-order
formula. By (FoP), we may assume that X is finite. For every n < w, there
are structures A, =, B,, such that

A, =9 and B, H .

Let U,<,P,Q, L, F,G ¢ X be new relation symbols where U is unary,
<, P, Q, F are binary, I is ternary, and G are of arity four. We modify
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3. The Theorem of Lindstrom

the formula Biq(U, <, P, Q, I, F, G) of Lemma 3.2 as follows. Let x be a
variable not occurring in fig and set

(X(X, U’<’p>Q)I)F)G) =
Bia(U, <, (Psx_)s, (Qsx_)s, Ix—_, Fx_, (Gsx___)s) »

that is, we add x as new argument to every atom containing Ps, Q;, I,
F, G;. The formula « states that these relations encode a sequence of
pseudo back-and-forth systems indexed by x. Define

y = 3x.Ux A (Vx.Ux)[S(x) Aa(x) A (p(px') A (ﬁ(/))(éx')] ,
where

9(x) :=3y(x <y)
A(Fy(y<x)—> (Fy.y<x)-Tz(y<zAz<x))

says that x has a successor and, if it is not the first element then it also
has an immediate predecessor. The formula y says that

¢ U is a nonempty discrete linear order without last element,

¢ for every u € U, there is a pseudo back-and-forth system (I,,) <y,
from A, :={al|(u,a) e U Ps } to B, := {b| (u,b) e Us Qs } of
length |u,

¢ A, induces a substructure that satisfies ¢ while B, induces a sub-
structure that does not satisfy ¢.

Consequently, y has a model where (U, <) = (w, <) and the substruc-
tures induced by A, and B,,, for n < w, are isomorphic to 2, and B,,,
respectively. Let € be an arbitrary model of y. We have to show that
the order type of (U%, <%) is w. Suppose otherwise. Then there exists
some element u € U such that Ju is infinite. Since every element except
for the first one has an immediate predecessor it follows that < is not a
well-order. By Lemma 3.3, we can conclude that €|4, ~., €|p,. Hence,
€4, E ¢ and €|p, ¥ ¢ contradicts (kp). ]
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Theorem 3.10. Let L be a regular logical system with FO° < L. If L has
the Karp property and L is countably compact then L = FO°.

Proof. The claim follows immediately from the Lemma 3.9 since (w, <)
cannot be axiomatised in a countably compact logic. ]

For the next theorem we need the following variant of the Diagram
Lemma.

Lemma 3.11. Suppose that L is a regular logical system such that L is
compact and FO < L. Let U be a structure and O C L.

There exists an elementary extension B >go A with B £ O if and only
if Thyo () U @ is satisfiable.

Proof. (=) Clearly, B >po U and B = @ implies that B = Thge (A) U O.

(<) Let I := Thgo (YU4). If B E IT'ud then B is the desired elementary
extension of . Hence, it is sufficient to show that I' U @ is satisfiable.
For a contradiction, suppose otherwise. Since L is compact there exist
finite subsets I', € I'and @, € @ such that I', U @, is inconsistent. Let
y(a) := NI, where a are the constant symbols appearing in I;,. Then
A E Jxy(x). Hence, @, U {Ixy(x)} € Theo(YU) U @. This contradicts
the assumption that the latter set is satisfiable. ]

Theorem 3.12. Let L be a regular logical system with FO° < L. If L has the
Tarski union property and L is compact then L = FO°.

Proof. Suppose that FO° < L. By Lemma 1.5, there are structures A = 3
such that A £ ¢ and B E —¢, for some L-formula ¢. We construct an
elementary chain ("), such that

o A" <; A™2 for all n, and
o A" E ¢ iff nis even.
Then, € := U, A" = U, ¥*" = U, A*>"*'. By (TuP) it follows that A° <; €

and ' <; €. Consequently, we have

A= iff Cre¢ iff A Eg.
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A contradiction.
It remains to define the chain (U"),,. Let A° := Q. Since

Theo (¥) U {=¢} = Theo (B) U {-¢}

is satisfiable we can use Lemma 3.11 to find an elementary extension
A > A° with A' = . Suppose that A" has already been defined. Since

Thyo (U}, ) = Theo (U4, ") € Thr (A5"))
it follows that
Theo (U3, ) UThr (AL )

is a satisfiable set of L-formulae. By Lemma 3.11, there exists an element-
ary extension A" > A" with A"** > A", as desired. ]

Theorem 3.13. Let L be a regular logical system with FO° < L. If L has the
Karp property and L is bounded then L < FOsox,

Proof. For a contradiction, suppose that there exists an L-formula ¢ that
is not equivalent to any FO..x, -formula.

First, we show that there are structures A, =, B,, for « € On, such
that A, = ¢ and B, ¥ ¢. Set

Yo =V {ng[Aro},

where 7g; is the Hintikka-formula of & of quantifier rank &. Then ¢ & vy,

and, by assumption, v, ¥ ¢. Hence, there exist structures B, & v, with

B, ¥ ¢. By definition of y,, it follows that B, =, A,, for some A, E ¢.
As in Lemma 3.9 we can define a formula y stating that,

o U is a discrete linear order without last element,

¢ forevery u € U, there exists a pseudo back-and-forth system from

A, ={al|(u,a) e U P} toB, :={b| (ub) e U; Qs } of
length |u,
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¢ A, induces a substructure that satisfies ¢ while B, induces a sub-
structure that does not satisty ¢.

For every ordinal «, we can define a model €, of y where (U, <) is of
order type a, €y |4 ; 2 Up,and €, | ; = Bp. Since L is bounded it follows
that y has a model € where (U, <) is not well-founded. By Lemma 3.3, it
follows that €|4, 2o €|p,, for some u € U. But €|,, = ¢ and €|p, ¥ ¢
contradicts (kp). ]

4. Projective classes

The common idea behind Skolemisation and Chang’s Reduction consists
in constructing a theory T such that every structure in a given class has
an expansion to a model of T This section contains a more systematic
investigation of such reductions.

Definition 4.1. (a) Let IC be a class of X-structures and let I' € X be a
subsignature. The I'-projection of K is the class

prr(K) = {r[Ae K}

of all I'-reducts of structures in /.

(b) Let L be an algebraic logic and « either a cardinal or co. A class K
of X-structures is a k-projective L-class if there exists a signature X, 2 X
and aset ¥ ¢ L[ 2, ] of size |'P| < k such that

K =pry(Mod;5,1(¥)).

The class of all such classes K is denoted by PC, (L, X). Furthermore, we
set

PC(L, %) := | JPCy(L,2).

A<k

Projective FO-classes are also called pseudo-elementary.
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(c) Let L, and L, be algebraic logics and « a cardinal or co. We say
that L, is k-projectively reducible to L, and we write L, <7 L, if

Mod;,[51(¢) € PCc(L,,X), forall Zandevery ¢ € L,[X].

Example. The class of all ordered abelian groups is first-order axiomatis-
able. It follows that the class of all abelian groups that can be ordered is
pseudo-elementary.

Exercise 4.1. Prove that L éi,c SOxx, implies L < SOyx, -

The results of Section c2.3 can be restated in the following form.

Lemma 4.2. FOyx, S;C Viex, -

Proof. For every formula ¢ € FO,y [Z, X ] we can use Lemma c2.3.3 to
find a formula ¢* € V. [2*, X] with ¢* = ¢ such that we can expand
every model ¥ of ¢ to a model A* of ¢*. Consequently,

Mod(¢) = pry(Mod(¢")). N
Lemma 4.3. IfL, Sgc L, then

MOdLo[Z] (@) € PCK®|@|(L1, Z) > fOT’ al®c L, [Z] .

Proof. For every ¢ € O, there exists a signature X(¢) 2 X and a set
Y(¢) < L,[2Z(¢p)] of size at most k such that

Mod(¢) = pry(Mod 341 (¥(¢@))).

We can choose these signatures such that X(¢) n 2(y) = X, for ¢ # v.
Setting ¥ := Uyeq ¥(¢) it follows that

Mod(®) = prs(Mod(Y¥)). [

Lemma 4.4. L, Sgc L, implies that
(a) hn,(L,) <hn,(L,),
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(b) wn,(Lo) <wni(L,),
(¢) Ine(Lo) <1Ini(L,).

Proof. For (a) and (b), note that if there is a set @ ¢ L,[X] of size || <
that pins down a cardinal A or an ordinal & then we can find a signature
Y,2Xandaset @, € L,[2,] of size |®,| < |®| ® x = x that does the
same.

(c) Let A be a cardinal such that every set @ of L,-formulae of size
|@| < k has a model of size at most A. We claim that In,(L,) < A. For
each ¥ ¢ L,[2] of size at most x we can find a set ¥, € L,[2, ] of size
|V, | < |¥| ® «k = k such that Mod(¥) = pry(Mod( ¥, )). Consequently,
Mod( @) contains a structure of size at most A. ]

Lemma 4.5. Let L, and L, be algebraic logics.

(a) IfLo <22

(b) If L, <p¢ L, and L, is countably compact then so is L.

L, and L, is compact then so is L,.

Proof. Both claims can be proved in the same way. Suppose that every
finite subset of @ € L,[2] is satisfiable. For every finite @, ¢ @, fix a
signature 2(®,) 2 X and a set @} < L,[2(D, )] such that

Mod(®,) = pr, (Mod(®})).
For (b), we can choose @ to be countable. By replacing

2(0) by U{Z(¥)[¥<co}
and o; by (J{¥Y|¥Yco,}

we may assume that @, € @, implies (D, ) € X(®,) and @, < O .
We claim that the set

o* = | J{ D} | @, € O finite }

is satisfiable. Note that, in case (b), @* is a countable union of count-
able sets. Since L, is, respectively, compact and countably compact it is
sufficient to prove that every finite subset of @* is satisfiable.
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For every finite subset ¥ € @ we can find finitely many finite subsets
Dy,...,D, S Osuchthat ¥ € @ u---U D). Setting I' := O, U---U D,
it follows that ¥ ¢ I'*. Hence, Mod(I') + @ implies that Mod(¥) # @,
as desired.

Consequently, there exists a model A" = @*. Let A := A*| 5. Then we
have A = @,, for all finite subsets @, € @. This implies that A = @. []

Lemma 4.6. Let L,, L, be algebraic logics and («, ) : Lo[Zo] — L,[ 2, ]
a comorphism such that, for every signature I, 2 X, there exist a signature
[ 2 X, an epimorphism (a,., f+) : Li[[1] = Lo[Io], andaset ¥ ¢ L,[ 1]
such that

B+(W)|z, = B(H|s,), forall T,-sructures A,
and rng B, = Mody, 1,1 (¥).

Str[ I ] P Str[I]
prs, | Iprzl
Str[ 2, ] > Str[ 2]

Then K € PC, (Lo, 2, ) implies B[ K] € PC,(L,, ;).

Proof. Suppose that K = pry (Mod(®,)), for some @, € L,[I,]. Let
(ay,B+) : L[] = Lo[I,] be the corresponding epimorphism of the
expansion and (y, 8) : Lo[Io] — L,[I1] its right inverse. We set

D, :=y[D,]U V.
Then we have
B, iff BeEy[d,]and B =B, (A) for some A
iff B =p.(Y) for some A with B, (A) = y[ D, ]
iff B =, () for some A with A = (aoy)[D,]
iff B =p,(A) for some A with A = @, .
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Hence, Mod; (®,) = +[Mod;, (D, )] and it follows that

Aep[K] if A=p(A|s,) forsomed E @,
if  A=p, ()]s, forsomed E @,

iff  A=A|s for some A’ = @, .

Consequently, we have B[ K] = pry (Mod(®,)). ]

Corollary 4.7. Suppose that X, € X, are signatures and (9¢)ees, s, is
a sequence of FOyx, [ 2o |-formulae. Let (e, B) : FOyx [Zo] = FOun, [2:]
be the comorphism where 3 maps a structure U to its expansion defined
by (¢¢)e. If K € PC(FOxxn,» o) then B[K] € PCy (FOxx, > 2, ).

Proof. We have to show that («, ) satisfies the condition of the preced-
ing lemma. Given I set I := %, u I,. We define (a,, ;) as follows.
The function B, maps a I, -structure A to the I;-structure B such that
B|r, = Aand By, = f(YU|s, ). Then (ay, B4) is an epimorphism whose
right inverse is given by the reduct operation. By definition, it satisfies
B+ (W), = B(Ys,). Furthermore, we can define the range of 3, by
formulae of the form

Vi[RX < gr(x)] and ViVy[fi=y < ¢r(x,y)]. O

We can generalise the notion of a projective class by replacing the
reduct operation by a combination of a reduct and a domain restriction.

Definition 4.8. Let X be an S-sorted signature.
(a) Let A be a X-structure. A relativised reduct of 2 is a structure of
the form |5 |p where X, € ¥ and P C A induces a substructure of 9|5 .
(b) Let L be an algebraic logic and « either a cardinal or co. A class K of
X-structures is a relativised k-projective L-class if there exists a signature
Y, 22, aset ¥ c L[X,] of size |¥| < , and unary predicates P; € X,
for s € S, such that

K= {Q[‘Z|Us P ’ Ae MOdL[Z_,.](le) } .
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The class of all such classes is denoted by RPC, (L, X).
(c) Let L, and L, be algebraic logics and x a cardinal or co. We say that

L, is relativised k-projectively reducible to L, and we write L, <f,. Ly, if

Modp,[57(¢) € RPC(L,,X), forall Zandevery ¢ € L,[X].

Lemma 4.9. L, <¥ L, implies that In,.(L,) < In,(L,).

O =rpc

Proof. Let A be a cardinal such that each satisfiable set @ of L,-formulae
of size |®| < k has a model of size at most A. We claim that In, (L,) < A.
For each @ ¢ L,[X] of size at most k we can find a set @, € L,[ 2, ] of
size | @, | < |®| ® k = x such that

Mod(®) = { Uzl pr | % € Mody[s,1(Dy) } .

Consequently, if @ is satisfiable then Mod(®) contains a structure of
size at most A. ]

Example. Let us show that SO <, MSO. Suppose that ¢ € SO[Z, X]
where X is S-sorted for a finite set S. W.L.o.g. we may assume that ¢ con-
tains no quantifiers over functions. Fix a number # < w such that every
second-order quantifier in ¢ ranges over a relation of arity at most ».
For every sequence § € S<” of sorts of length at least 2, we add to X a new
sort p; and a function g; of type § — p;. Let x; be the formula stating
that g; : A;, x -+~ x A — A, is bijective. We construct a formula ¢’
by replacing in ¢

¢ every second-order quantifier over a relation R of type § by a

quantifier over a set Xy of sort p;,

¢ every atom Rf where R is such a relation by the formula Xg g;t.

Setting y := ¢" A Ases<n x5 it follows that
Mod(g) = { ls]s | 2 ¢ Mod(y) }.

Exercise 4.2. State and prove a version of Lemma 4.6 for relativised pro-
jective classes and use it to show that the image of a relativised projective
class K under an interpretation is again a relativised projective class.
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Below we will show that for first-order logic there is no difference
between projective and relativised projective classes. To do so we need
some technical results about recovering a structure from a substructure.

Definition 4.10. Let 2 be a X-structure and C ¢ A.

(a) Let I, () be the signature consisting of n-ary relation symbols R,
for every atomic formula ¢ € FO<“[X] with free(¢) = {xo,...,Xn—1}-
We assume that I, (X) n X = g and we set I'(2) := 2 u I, ().

(b) By ((C)4 we denote the I'(X)-expansion of ((C ) by the relations

Ry={aeC"|Urgp(a)},
and we define
(€)= (Chlr o e
(c) Let Z(X) be the first-order theory of the class
K(Z):={{(C)s|UaZ-structurewith Cc A }.
Remark. Note that
(C)5= (D)3 implies (C)y= (D)3.

Lemma 4.11. If € & 5(X) then there exists a X-structure A with A2 C
such that C generates A and € = (C))§.

112

Proof. We define an equivalence relation ~ on the set
Z::{t(é) ’ taX-termand ¢ C C}
by s(a)~t(b) :iff dl_oeRg where ¢ :=s(x)=t(y) .

Note that C ¢ Z since we can choose t = x. Set A:= Z/~.If a,b € C are
elements with a # b then {a, b) ¢ RS_ , since

VxVy(Ry—yxy = x=y) € E(Z)y.
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This implies that [a].. # [b].. Hence, the functione : C > A: a — [a].
is an embedding. Let D be the range of this function. We construct a
I'(X)-structure U with universe A such that (D)) = €.

For R, € I'(X),, we define

A . _ = = (0
R,={e(a)|aeR,}.
For atomic formulae y € FO<“[X], we define
A= y([to(do)]ns s [tnaa(@na)]e)  ciff  Go...dny €RG,
where ¢ (%o, ..., Xy—1) = W(to(Xo)s - tnoa(Xn-1))-

It remains to show that D generates % and that (D)3 = €. Let t(x) be
a 2-term and a € C". Then

t(e(a)) = [1(a)].

since setting y(x, y) := t(x) = y and ¢ := t(x) = t(y) we have

Ak t(e(a)) =[t(a)].
iff A y([ao]or. . [anas]o [£(3)].)

iff aaeRg,

and VXR,xx € 5(X)y. In particular, D generates 2.
If (x) € FO[X] is an atomic formula and a € C” then

(D)3 = Rye(a) iff A=Rye(d) iff C&Rya

implies that e : € = ( D))g. By taking isomorphic copies we may assume
that D = C C A. [

Definition 4.12. For every model € = £(2)%;, we denote by € some

structure as in the preceding lemma. Note that, up to isomorphism, € is
unique.
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Lemma 4.13. For every theory T ¢ V[Z], there exists a theory T ¢
FO[I'(X),] such that

A=T if AET.

Proof. For every universal sentence ¢ we will construct a set @(¢) of
FO<“[I'(X), ]-sentences such that

Aeg iff Ae ().

Then we canset T := U { ®(¢) | € T}.

W.lLo.g. assume that ¢ = Vi A; Vi 9;x where the quantifier-free part
is in conjunctive normal form. For an atomic formula 9(x,, ..., x,-,),
we have

%= 9([to(do)]or - o> [tnos(@ns)]-)
iff A Ry(dos...»dns)

where v := 9(to (%), ..., ty—1(X,4—,)). Consequently, if, for each tuple ¢
of Z-terms, we define

5 171 Ry, Xo...Xp—y  if Djr is an atom,
Ry, Xo... Xy, if 9ji is a negated atom,

where vy := ik (to(Xo), - -+ » tn—1(Xy-,)), then it follows that
Ak /\\Zsik([to(ao)]N,...,[tn_l(c‘zn_l)]N)
iff A= AV 9ik[[](dos. s dns).
ik

Hence, we can set
D(g) := { VxA; Vi 9[7] ‘ t a tuple of X-terms } :

(Note that every element of o is denoted by a term with parameters
from A.) []
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Exercise 4.3. Let x be an infinite cardinal with ¥ > |X|. Prove that,
for every V., [2]-theory T, there exists an FO,u, [['(2), ]-theory T as
above.

Theorem 4.14. Let X_ C X, be signatures and P € X, a unary predicate.
Suppose that

K= {%\g_\uspsm | % e Mod(®) }, forsome ® c FO°[Z,].

(a) There exists a signature I 2 X_ of size |['| < |2,| ® R, and a theory
¥ € FO°[I'] such that

K =pry (Mod(Y¥)).

(b) If @ is finite and every structure in K is infinite then we can choose
a finite set ¥ as above.

(¢) K is a pseudo-elementary class.

Proof. W.l.o.g. we may assume that X_ = X, . Hence, we drop the sub-
scripts and just write X.

(b) Since @ is finite we may assume that the signature X is finite. By the
Theorem of Lowenheim and Skolem, it follows that, for every structure
A € IC, we can find a structure B € Mod( D) of cardinality |B| = |A| such
that A = B|, pz. Let 2’ = {{' | £ € 2} be a disjoint copy of X, and set
I:=XuX"u{f}, where f is a new unary function symbol. Since @ is
finite there exists a sentence y € FO[I'] expressing that

¢ the X'-reduct of the given structure is a model of @,

¢ f isabijection between the whole universe and P.

It follows that £ = { Y|z | A= v }.
(c) follows immediately from (a).

(a) By Skolemising we may assume that @ ¢ V. Let ¥ € FO°[I'(2)]
consist of @ U £(X)} together with with the sentences

Vx[¢(%) < Ry(%)] for atomic ¢ € FO*“[X],
VX[RpizX = IyRiz-,yXy], forevery X-termt.
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We claim that
K={%s|%eMod(¥)}.

(S) If € € K then € = 2|, p2, for some A = @. Since P is a Skolem

theory we can assume that P* generates 2. Hence, (X)) is defined and
€ = (X)g|s. Furthermore, {X)§ = ¥, as desired.

(2) Let A = V. Since U = @ U 5(2)5 it follows that U exists and
{X)g = . Since A @ we have A = @. Consequently, 2| ;5 € K. We

claim that 9[| pa = . On the one hand, Z(Z)}; £ VxRp,x implies that

A= Pa, forevery a € A. Hence, A < P Conversely, suppose that a € P
Then a = t(b), for some term ¢ and parameters b € A. Then

AEe Rpt,'cl; A Hthjczyl_?y
which implies that a € A. ]

Corollary 4.15. L <5 FOiff L <72 FO.

—rpc

5. Interpolation

For most logics L there are projective L-classes that are not L-axioma-
tisable. In this section we study how this additional power affects the
entailment relation. Surprisingly we can find many logics where it has
no effect at all.

Definition 5.1. Let L be an algebraic logic.
(a) L has the interpolation property if, for all finite sets @; ¢ L[X;],
i <2, with @, £ @, there exists a finite set ¥ € L[ 2, N X, ] such that

O, EY and YEO,.

(b) L has the A-interpolation property if every class K € PC.x (L, X)
with Str[ 2] \ IC € PCy, (L, 2) is finitely L-axiomatisable.
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Remark. If L is boolean closed then the interpolation property implies
the A-interpolation property since, if

IC=pry(Mod(®,)) and Str[X]\ K =pry(Mod(®P_))
then we have

O, - /\O-
and any set ¥ ¢ L[] with

O, =Y and ‘I’t:ﬂ/\(D_

is an axiom system for K.
Theorem 5.2. FO has the interpolation property.

Proof. Since FO is closed under conjunctions it is sufficient to consider
single formulae. Hence, suppose that ¢, = ¢, where ¢; € FO°[I}], for
i <2.Let

¥:=(¢,)" NFO°[Z], where X:=I,nI;.

We claim that ¥ U {-¢, } is inconsistent. By compactness, it then follows
that there is a finite subset ¥, € ¥ such that ¥, U {-¢, } is inconsistent.
Setting v := A\ ¥, we have ¢, = v and v £ ¢,, as desired.

It remains to prove the claim. For a contradiction, suppose that the set
¥ U {-¢, } has a model 2. By Corollary c2.5.9, there exists a model B
of ¢, such that |5 < B|s. Since U|5y = B|s we can apply Theorem c2.5.8
to obtain a (I, U I3)-structure € with B < €|, and an elementary
embedding g : ¥ — C|,. In particular, we have €|, = ¢, and €|}, = —¢,.
Hence, € = ¢, A -, and ¢, ¥ ¢,. Contradiction. ]

Definition 5.3. Let L be an algebraic logic, ~ a signature, R ¢ X an n-ary
relation symbol, and @(R) ¢ L°[X U {R}] a set of formulae.

(a) We say that R is implicitly defined by @ if, for all models % and B
of @ with |5 = B|s, we have R* = R®.
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(b) We say that R is explicitly defined by a set ¥ < L"[X] with respect
to @ if R* = V¥, for every model 9 of ®.

(c) L has the Beth property if, for all finite sets @ ¢ L°[X U {R}]
that define R implicitly, there exists a finite set ¥ < L"[X] explicitly
defining R with respect to @.

Lemma 5.4. Every boolean closed logic L with the interpolation property
has the Beth property.

Proof. Suppose that R is implicitly defined by ®(R) € L°[ X U {R}]. Let
R’ be a new relation symbol. It follows that

N\ @(R) - Rx= \ ®(R") - R'x.
By the interpolation property we can find a finite set ¥ (&) such that
ANO@R)—>Rx= A¥(x) and AY¥Y(x)=AOR)->Rx.
It follows that
O(R) = Rx & A\ ¥Y(x),
that is, ¥ explicitly defines R with respect to @. ]

There is a general way to extend a given logic to one that has the
A-interpolation property.

Definition 5.5. Let L be an algebraic logic. The interpolation closure
A(L) of L is the logic where A(L)[Z] consists of all pairs

(o> 1) € L[Z,] x L[Z,]

with ¥; 2 ¥ and

pry(Mod(g,)) = Str[Z] ~ pry(Mod(¢,)) -

The semantics of such a formula is defined by

A= (9o, ;) :iff  Aepry(Mod(g,)).
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Lemma 5.6. Let L be an algebraic logic.
(a) If L satisfies (B..) then A(L) is boolean closed.
(b) If L, is closed under negation and Lo <, L,, then L, < A(L,).
(¢) If L is closed under negation then L < A(L).
(d) Lo <y Ly implies A(Lo) < A(Ly).
(e) A(A(L)) <A(L).
(f) A(L) has the A-interpolation property.

(g) If L, has the A-interpolation property then

1
Lo <)

L, implies A(L,)<L,.
(h) occ(A(L)) =occ(L),
In,(A(L)) =1n, (L),
wn, (A(L)) =wn,(L).

Proof. (a) We have

(P v) A (@ ¥ ) =(pnro's yvy'),
(P v) V(e ¥ ) =(pVve', yny'),
and -(0,¥) = (v, ).

(b) For every ¢ € L,[X], there exist a signature X, 2 X and a formula
Vo € L,[ 2] such that

Mod(¢) = pry(Mod(y5)) -

Similarly, there exist a signature X, 2 ¥ and a formula y, € L,[ X, ] such
that

Mod(~¢) = pry(Mod(y,)).

It follows that ¢ = (y,, y,) € A(L,).
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(c) follows immediately from (b).
(d) Let (@0, ¥o) € A(L, ) where ¢, € Ly[2,] and v, € Lo[I,]. Since
L, <;, L, we can find formulae ¢, € L,[X,] and v, € L,[I;] such that

o =pr

Mod(¢,) = pry (Mod(¢,))
and  Mod(y,) = pry, (Mod(y,)).

Hence, (9o, Vo) = (@1, y1) € A(Ly).
(e) Let (90> ¥o), (@1, ¥1)) € A(A(L))[Z]. Then

prs(Mod(¢o)) = prs(pry, (Mod(¢,)))
= pry(Mod({¢o,¥)))
= Str[Z] \ pry(Mod({¢1, ¥4)))
= Str[ 2] \ pry(pry (Mod(¢,)))
= Str[Z] \ pry(Mod(¢,)) .

Consequently, ((¢o, ¥o), (¢1,¥1)) = (90, 92) € A(L)[Z].
(f) Let (@0, Vo), (91, v1) € A(L) be formulae such that

pry(Mod((¢o, ¥o))) = Str[Z] \ pry(Mod({., ¥1))) -

Then ((@o, W), (@1, ¥,)) € A(A(L)) and, by (e), there is a formula
(9, ) € A(L) such that

(9, 1) = ({90, Wo ), (@1, ¥1)) -
(g) Let (@0, vo) € A(Lo)[X] where ¢, € Lo[I,] and v, € Lo[I}].

Since L, <}, L, we can find formulae ¢, € L,[I,] and y, € L,[I]] such
that

Mod(¢,) = pry, (Mod(¢,))
and Mod(y,) = pI‘Fé(MOd(llll))-
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Since

pry(Mod(¢,)) = pry (Mod(g,))
= Str[ 2] \ pry(Mod(y,))
= Str[Z] \ pry(Mod(v,))

and L, has the A-interpolation property we can find a formula 9 € L,[X]
such that

Mod(9) = pry(Mod(¢,)) .

It follows that 9 = (@,, ¥,).

(h) We only prove the first equation. The other ones are left as an exer-
cise. Let (¢, v) € A(L)[2] where ¢ € L[2,] and v € L[2,]. Then there
exist formulae ¢’ € L[I,] and v’ € L[I}] where I'; € X; are subsignatures
of size |I;| < occ(L) such that ¢’ = p and ¢/ = y. Let I':= X n (I, U I;).
It follows that (¢, ) = (¢’, v') € L[I'] where |I'| < occ(L). ]

Proposition 5.7. FO,+x (3) <pr FOxrx,-

Proof. Let ¢ € FO,+x, (3*). Following Chang’s Reduction we introduce
a new relation symbol Ry, for every subformula (%) of ¢, and we write
down formulae ensuring that R, is the set of all tuples satisfying y. For
the operations of FO,+yx, this can be done in the same way as in Chang’s
reduction. For a subformula 3* yy(x, y), we introduce a new relation
symbol <, and x new function symbols f7, a < x, and we add the
formulae

VE(Ravyy® o N fok# %) AVE N\ RyEfy%,

azf a<K

Vi(~Raryyi <V re(3)),

a<kK

where y,(¢) is the formula of Lemma c1.1.7 stating that the relation
{(a,b) | ¢a <y b} is a well-order of order type « on the set defined
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by ¥(¢, y). Note that the first formula ensures that R3«,,, contains only
tuples ¢ such that there are at least x elements satisfying y/(¢, y), while
the second formula ensures that all such tuples ¢ are contained in Ry« .
Finally, note that we have introduced at most x formulae since ¢ has at
most that many subformulae. ]

Proposition 5.8. FOy,x, (3™) does not have the Karp property.

Proof. We consider the structures & := (A) and B := (B) over the empty
signature with |A| = R, and |B| = R,. Then we have

plso, (A,B) : A 2o B.
But A¥ IVx(x=x) and B IVx(x=x)

implies that A #po,  (3%) B. H

Corollary 5.9. A(FOx,x,) does not have the Karp property.

Proof. Note that
FOy+x, (3°) ggr FOu+xn, implies FOu+x, (3°) S;r FOy+x,

since FO,+y, is closed under conjunctions of size k. By Lemma 5.6 (b), it
follows that FOu,x, (3) < A(FOx,x, )- Since the former does not have
the Karp property it follows that the latter does not have it either.  []

For many logics that can be characterised via a preservation theorem
we can derive the interpolation property from a general theorem which
we will present below. Instead of considering the entailment relation
D, E O, for a single logic, we allow @, and @, to belong to different
logics L, and L,, and we look for an interpolant @, £ ¥ &= @, in a third
logic L,.

Definition 5.10. (a) A weak amalgamation square is a commuting dia-
gram
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in the category £ogic such that, for every pair §, € C, and 3, € C, of inter-
pretations with f_(3J,) = 6_(3,), there exists an L,,-interpretation J,,
with

/3)+(312) =3, and 0,(32) = 3.

(b) Given a weak amalgamation square as in (a) and sets @, € L, and
@, ¢ L, of formulae with o, [®,] E y,[D,], we call a set @, € L, an
interpolant of @, and @, if

O, Ea_[D,] and y_[D,]F D,.

(c) Similarly, given a weak amalgamation square and classes IC, € C,
and KC, ¢ C, of interpretations with f7*[/C,] € 8;'[K,] we call a class
ICo € C, an interpolant of K, and K, if

KK, B K] and 67K, cK,.

Lemma 5.11. @, is an interpolant of @, and @, if and only if Mod(®D,)
is an interpolant of Mod(®,) and Mod(®,).

The next lemma shows that each pair of classes in a weak amalgama-
tion square has an interpolant. For the interpolation property to hold
we have to strengthen this result by proving that a pair of axiomatisable
classes has an axiomatisable interpolant.

Lemma s5.12. Consider a weak amalgamation square as above.
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(a) Ko is an interpolant of K, and K, if and only if
B-[K.] € Ko SCoNy-[CNKL].
(b) IC, and IC, have an interpolant.
Proof. (a) We have
KiceBZ o] it B [K]EK,
and C,\IC, cy ' [CoNKo] i p_[CoNK,]ECo N Ky .
(b) By (a) it is sufficient to show that
B-[Ki] € CoNy-[CiN K]
For a contradiction, suppose that there is some interpretation
Jo € B-[K N (Co N y-[CoN KoL) = B-[Ki] ny-[Co N K]
Choose interpretations 3, € K, and 5, € C, \ K, with
B-(31) =3 = y-(32).

Since the diagram is a weak amalgamation square we can find an in-
terpretation 5, € C,, with f,(3,,) = S, and y,(31,) = 3,. It follows
that

3 € fIH(S0) € BLKL] 9 (K]
Consequently, we have J, = y.(5,,) € K,. Contradiction. ]

If a logic can be characterised by a preservation theorem then a class
of interpretation is axiomatisable if and only if it is a fixed point for the
operations the logic is preserved under. Hence, to prove our interpolation
theorem we consider fixed points of operations.
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Definition 5.13. Let A and B be sets and « : £(A) - £(A) and B :
#(B) — (B) functions on their power sets.
(a) A function f : A — B preserves fixed points of « and f3 if

Cefixa implies f[C]efixf.
(b) A function f : A — B lifts a to B if
(fTop)[X]<c(aof)[X], forall XcB.

Theorem 5.14 (Popescu, Rosu, Serbanutd). Consider a weak amalgama-
tion square

Suppose that there are functions

ui :R(Ci) - #(Ci), forie{o,1},
and v;:0(Cj) > R(Cj), forje{o,2},
satisfying the following conditions:

(1) Uo ©Vo O Uo = Vo © Up .

(2) v, and v, are closure operators.

(3) B- preserves fixed points of u, and y,.
(4) y- lifts v, to v,.
Every pair of fixed points IC, € fix y, and K, € fixv, with

B K] ey, ]

has an interpolant K, € fix yo N fix v,.
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Proof. We claim that /C,, := (v, 0 f_)[K,] is the desired interpolant. We
have K, € fixv, since v, o v, = v,. Furthermore, f_[K,] € fix y, as
IC, € fix y, and B_ preserves fixed points. It follows that

VO[’CO] = (x”o © Vo0 ﬁ_)[/Cl]
= (o © Vo 0 o 0 B-) [, ]
= (vo o po 0 f-)[K,]
= (vo 0 f)[K,] =Ko,
and, therefore, IC, € fix y,.
It remains to prove that K, is an interpolant. Since v, is a closure
operator we have f_[/,] € (v, o B-)[K,] = K, which implies that
IC, € BZ*[KCo ]. For the other inclusion, note that we have

p Kol = (yZ ovo 0 ) [K\] € (va0yt o f)[K]

since y_ lifts v, to v,. Furthermore, (y~* o B_)[K,] <€ K, since we have
shown in Lemma 5.12 that f_[/,] is an interpolant of K, and IC,. As
v, is a closure operator it follows that

(vaoyto f)[K ] Ev[KL] =K,
Consequently, we have
Y- o] € (va 0yt o Bo) K] €K,
as desired. ]

We can use this theorem to obtain interpolation results for logics that
can be characterised via preservation theorems.

Corollary 5.15. Consider a weak amalgamation square as above and
functions

ui:R(C;) - R(C;), forie{o,1},
and v;:P(C;) - R(C;), forje{o,2},

satisfying the conditions of the preceding theorem. Furthermore, suppose
that

656



6. Fixed-point logics

(1) aclass K, € C, is L,-axiomatisable if and only if IC, € fix y, ;

(2) aclass IC, c C, is L,-axiomatisable if and only if K, € fixv,;

(3) aclass Ko € Cy is Lo-axiomatisable iff K, € fix yo N fix v,.
Then every pair of sets O, € L, and ©, € L, with

a [P, ] F 6,:[D,]
has an interpolant @, C L,.

Unfortunately applications of this theorem will have to wait till Chapter b2}
since at the moment we still lack the required preservation theorems.

6. Fixed-point logics

As an example we investigate extensions of first-order logic by fixed-
point operators. Let U be a structure and f : £(A") — £(A") a function.
A fixed point of f is an n-ary relation on A. We are interested in operators
that compute such fixed points for definable functions f.

Note that the partial order f°(A™) is complete. Hence, if f is increasing
then, by Theorem A2.4.3, it has a least fixed point Ifp f and a greatest fixed
point gfp f. Similarly, if f is inflationary then we can use Theorem A3.3.14
to obtain the inductive fixed point ifp f of f over @.

If f is neither increasing nor inflationary then none of these fixed
points need to exist. But we still would like to define a fixed point operator
for such functions. Instead of asking for a real fixed point we will present
two ways to compute an approximate one.

Firstly, we can artificially make f inflationary by replacing it with
the function x — x U f(x). Secondly, we can compute the ‘fixed-point
induction’ @, f (&), f*(&), ... (which generally is not increasing) and
take some kind of limit.

Definition 6.1. Let X be a set and f : £(X) — £(X) an arbitrary
function.
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(a) The inductive fixed point ifp f of f is the inductive fixed point
of the function f’ : x » x U f(x) over @. Correspondingly, by the
inductive fixed-point induction of f we mean the fixed-point induction
F:0n — P(X) of f" over @.

(b) The lower fixed-point induction of f is the map F_ : On — £(X)
defined by

F_(0):=g,
F (a+1):=f(F-(a)),
F_(8)=U ) F-(B), forlimitsd.

a<d a<f<o

Analogously, we define the upper fixed-point induction F. by

F.(o) =@,
Fi(a+1):=f(F(a)),
F.(8):=() U F+(B), forlimitss.

a<d a<f<d

(c) The least partial fixed point liminf f of f is the set

F_(00) = M E-(B).

a a<f

and its greatest partial fixed point limsup f is

F.(00) = (U F.(B).

a a<f

Remark. Note that, in general, ifp f, liminf f, and lim sup f are no fixed
points of f. But, if f is increasing then ifp f = liminf f = limsup f =
Ifp f.

Before defining logics with these fixed-point operators let us compute
their closure ordinals.
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Definition 6.2. Let f : £(X) — £(X) be a function.

(a) The closure ordinal for the inductive fixed-point induction F of f
is the least ordinal « such that F(«) = F(a +1).

(b) The closure ordinal for the lower fixed-point induction F_ of f is
the least ordinal « such that

F (a)=F_(oc0) and F_(f)2F_(a), foralp>a.

Similarly, we define the closure ordinal for the upper fixed-point induc-
tion F, as the least ordinal « such that

F.(a)=F,(c0) and F,(f)<SF.(a), foralp>a.

Since the inductive fixed-point induction of a function is increasing
we obtain the same bound on the closure ordinal as for least fixed points.

Lemma 6.3. Let f : P(X) — R(X). The closure ordinal of ifp f is less
than | X|".

For partial fixed points the situation is different. The following se-
quence of lemmas shows that in this case the bound is (2!/X1)*. We will
only consider the case of upper fixed-point inductions. The closure or-
dinal of a least partial fixed point can be computed in exactly the same
way.

Lemma 6.4. Let F, be the upper fixed-point induction of the function
f:R(X) - P(X).

(@) IfFy(a) = FL.(B) then Fy(a+y) = F.(B +y), forall y.
(b) IfFi(a) = Fi(a + f3) then

Fi(a+pn)=F.(a), foralln< w,

and F.(a+ fw)=JF.(a+7y).
y<p

() If Fi(a) =F.(a+ ) =F.(a+y) and 3 < y then

Fi(a+fw) c Fi(a+yw).
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(d) If Fo(a) = F.(a+ B) = Fy(a + Bw) then

Fi(a+By)=F.(a), forally,
and F,(c0) = F, ().

Proof. (a) is proved by a straightforward induction on y. For y = o, there
is nothing to do. If y = # + 1 then

Fi(a+n+1)=f(F(atn)=f(F(B+n))=F(B+n+1).

Finally, for limit ordinals y we have

Flatvy)= N U E(k)

i<a+y i<k<a+y

N U F(k)

a<i<a+y i<k<a+y

= U Fi(a+k)

i<y i<k<y

:ﬂ U F+(ﬁ+k)

i<y i<k<y

= ﬂ U F.(k)=F.(B+y).

i<B+y i<k<f+y

(b) The first equation follows by induction on n. For n = o there is
nothing to do. For n > o, it follows from (a) and the inductive hypothesis
that

Fi(a+pn)=F (a+B(n-1)+p)=F(a+p)=F(a).

For the second equation, we have

Fo(a+po)=1 U UF(a+pk+y)

n<w n<k<w y<f

=N U UF(a+y)=UF(a+y).

n<w n<k<w y<f y<p
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(c) By (b), we have

Fi(a+fw) = U/3F+(oc+ i) c UF+((x +i)=F.(a+yw).
1< 1<y

(d) Again, we use induction on y. For y = o there is nothing to do and
the inductive step follows as in (b). If y is a limit ordinal then we have

Fi(a+py)=(1 U UF(a+Bk+1I)

i<yi<k<yl<p

=M U UF(a+1)
i<y i<k<yl<fB

= UF+(‘X+Z) = Fy(a + Bw) = Fi(a),
I<p

by inductive hypothesis and (b).
The second claim follows from (b) and the first claim. For one direc-
tion, note that we have

F.(a) = F.(a+ prw) = Lg F.(a+y)2F.(n),

which implies that

Fi(oo) = (VU F:(n) € (M U Fi(a) = Fi(a).

yza nzy yzanzy

Conversely, F, (a + By) € U, F+ () implies that

Fi(a) =(Fi(a+py) s (VU Fi(n) = F(o0).
y

Yy nzy N

In order to prove that there exist ordinals a and f with F,(a) =
F.(a+ ) = F.(a + Bw) we need some results about closed unbounded
sets.

Lemma 6.5. Let F, be the upper fixed-point induction of the function
f:R(X) > P(X). Set k:=|X|and A := (2*)* @ R,.
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(a) Suppose that « < A and S C A is a cofinal set such that
Fi(a+p)=F.(a), forallfeS.

If there is no f3 € S such that F, (a + fw) = F, («) then there exists
an ordinal a' and a cofinal set S' € A such that

F,(«')oF,(a) and F.(a' +B")=F.(a')forallf S .
(b) There exist ordinals e, 3 < A such that
Fi(a)=F.(a+p)=F.(a+pw).

Proof. (a) Since A is regular we have |S| = A. Let (f3;) ;<) be an increasing
enumeration of S \ {0}. By Lemma 6.4 (¢) it follows that F, (a + ;w)
F,(a + Bxw), for all i < k. Consequently, there is some index m < A
such that F, (a + B;w) = Fy(a + ), foralli > m. Set o’ := ot + 5w
and

S"={fiw]i>m}.
By assumption, we have

F.(a) # Fi(a+ fpw) = L_/)J F,(a+y)2F.(a),
y<Bum

which implies that F, (a’) > F, («).
(b) For Z c X, let

S(Z):={a<A|ZcF(a)}.

We construct a strictly increasing sequence of sets (Z; ) <, such that each
set S(Z;) is closed unbounded in A. Let Z, := &. Then S(Z,) = A. For
limit ordinals 6, set Zs := U;.s Z;. By Proposition A4.6.4, it follows that
S(Zs) =Ni<s S(Z;) is closed unbounded.
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For the successor step, suppose that we have already defined Z;. Since
|(X)| < A we can find a set Y 2 Z; such that the set

P:={a<A|F(a)=Y}
is cofinal. Let a be the minimal element of P and set

Q:={Bla+BeP, f>0}.

If there is some 8 € Q with F,(a + fw) = F,(a) then we are done.
Otherwise, we can use (a) to find an ordinal «’ and a cofinal subset
Q' < A such that F,(a’) o F,(«) and F,(a’ + ') = F.(a'), for all
B’ e Q. Weset Z;,, := F,(a). It remains to show that S(Z;,,) is closed
unbounded.

By construction the set S(Z;1,) 2 {a + B | B € Q" } is cofinal. Let
X € S(Z;4,) be a subset with sup X < A. If sup X € X then we are done.
Otherwise, 0 := sup X isalimit ordinaland F, (&) = Na<s Uazp<s F+(B)-
Since, for every f3 < §, there is some ordinal <y < § with F,.(y) 2 Z;,
it follows that F, (8) 2 Z;,,. Hence, § € S(Zi4,).

We continue this construction until we either find indices « and f
such that F, («) = Fy(a + 8) = F+(a + fw) or we have defined Z;, for
all i < A. In the former case we are done. The latter case cannot happen
since Z; ¢ Zy, for i < k and there are less than A subsets of X. H

Corollary 6.6. Let X be a set of size  := |X| and let F, be the upper
fixed-point induction of f : £(X) — £(X). Set A := (2°)* @ R,.

(a) There exists some ordinal a < A such that F,(o0) = F(a).

(b) F,(o0) = F(M).
Proof. By the preceding lemma, we can find ordinals «, < (2*)* such
that F, (a) = Fi.(a + ) = Fy(a + fw). It follows by Lemma 6.4 (d)

that F, (o0) = F, (). Furthermore, since A := (2*)7 is regular we have

F,(A) =Fi(a+ L) =F (a) = F.(c0). ]

In order to add these fixed-point operators to first-order logic we start
by looking at definable functions f(A") — (A").
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Definition 6.7. Let (R, %, y) € L[ U {R}, X] be a formula where R is
an n-ary relation symbol and x a tuple of » variables.
(a) Given a X-structure 9 and parameters ¢ C A, ¢ defines the function

fp i P(A") > P(A") : R {ac A" | A= p(R,4,6) }.

(b) We say that the relation symbol R occurs positively in ¢ if every
occurrence of R is in the scope of an even number of negation symbols.
If R only appears in the scope of odd numbers of negation symbols, we
say that it occurs negatively in ¢.

Depending on which fixed-point operators we add we obtain several
extensions of first-order logic.

Definition 6.8. (a) Least fixed-point logic FO,x_ (LFP) is the extension
of FO,x, by formulae of the form

[ifpRx : 9(R, %, 7)](2) and [gfpRx: ¢(R, %, 7)](2)

where we require that the relation R appears positively in ¢. The semantics
is defined by

AE [IfpRx: ¢(R, %x,¢)|(a) :iff aelfpf,,
Ak [gfpRx: (R, x,¢)](a) :iff aegfpf,.

(b) Inflationary fixed-point logic FO,x, (IFP) is the extension of FOx,
by formulae of the form

[ifpRx : (R, x, 7)](2)
with the semantics
Ak [ifpRx: (R, x,¢)[(a) :iff acifpf,.

(¢) Partial fixed-point logic FOx, (PFP) is the extension of FO,y, by
formulae of the form

[liminf R% : ¢(R, %, 7)](2)
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and [limsupRx: ¢(R,%,7)](2)

with the semantics
o & [liminf Rz : (R, %,6)](a)  :iff & eliminf f,,
Ak [limsupRx : 9(R,x,¢)[(a) :iff  aelimsupf,.

The requirement on ¢ in the definition of [Ifp Rx : ¢] ensures that
the least fixed point of f, does exist.

Lemma 6.9. If (R, X, ¥) € FO,x, (LFP) is a formula where the relation
symbol R appears only positively then f, is increasing.

Proof. One can show by a trivial induction on ¢ that, if R ¢ R’ then
AE @(R,a,¢) implies AE ¢(R,a,c). O

Example. We can express in FO(LFP) that a relation < is well-founded
by the formula

Qwe == Vx[lfpPx : (Vy.y <x)Py](x).

The a-th stage of the fixed-point induction of this formula contains all
elements of foundation rank less than «.

Remark. Note that, by duality, we have
lefp Rx : 9(R, %)](2) = ~[lfp Rx : =p(~R, £)](2),

where ¢(=R) is the formula obtained form ¢ by negating every atom of
the form Rf.

Lemma 6.10. FO,y, < FOyx, (LFP) < FOyx, (IFP) < FOyx, (PFP)

Proof. Clearly, FO,x, (LFP) is as least as expressive as FO,x,. For the
second inclusion note that, if f is an increasing function then ifp f =
Ifp f. Hence, we can simulate each least fixed point [lfp Rx : ¢] by the
formula [ifp Rx : ¢]. Similarly, we have

[ifpRx : ¢](2) = [liminf Rx : Rx v ¢](2),

since the fixed-point inductions of both fixed points coincide. ]
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In order to compare fixed-point logics with infinitary first-order logic
we construct formulae defining the various stages of a fixed point.

Definition 6.11. Let ¢ (R, %) be a formula and « an ordinal.
(a) The «a-th lfp-approximation of ¢ is defined by induction on « as

¢°(x) := false,
9" (%) = o[R/9"],
(P(S(?'C) = \/ ¢[R/9"], forlimits §,

a<d

where ¢[R/y] denotes the formula obtained from ¢ by replacing every
atom Rf by the formula y(?).

(b) The a-th ifp-approximation of ¢ is the same as the a-th lfp-ap-
proximation of the formula Rx Vv ¢.

(c) The a-th lim inf-approximation of ¢ is the formula defined by

¢°(x) := false,
9 (%) = o[R/9"],
¢6(92) =\ A go[R/(pi], for limits 6 .

a<d i<a
(d) The a-th lim sup-approximation of ¢ is the formula defined by
¢°(x) := false,
9" (%) = 9[R/9"],
90 (%) i= AV ¢[R/¢'], forlimits .

a<d i<a

Lemma 6.12. Let ¢ be the a-th fp-approximation of a formula ¢ where
fp is one of 1fp, ifp, liminf, or limsup. Let 2 be a structure and F the
fixed-point induction of [fpRx : ¢] on 2. Then we have

(9%)" = F(a).
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Lemma 6.13. Let ¢ € FO.x, (PEP). For every regular cardinal u, there
exists a formula y € FOyx, where A := (2#)™ & k & R, such that

A= <y, forevery structure A of size |A| < p.

Proof. We prove the claim by induction on ¢. Hence, we may assume
that ¢ = [limsup Rx : x](x) with y € FO)x,. Let y* be the a-th lim sup-
approximation of y. Let 1, := (2#)" @ R,. By Corollary 6.6 and the
preceding lemma it follows that the formula y** defines the partial fixed
point of y on all structures of cardinality |A| < p. Finally, note that

xto € FOx, . u
Corollary 6.14. FOox, (PFP) has the Karp property.

In some cases the closure ordinal of a least fixed point is independent
of the size of the structure.

Lemma 6.15. Let ¢(R, X, y) be an existential first-order formula where
R occurs only positively. On every structure U the least fixed point [1fp Rx :
¢(R, x, )] is reached after at most w steps.

Proof. The corresponding function f, : £(A)" — P(A)" is continuous
since f,(R) = U{ fo(Ro) | Ro S R finite } . Hence, the claim follows
from Lemma A3.3.12 (¢). ]

In Chapter E1 we will study saturated structures. One of their many
properties is the fact that, for such structures, the preceding lemma holds
for all first-order formulae, not only for existential ones.

Definition 6.16. A structure 2 is R,-saturated it U realises every type
p e S'(U) where U ¢ A is finite.

Lemma 6.17. Let ¢(R, x) be a first-order formula where R occurs only
positively and let A be an R, -saturated structure. The least fixed point of ¢
on A is reached after at most w steps.
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Proof. Let F be the fixed-point induction of ¢ on 2. If we can show that

p(F(w))" = U o(F(n))"

n<w

then it follows that

Flw+1) = <p(F(w))9[ = |JF(n+1)=F(w),

n<w

as desired. Note that each set F(n) with n < w is definable by the n-th
approximation of ¢.

For the induction below we prove a slightly more general statement.
We consider formulae ¢(R, x) where the relation R occurs only pos-
itively, but where we do not require the arity of R to be equal to the
number of variables x. With every such formula ¢(R, X) we associate
the function

fo(R)={acA|Ar¢(Ra)},

and we prove by induction on ¢ that

ffp(Un<w Rn) = U f@(Rn) ’

n<w

for every increasing sequence (R, ) <, of FO-definable relations.
Wlo.g. we may assume that ¢ is in negation normal form. As ¢ is
monotone in R we have

fo(Ry) € fo(U,Ry), foralln<w.

This implies that

Unf‘P(Rﬂ) gf<p(Un Rn) .

Hence, we only need to prove the converse inclusion.
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First, suppose that ¢ is atomic. If R does not occur in ¢ then there is
nothing to do. Hence, assume that ¢ = R¢, ... t,,_,. Then we have

a e fo(UnRy)
= (to(a),....tm(a)) e U, Ry
= (to(a),...,tm—(a))eR,, forsomen< w

= aelJ,fo(Rn).

If ¢ is the negation of an atom the proof is analogous.
For ¢ = w A d or ¢ = v Vv I the claim follows immediately from

inductive hypothesis.
Suppose that ¢ = Iyy(R, x, y). Then we have
acfy (Un Rn)
= abef,(U,R,), forsomebeA

Y

abelJ, fy(Ry), forsomebeA
= aelJ fo(Ry).

Finally, we consider the case that ¢ = V yy(R, %, y). For a contradic-
tion, suppose that there is some tuple

a Eng(Un Ry) N Uf(p(Rn)

Since U # Yyw(R,, a, b) we can find elements b, € A such that
9/[ "_/'E I,U(Rn) da bﬂ) .
Let 9,/(2) be the formula defining R,,. We define

0= {~y(9may) [n<w},

where y(9,, %, y) is the formula obtained from y by replacing every
atom Rt by 9,,(%). Since Ry € R, for k < n, we have 9 = 9,,. As v is
monotone in R it follows that

-v(9,,a,y) E-y(9%,a,y), forallk<n.
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Therefore, every finite subset of @ is satisfiable. Hence, @ is a partial
type over a. Since ¥ is R, -saturated we can find some element b, € A
realising @. Consequently, we have

ab. ¢, fy(Rn) = fy(Un Ry).

Hence, A £ 3y-y (U, R4, @, y) which implies that a ¢ f,(U, R,). Con-
tradiction. [

Theorem 6.18 (Barwise, Moschovakis). Suppose that K is a pseudo-ele-
mentary class and ¢(R, %) a first-order formula. The following statements
are equivalent:

(1) There exists a formula w(x) € FO such that
A Vi[y(x) < [fpRx: ¢](x)], forallAek.

(2) Forevery U € IC, there exists a formula w(x) € FO such that
A Vi|y(x) < [fpRi: ](x)].

(3) On every AU € IC the least fixed-point of ¢ is reached after finitely
many steps.

(4) There is a contant n < w such that, on each AU € K the least fixed-
point of ¢ is reached after at most n steps.

Proof. Let K be a class such that K = pry(K") and fix a first-order
theory T axiomatising KC*. Let ¢" be the n-th approximation of ¢.

(4) = (1) If, on every structure of X, the fixed point is reached after at
most n steps then we have

A= ¢"(a) < [fpRx:¢](a), foralldeandallacA.

Hence, we can set y := ¢".
(1) = (2) is trivial.
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(2) = (3) For a contradiction, suppose that on some structure A € "
the fixed point of ¢ is not reached in finitely many steps. Fix some R,-
saturated elementary extension B > 2. Since

Ay = I%[¢" (%) A —9"(%)], foralln<w,

it follows that, on the structure B, the fixed point is also not reached in
finitely many steps. By assumption there is a first-order formula y(x)
defining the fixed point on B. Hence,

By = Ix[y(x) A-9"(x)], foralln<w.

As B is R, -saturated we can find some tuple b € B such that

Bz =y(b) A N\ 9" ().

n<w

Note that B € K*. Hence, y° is the fixed point of ¢. Since the tuple b
enters the fixed point at an infinite stage it follows that the fixed point
is not reached in w steps. (Note that no tuple enters the fixed point at
stage w.) This contradicts Lemma 6.17.

(3) = (4) For a contradiction, suppose that, for each n < w, there is a
structure 2, € K" such that on ¥, the fixed-point of ¢ is reached after
more than # steps. Setting

9, = 3x[p"" (%) A ~9" ()]
we have
Q[n|z = 971 .

It follows that T # —9,, forall n < w. Let ©® := { 9, | n < w }. The theory
T u O is consistent since, for every finite subset ®, ¢ ©, we can find
some # such that U, |s £ T U ©,. Let B be a model of T U . It follows
that on B the fixed-point of ¢ is not reached after finitely many steps.
Contradiction. ]
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As an example of the expressive power of fixed-point logics we con-
sider linear orders.

Lemma 6.19. There exists a formula ¢(x, y,z) € FO3(LFP)[<] such that,
for every infinite cardinal x, ¢ defines in the structure (x, <) a bijection
KX K = K.

Proof. We have shown in the proof of Theorem a4.3.8 that the formula

W (XoXy, Yoy1) = [(%0 < Yo VX0 < y1) A (%1 < Yo V X1 < p1)]
[X0 < Yo AXy = Y1 A Yo < 1]
[X0 < Yo AXi = Yo A Y1 < Vol
[X0 = Yo AXy < Y1 A Yy < Vo]

< < <

defines a linear order on « x x of order type «. The fixed-point formula

o(x,y,2) =
[1fp Ruou,w : (Yvovy,.w(v,4))(Iw'.w < w)Rvw'
A (YW W <w)Bvovw(v,a))Rvw'](x, ¥, 2) .

defines the corresponding bijection. ]

Exercise 6.1. Let N = (N, <). Construct FO(LFP)-formulae ¢, (x, y, z)
and ¢.(x, y, z) defining addition and multiplication on 9.

To facilitate the investigation of model theoretic properties of fixed
point logics we reduce them to a simpler logic, the extension of first-order
logic by well-ordering quantifiers.

Lemma 6.20. FOyx, (LEP) =, FOxx, (WO).

Proof. We have seen in the example above that, for every FO, (LFP)-
formula ¢(x, y,Z), we can construct a formula y(Z) € FO,x, (LFP) ex-
pressing that ¢ defines a well-order. Hence, FO,x, (W0) < FOyx, (LEP).
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6. Fixed-point logics

For the converse, let ¢ € FO,x_ (LEP). For every subformula v of ¢, we
introduce a new relation symbol Ry, and we construct a set of sentences @
such that

Ri =y, for every model A = .

The construction of @ proceeds by induction on ¢. For atomic subfor-
mulae y, we add the formula

Vx(Ryx < y(x))

to @. For the inductive step we use the same formulae as in the proof of
Chang’s Reduction (Lemma c1.4.12), e.g., for conjuctions we use

Vi(Rpwx < N\ Ryx).
ye¥

The only nontrivial case is the case that y = [lfp Px : 9](x) is a fixed-
point formula.

Let < be a new binary relation symbol, s a new unary function symbol,
and o a new constant symbol. We add to @ the sentences

Vu(u=ovo<u)

Vu(u <su A=Fv(u<vAv<su))
Wuv(u <v)

which express that < is a well-order of the universe, s is the successor
function, and o is the minimal element. Furthermore, we add the formu-
lae

Vx(-S,0%)

VuVi(Sysux < y[P/Syul),

VuVa’c[Vv(sv *u) > (Spux < Iv(v <un S(Pw'c))],

Vi(Ryx <> JuS,ux),
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which express that S, = { (&, a) | @ € F(a) }. Finally, we need the
formula

JuVi(Sysux <> S,ux),

which expresses that the fixed point is actually reached. For the cor-
rectness of this construction note that the closure ordinal « of every
FOoox, (LFP)-induction on a structure U is less than |A|*". Hence, we can
really choose an ordering < of A of order type «. ]

For partial fixed points we have an analogous result where the project-
ive reduction is replaced by a relativised reduct.

Lemma 6.21. FOyx, (PFP) =1, FOyx, (WO).

Proof. We can basically use the same construction as in the proof of
Lemma 6.20. The only difference is that the closure ordinal for partial
fixed points is not bounded by the size of the structure. Therefore, we
cannot choose a sufficiently long well-ordering of the universe. Instead,
we add a new sort w to the given structure & and we choose the do-
main A,, large enough to contain a well-ordering < of length (2//)*,
After performing the same construction as above in the larger structure
we can take a relativised reduct to obtain the original structure . [

Using this reduction we can use the Lowenheim-Skolem theorem for
FOyx, (W0) to derive a corresponding theorem for FO,x_ (PFP).

Theorem 6.22. Let A € FOL{ (PFP)[X], for a regular cardinal «, and set
u:=|2| @Al &k wherex :==sup{A|A<x}.

For each 2-structure U, every subset X ¢ A, and all cardinals A with
|X| @ pu < A < |A| there exists a A-substructure B <, A of size |B| = A
with X € B.

Proof. This follows immediately by Theorem c2.3.10 and Lemma 6.21.

]
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We conclude this section with a proof that the logics FO,x, (LFP) and
FOyx, (IFP) have the same expressive power.

Definition 6.23. Let A be a structure, (R, X) an FOoox, (IFP)-formula,
and F the fixed-point induction of [ifp Rx : ¢].

(a) The inductive fixed-point rank rk,(a) of a tuple a € [ifp Rx : ¢]*
is the ordinal & such that @ € F(a +1) \ F(a). For a ¢ [ifp R% : ¢]*, we
set tky (d) := oo.

(b) The stage comparison relation <, of ¢ is defined by

a<,b iff  rk,(a) <rk,(b).

Lemma 6.24. Let ¢(P, x) be an FOx, (IFP)-formula. The stage compar-
ison relation <, for [ifp Px : @] is FOyx, (IFP)-definable.

Proof. Let $(x,z) be the formula obtained from Px v ¢(P, x) by repla-
cing every atom of the form Pt by the formula Rz. We claim that <, is
defined by the formula where

[ifp Rxj : ¢(%, %) A =p(7, %) [ (7).

Let (R%), be the fixed-point induction of this formula. A straightforward
induction on « shows that

(a,bye R* iff d<,band rk,(a)<a.
Hence, the result follows. ]

Proposition 6.25. Let ¢(P, x) be an FOx_ (LFP)-formula. The stage com-
parison relation <, for [ifp PX : @] is FOyx, (LFP)-definable.

Proof. By ¢[Pz/w(z)/9(2)] we denote the formula obtained from the
formula Px v ¢(P, x) by replacing every atom of the form Pt by

o (1), if this atom occurs positively in ¢,

+ 9(1), if it occurs negatively in ¢.
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As in the proof of the preceding lemma we would like to compute <, by
the formula

[Ifp R%j : [ Pz/Rzx/Rz%](%) A ~9[PZ/Rz%/R2%](7)](%7) .
Unfortunately, this does not work since we can use R only positively
in ¢ and only negatively in —¢. Instead, we construct another formula y

computing <, that we can substitute for R at those places where we
cannot use it. Again the obvious definition

y(x,j) = [Up Sxj: o[Pz/Szx/Sz%] (%)
A -g[Pz[S2%[S2%)(7) [(%7)
does not work. But, since v is used in the above formula at those places
where R occurs negatively we can use R inside of v provided its occur-

rence is also negative. These considerations lead to following attempt to
define <, :

[Ifp Rxj : [ Pz/Rzx [y(z,%)](%)A
A -¢[Pz[y(z %) [Rzx](7) | (%7)
where y(x, ) is the formula
Ifp Sxj : [ Pz/Sz%/Rz%](%) A —[PZ/Rzx/Szx](7)](%7) .

This definition is still not correct but we can repair it as follows. We claim
that <, is defined by the formula [Ifp Rxy : x](xj) where

X(%,7) := [PZ[Rzx[y(2, %)](%)
A -9[Pz[y(z, %) /Rzx](y)
AVZ(y(2, ) > Rz),
y(x, ) = ifp Sxy: 9](xy),
9(%,7) := ¢[Pz/Szx|Rzx](%)
A -¢[Pz/Rzx/Sz% A S27](7)
A (V2.Rz%)(Szx A S27).
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First, note that [Ifp Rxy : y] € FO(LFP) since S occurs only positively
in 9 and R occurs only negatively in y. Let (P%*), be the fixed-point
induction of [ifp Px : ¢]. For « € On, define

R*:={(a,b)|a<, band rky(a) <a}.
We will show that the sequence (R%),, is the fixed-point induction of .

Claim. Let (SF)s be the fixed-point induction of y where R is interpreted
by R%, and set S*° := Upg SP.

(a) For B < a, we have
(a,byeSF iff a<,bandrk,(a)<p.

(b) For all tuples b with rank rkq)(l_?) > «, there exist a tuple a with
rky (@) = a such that (a,b) € S=.

(c) IfR*** = R” then S*° = R“.
(d) Ifrk,(a) < a or rky(b) < a then we have

(a,byeS® iff a<,b.

(a) We prove the claim by induction on 8. The case that § = o is trivial
and the limit step follows immediately from the inductive hypothesis.
For the successor step, note that

(a,b) e P iff (A, R*, SP) = 9(a,b).

First, suppose that y := rk, (@) < . By inductive hypothesis, it follows
that

(¢,a)eSF iff ca,a iff ceP.
Since B < « we further have that

(¢,a)eR* iff ¢<,a iff ceP.
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Consequently, A = ¢(P?, a) implies that
(A, R*, $P) = ¢[Pz/Sza/Rza](a).

If rk, (@) < rk,(b) then, by inductive hypothesis, (¢, a) € S implies
(¢,b) € S. Since f < a it follows that we have (¢, @) € SP iff (¢, a) € R®.
Consequently, there is no tuple ¢ such that

(A, R%, SP) = Réa A ~(Séa n Séb) .
Finally, we have
(A, R*, $P) v o[ Pz/Rza/Sza A Szb](D)

since, otherwise, rk, (b) < rky(a). It follows that (a, b) e SP*,

Next, consider the case that rk,, (@) > rk, (). By inductive hypothesis,
Sca A Scb is equivalent to Scb. Consequently, choosing ¢ := b we can
find a tuple ¢ with

(A, R%, SP) = Réa A ~(Séa n Scb) .

Hence, (4, b) ¢ Sh+1, ]
Finally, suppose that rk, (@) = rk,(b). Then

(A, R%, SP) = 9[Pz/Rza/Sza A Szb](b)

and (a, b) ¢ SP*.

It remains to consider the case that rk, (@) > f. By inductive hypo-
thesis, we have (¢, a) € SP iff rk(¢) < f. Since & ¥ (PP, @) it follows
that

(U, SP) v o[ Pz,S2a,Sza](a).
Note that

(¢,a) €SP implies (¢, a) e RY.
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Since P” occurs only negatively in ¢[ PZ/P'z/P"z] it therefore follows
that

(A, R, SP) v @[ Pz/Sza/Rza](a).

(b) By (a), we have §* = R%. Let rk,(d) < a. Then @ € P*™* implies
that

(A, R, S%) = ¢[Pz/Sza/Rza](a).

If tk, (b) > rky(a) then Sca A Scb is equivalent to Séa and, hence,

to Rca. Consequently, it follows in this case that

(Y, R%, $*) & —~@[Pz, Rzb, Sza A Szb](b)
iff 1k, (b) >rk,(a).

If, on the other hand, rk,(b) < rky(a) then rk,(b) < a and setting
¢ := b we obtain a tuple such that

(A, R%, $%) = Réa A —(Séa A Séb) .

Consequently, (2, R*, S*) & 9(a, b).
Finally, suppose that rk, (a) > a. Then

(9, R®, %) 1 o[ PZ/Sza/Rza](a)

since (¢, a) € S iff rky (¢) < a and (¢, a) € R¥ iff rky (¢) < a.

It follows that S*** contains all pairs (d, b) with rk,(d) < « and
rky (@) < rky(b). If rky(b) > « then there exists some tuple 4 with
rk, (@) = a and it follows that (4, b) € S***.

(c) If R*™ = R* then there are no tuples 4 with rk,(a) = a. By (b) it
follows that S*** = §*. Consequently, S* = S*°.

(d) If R*™ = R* then the claim follows from (c). Hence, we may as-
sume that R ¢ R*"". We show that, for every y > a, if rk,, (a), rk, (b) <
« then (a,b) € S*™" implies (a, b) € S**'. Suppose otherwise and let
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y be the minimal ordinal such that there exists a counterexample. Then
we obtain a contradiction as in the proof of (a).

It remains to show that there are no tuples with rk,(d) > « and
rk,(b) < a such that (a, b) € SP**, for some B > . Suppose otherwise

and let 8 be the minimal ordinal such that there exists a counterexample
(@,b) € SP™*. Then

(A, R*, SPY = 9(a, b).

Since rk, (d) > &, we have (¢, a) € R* iff tk, (¢) < a. By minimality of 3,
it follows that we have

(A, R%, SPY e Scansch iff 1k, (&) <1k, (D).
If rk, (b) < a then setting ¢ := b we obtain a tuple ¢ such that
(A, R%, SP) = Réa A ~(Séa n Scb) .

Consequently, (2, R*, SPY 1 9(a, b). Contradiction.
Similarly, if rk, (b) = & then

(A, R*, SP) = @[ Pz/Rza/Sza A Szb](b),

and again (2, R%, SP) # 9(a, b). This contradiction concludes the proof
of the claim.

To finish the proof of the lemma we still have to show that (R%), is the
fixed-point induction of y. We prove this statement by induction on «.
For a = o and for limit ordinals the proof is trivial. For the successor
step we show that

(A, R*)E x(a,b) iff d<,bandrk,(a)<a.

First, we consider the case that rk, (@) < a. Then we have (¢, a) € R*
iff ¢ <, a. By statement (d) above, it follows that (¢, a) € R* iff y/(¢, a).
Consequently, we have

(%L R%) = 9[Pz[Rza[y(z, a)](a)
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and every tuple ¢ satisfies y(¢, a) - R*¢a. Since
(%, R*) = —¢[Pz/y(2,a)/Rza](b)

it follows that

(W, R*)E x(a,b) iff da<,b.

It remains to consider the case that rk, (d) > «. Then we have (¢, a) €
R¥iff rky(¢) < a. If P* = P*™* then, by statement (c) above, it follows
that y(x, y) defines R* and

(%L R) i o[ Pz/Rzaly(2, a)](a).

Hence, (%, R*) # x(a, b).
If, on the other hand, P* c P*"* then, by (b), there is a tuple ¢ <, a
with 1k, (¢) = a. Consequently,

(A, R*) ¥ Vz(y(z,a) - Rza). ]
Theorem 6.26 (Gurevich, Kreutzer, Shelah). FO,w, (LFP) = FO,x, (IFP).

Proof. Let [ifp Rx : ¢] be an FOyx, (IFP)-formula. By induction we may
assume that ¢ € FO,x, (LFP). By Proposition 6.25, there is an FOx, (LFP)-
formula defining the stage comparison relation <. Note that we have

ifp f = f(dom <) udom<y, for every function f .
Hence, it follows that
[ifp Rx : @] (%) = 9[R2/3J(2 14 ¥)](X),

where ¢[Rz/9(Z)] denotes the formula obtained from Rx v ¢(R, ) by
replacing every atom of the form Rf by the formula 9(#). ]
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[f]# alternating-path
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s*t componentwise
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Ty projection along a link, 276
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280
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Ind(C) inductive completion, 292

O loop category, 313

af cardinality in an accessible
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m® direct power, 405
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Paa Hintikka formula, 586

EF,(%,d,3B,b)
Ehrenfeucht-Fraissé
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loc(y/)
loc (/)

right locality cardinal of \/,
1109

finitary right locality
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1110

fc(v/)  length of \/-forking chains,
1111

(SFIN) Strong Finite Character, 1111
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equivalence, 1168
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Ev((ai)ier) eventual type, 1199
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cofinal type, 1194
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Theorem, 1253
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abelian group, 385

abstract elementary class, 995
abstract independence relation, 1084
k-accessible category, 329
accumulation, 12

accumulation point, 364

action, 390

acyclic, 519

addition of cardinals, 116
addition of ordinals, 89

adjoint functors, 234

affine geometry, 1037

aleph, 115

algebraic, 149, 815

algebraic class, 996

algebraic closure, 815

algebraic closure operator, 51
algebraic diagram, 499

algebraic elements, 418

algebraic field extensions, 418
algebraic logic, 487

algebraic prime model, 694
algebraically closed, 815
algebraically closed field, 418, 710
algebraically independent, 418
almost strongly minimal theory, 1056
alternating path in a category, 271
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alternating-path equivalence, 272

¢-alternation number, 1153

alternation rank of a formula, 1153

amalgamation class, 1005

amalgamation property, 910, 1004

amalgamation square, 652

Amalgamation Theorem, 521

antisymmetric, 40

arity, 28, 29, 149

array, 1221

array property, 1221

array-dividing, 1227

associative, 31

asynchronous product, 752

atom, 445
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atomic diagram, 499

atomic structure, 855

atomic type, 917

atomless, 215
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automorphism group, 386

average type, 943

average type of an
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average type of an indiscernible
system, 949
average type of an ultrafilter, 1105
Axiom of Choice, 109, 458
Axiom of Creation, 19, 458
Axiom of Extensionality, 5, 458
Axiom of Infinity, 24, 458
Axiom of Replacement, 132, 458
Axiom of Separation, 10, 458
axiom system, 454
axiomatisable, 454
axiomatise, 454

back-and-forth property, 578, 893
back-and-forth system, 578
Baire, property of —, 363
ball, 342

/-base, 1228

base monotonicity, 1084

base of a partial morphism, 894
base projection, 894

base, closed —, 344

base, open —, 344

bases for a stratification, 1336
basic Horn formula, 735
basis, 110, 1034, 1037

beth, 126

Beth property, 648, 822
bidefinable, 885
biindiscernible family, 1219
biinterpretable, 891

bijective, 31

boolean algebra, 198, 455, 490
boolean closed, 490

boolean lattice, 198

boolean logic, 444, 462
bound variable, 450
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bounded linear order, 583
bounded logic, 618

box, 758

branch, 189

branching degree, 191
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canonical definition, 831
weak —, 847
canonical diagram, 337
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weak —, 846
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Cantor normal form, 100

Cantor-Bendixson rank, 365, 377
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cardinality, 113, 329
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cell decomposition, 775
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chain-bounded formula, 1168

Chang’s reduction, 532

character, 105

characteristic, 710

characteristic of a field, 413

choice function, 106

Choice, Axiom of —, 109, 458

class, 9, 54
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=-closed, 512

closed base, 344

closed function, 346
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closed set, 51, 53, 341
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1307

closed unbounded set, 135

closed under relativisations, 614

closed under substitutions, 614

closure operator, 51, 110

closure ordinal, 81

closure space, 53

closure under reverse ultrapowers, 734

closure, topological —, 343

co-chain-bounded relation, 1172

cocone, 253

cocone functor, 258
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codomain projection, 894

coeflicient, 398

cofinal, 123

cofinality, 123
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colimit, 253

comma category, 170

commutative, 385

commutative ring, 397

commuting diagram, 164

comorphism of logics, 478

compact, 352, 613

compact, countably —, 613

Compactness Theorem, 515, 531

compactness theorem, 718

compatible, 473

complement, 198

complete, 462

k-complete, 598

complete partial order, 43, 50, 53

complete type, 527

completion of a diagram, 306

(A, k)-completion of a diagram, 307

(A, x)-completion of a partial order,
300

composition, 30

composition of links, 275

concatenation, 187

condition of filters, 721

cone, 257

confluence property, 1197

confluent family of sequences, 1197

congruence relation, 176

conjugacy class, 391

conjugate, 817

conjugation, 391

conjunction, 445, 490

conjunctive normal form, 467

connected category, 271

connected, definably —, 761

consequence, 460, 488, 521
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consistence of filters with conditions,
721

consistency over a family, 1221

consistent, 454

constant, 29, 149

constructible set, 869

\/-constructible set, 1306

construction, 869

\/-construction, 1306

continuous, 46, 133, 346

contradictory formulae, 627

contravariant, 168

convex equivalence relation, 1164

coset, 386

countable, 110, 115

countably compact, 613

covariant, 167

cover, 352

Creation, Axiom of —, 19, 458

cumulative hierarchy, 18

cut, 22

deciding a condition, 721
definability of independence relations,
1097
definable, 815
definable expansion, 473
definable orthogonality, 1329
definable Skolem function, 842
definable structure, 885
definable type, 570, 1098
definable with parameters, 759
definably connected, 761
defining a set, 447
definition of a type, 570
definitional closed, 815
definitional closure, 815

1366

degree of a polynomial, 399
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dense linear order, 600
k-dense linear order, 600
dense order, 454

dense set, 361

dense sets in directed orders, 246
dense subcategory, 281
dependence relation, 1031
dependent, 1031

dependent set, 110
derivation, 398

diagonal functor, 253
diagonal intersection, 137
diagram, 251, 256
L-diagram, 499

Diagram Lemma, 499, 634
difference, 11

dimension, 1037
dimension function, 1038
dimension of a cell, 773
dimension of a vector space, 409
direct limit, 252

direct power, 405

direct product, 239

direct sum of modules, 405
directed, 246

directed colimit, 251
directed diagram, 251
k-directed diagram, 251
directed limit, 256
discontinuum, 351

discrete linear order, 583
discrete topology, 342
disintegrated matroid, 1044
disjoint union, 38
disjunction, 445, 490



disjunctive normal form, 467
distributive, 198

dividing, 1125

dividing chain, 1136

dividing x-tree, 1144
divisible closure, 706
divisible group, 705

domain, 28, 151

domain of a partial morphism, 894
domain projection, 894
dp-rank, 1211

dual categories, 172

Ehrenfeucht-Fraissé game, 589, 592
Ehrenfeucht-Mostowski functor, 986,
1002

Ehrenfeucht-Mostowski model, 986
element of a set, 5
elementary diagram, 499
elementary embedding, 493, 498
elementary extension, 498
elementary map, 493
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elimination

uniform — of imaginaries, 840
elimination of finite imaginaries, 853
elimination of imaginaries, 841
elimination set, 690
embedding, 44, 156, 494
A-embedding, 493
KC-embedding, 995
elementary —, 493
embedding of a tree into a lattice, 222
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equivalence formula, 826
equivalence of categories, 172
equivalence relation, 54, 455
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a-equivalent, 577, 592
equivalent categories, 172
equivalent formulae, 460
Erdds-Rado theorem, 928
Euklidean norm, 341

even, 922

exchange property, 110
existential, 494

existential closure, 699
existential quantifier, 445
existentially closed, 699
expansion, 155, 998
expansion, definable —, 473
explicit definition, 648
exponentiation of cardinals, 116, 126
exponentiation of ordinals, 89
extension, 152, 1097
A-extension, 498

extension axiom, 918
\/-extension base, 1228
extension of fields, 414
extension, elementary —, 498
Extensionality, Axiom of —, 5, 458

factorisation, 180

Factorisation Lemma, 158
factorising through a cocone, 317
faithful functor, 167
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field, 397, 457, 498, 710 /-forking formula, 1103
field extension, 414 forking relation, 1097
field of a relation, 29 / -forking type, 1103
field of fractions, 411 formal power series, 398
field, real —, 426 formula, 444
field, real closed —, 429 forth property for partial morphisms,
filter, 203, 207, 530 895
k-filtered category, 285 foundation rank, 192
k-filtered colimit, 285 founded, 13
k-filtered diagram, 285 Fraissé limit, 912
final segment, 41 free algebra, 232
k-finitary set of partial isomorphisms, free extension of a type, 1103
598 \/-free extension of a type, 1103
finite, 115 free model, 739
finite character, 51, 105, 1084 free structures, 749
strong —, 1111 \/-free type, 1103
finite equivalence relation, 1164 free variables, 231, 450
finite intersection property, 211 full functor, 167
finite occurrence property, 613 full subcategory, 169
finite, being — over a set, 775 function, 29
finitely axiomatisable, 454 functional, 29, 149
finitely branching, 191 functor, 167
finitely generated, 154
finitely presentable, 317 Gaifman graph, 605
finitely satisfiable type, 1104 Gaifman, Theorem of —, 611
first-order interpretation, 446, 475 Galois base, 834
first-order logic, 445 Galois saturated structure, 1011
fixed point, 48, 81, 133, 657 Galois stable, 1011
fixed-point induction, 77 Galois type, 997
fixed-point rank, 675 game, 79
Fodor generalised product, 751
Theorem of —, 139 k-generated, 255, 965
follow, 460 generated substructure, 153
forcing, 721 generated, finitely —, 154
forgetful functor, 168, 234 generating, 41
forking chain, 1136 generating a sequence by a type, 1158
\/-forking chain, 1110 generating an ideal, 400
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geometric dimension function, 1038
geometric independence relation, 1084
geometry, 1036

global type, 1114

graduated theory, 698, 783

graph, 39

greatest element, 42

greatest fixed point, 657

greatest lower bound, 42

greatest partial fixed point, 658
group, 34, 385, 456

group action, 390

group, ordered —, 705

guard, 447

Hanf number, 618, 637, 1003
Hanf’s Theorem, 606
Hausdorftf space, 351

having x-directed colimits, 253
height, 190

height in a lattice, 215
Henkin property, 858
Henkin set, 858

Herbrand model, 511, 858
hereditary, 12

k-hereditary, 910, 965
hereditary finite, 7

Hintikka formula, 586, 587
Hintikka set, 513, 858, 859
history, 15

hom-functor, 258
homeomorphism, 346
homogeneous, 787, 925
~-homogeneous, 931
k-homogeneous, 604, 787
homogeneous matroid, 1044
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homomorphic image, 156, 744
homomorphism, 156, 494
Homomorphism Theorem, 183
homotopic interpretations, 890
honest definition, 1157

Horn formula, 735

ideal, 203, 207, 400
idempotent link, 313
idempotent morphism, 313
identity, 163
image, 31
imaginaries

uniform elimination of —, 840
imaginaries, elimination of —, 841
imaginary elements, 826
implication, 447
implicit definition, 647
inclusion functor, 169
inclusion link, 276
inclusion morphism, 491
inconsistent, 454
k-inconsistent, 1125
increasing, 44
independence property, 952
independence relation, 1084
independence relation of a matroid,
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Independence Theorem, 1253
independent, 1031
V/ -independent family, 1289
independent set, 110, 1037
index map of a link, 275
index of a subgroup, 386
indiscernible sequence, 941
indiscernible system, 949, 1337
induced substructure, 152
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inductive completion, 291 inverse reduct, 975

inductive completion of a category, irreducible polynomial, 416
280 irreflexive, 40

inductive fixed point, 81, 657, 658 /-isolated, 1297

inductively ordered, 81, 105 isolated point, 364

infimum, 42, 195 isolated type, 855, 1098

infinitary first-order logic, 445 isolation relation, 1297

infinitary second-order logic, 483 isomorphic, 44

infinite, 115 a-isomorphic, 581, 592

Infinity, Axiom of —, 24, 458 isomorphic copy, 744

inflationary, 81 isomorphism, 44, 156, 165, 172, 494

inflationary fixed-point logic, 664 isomorphism, partial —, 577

initial object, 166

initial segment, 41 joint embedding property, 1005

injective, 31 k-joint embedding property, 910

k-injective structure, 1008 Jonsson class, 1005

inner vertex, 189

insertion, 39 Karp property, 613

inspired by, 950 kernel, 157

integral domain, 411, 713 kernel of a ring homomorphism, 402

interior, 343, 758

interpolant, 653 label, 227

interpolation closure, 648 large subsets, 825

interpolation property, 646 Lascar invariant type, 1178

A-interpolation property, 646 Lascar strong type, 1168

interpretation, 444, 446, 475 lattice, 195, 455, 490

intersection, 11 leaf, 189

intersection number, 1164 least element, 42

interval, 757 least fixed point, 657

invariance, 1097 least fixed-point logic, 664

invariant class, 1256 least partial fixed point, 658

invariant over a subset, 1325 least upper bound, 42

U-invariant relation, 1172 left extension, 1228

invariant type, 1098 left ideal, 400

inverse, 30, 165 left local, 1109

inverse diagram, 256 left reflexivity, 1084
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left restriction, 31

left transitivity, 1084
left-narrow, 57

length, 187

level, 190

level embedding function, 931
levels of a tuple, 931
lexicographic order, 187, 1024
lifting functions, 655

limit, 59, 257

limit stage, 19

limiting cocone, 253

limiting cone, 257
Lindenbaum algebra, 489
Lindenbaum functor, 488
Lindstrom quantifier, 482
linear independence, 406
linear matroid, 1037

linear order, 40

linear representation, 687
link between diagrams, 275
literal, 445

local, 608

local character, 1109

local enumeration, 772
k-local functor, 965

local independence relation, 1109
localisation morphism, 491
localisation of a logic, 491
locality, 1109

locality cardinal, 1306

locally compact, 352

locally finite matroid, 1044
locally modular matroid, 1044
logic, 444

logical system, 485

Lo§ theorem, 715

Index

Lo$-Tarski Theorem, 686

Lowenheim number, 618, 637, 641, 995

Lowenheim-Skolem property, 613

Lowenheim-Skolem-Tarski Theorem,
520

lower bound, 42

lower fixed-point induction, 658

map, 29

A-map, 493

map, elementary —, 493

mapping, 29

matroid, 1036

maximal element, 42

maximal ideal, 411

maximal ideal/filter, 203

maximally ¢-alternating sequence,
1153

meagre, 362

membership relation, 5

minimal, 13, 57

minimal element, 42

minimal polynomial, 419

minimal rank and degree, 224

minimal set, 1049

model, 444

model companion, 699

model of a presentation, 739

model-complete, 699

x-model-homogeneous structure,
1008

modular, 198

modular lattice, 216

modular law, 218

modular matroid, 1044

modularity, 1094

module, 403
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monadic second-order logic, 483 omitting a type, 528
monoid, 31, 189, 385 omitting types, 532
monomorphism, 165 open base, 344
monotone, 758 open cover, 352
monotonicity, 1084 open dense order, 455
monster model, 825 open interval, 757
Morley degree, 1075 Open Mapping Theorem, 1276
Morley rank, 1073 open set, 341

Morley sequence, 1118 open subbase, 345
Morley-free extension of a type, 1076 ~ opposite category, 166
morphism, 162 opposite functor, 168
morphism of logics, 478 opposite lattice, 204
morphism of matroids, 1044 opposite order, 40

morphism of partial morphisms, 894  orbit, 390
morphism of permutation groups, 885 order, 454

multiplication of cardinals, 116 order property, 567
multiplication of ordinals, 89 order topology, 349, 758
multiplicity of a type, 1279 order type, 64, 941
mutually indiscernible sequences, orderable ring, 426
1206 ordered group, 705
ordered pair, 27
natural isomorphism, 172 ordered ring, 425
natural transformation, 172 ordinal, 64
negation, 445, 489 ordinal addition, 89
negation normal form, 469 ordinal exponentiation, 89
negative occurrence, 664 ordinal multiplication, 89
neighbourhood, 341 ordinal, von Neumann —, 69
neutral element, 31
node, 189 pair, 27
normal subgroup, 387 parameter equivalence, 831
normality, 1084 parameter-definable, 759
nowhere dense, 362 partial fixed point, 658
partial fixed-point logic, 664
o-minimal, 760, 956 partial function, 29
object, 162 partial isomorphism, 577
occurrence number, 618 partial isomorphism modulo a filter,
oligomorphic, 390, 877 727
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partial morphism, 894

partial order, 40, 454

partial order, strict —, 40
partition, 55, 220

partition degree, 224

partition rank, 220
partitioning a relation, 775
path, 189

path, alternating — in a category, 271
Peano Axioms, 484

pinning down, 618

point, 341

polynomial, 399

polynomial function, 416
polynomial ring, 399

positive existential, 494
positive occurrence, 664
positive primitive, 735

power set, 21

predicate, 28

predicate logic, 444

prefix, 187

prefix order, 187

preforking relation, 1097
prelattice, 207

prenex normal form, 469
preorder, 206, 488
k-presentable, 317
presentation, 739

preservation by a function, 493
preservation in products, 734
preservation in substructures, 496
preservation in unions of chains, 497
preserving a property, 168, 262
preserving fixed points, 655
\/-K-prime, 1314

prime field, 413

Index

prime ideal, 207, 402
prime model, 868
prime model, algebraic, 694
primitive formula, 699
principal ideal/filter, 203
Principle of Transfinite Recursion, 75,
133
product, 27, 37, 744
product of categories, 170
product of linear orders, 86
product topology, 357
product, direct —, 239
product, generalised —, 751
product, reduced —, 242
product, subdirect —, 240
projection, 37, 636
projection along a functor, 260
projection along a link, 276
projection functor, 170
projective class, 636
projective geometry, 1043
projectively reducible, 637
projectively x-saturated, 804
proper, 203
property of Baire, 363
pseudo-elementary, 636
pseudo-saturated, 807

quantifier elimination, 690, 711
quantifier rank, 452
quantifier-free, 453

quantifier-free formula, 494
quantifier-free representation, 1338
quasi-dividing, 1231

quasivariety, 743

quotient, 179
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Rado graph, 918

Ramsey’s theorem, 926

random graph, 918

random theory, 918

range, 29

rank, 73, 192

A-rank, 1073

rank, foundation -, 192

real closed field, 429, 710

real closure of a field, 429

real field, 426

realising a type, 528

reduced product, 242, 744
reduct, 155

p-reduct, 237

refinement of a partition, 1336
reflecting a property, 168, 262
reflexive, 40

regular, 125

regular filter, 717

regular logic, 614

relation, 28

relational, 149

relational variant of a structure, 976
relativisation, 474, 614
relativised projective class, 640
relativised projectively reducible, 641
relativised quantifiers, 447
relativised reduct, 640
Replacement, Axiom of —, 132, 458
replica functor, 979
representation, 1338

restriction, 30

restriction of a filter, 242
restriction of a Galois type, 1015
restriction of a logic, 491
restriction of a type, 560

1374

retract of a logic, 547
retraction, 165

retraction of logics, 546
reverse ultrapower, 734
right local, 1109

right shift, 1297

ring, 397, 457

ring, orderable —, 426
ring, ordered —, 425
root, 189

root of a polynomial, 416
Ryll-Nardzewski Theorem, 877

satisfaction, 444

satisfaction relation, 444, 446
satisfiable, 454

saturated, 793

k-saturated, 667, 793
\/-Kk-saturated, 1314

k-saturated, projectively —, 804
Scott height, 587

Scott sentence, 587
second-order logic, 483

section, 165

segment, 41

semantics functor, 485
semantics of first-order logic, 446
semi-strict homomorphism, 156
semilattice, 195

sentence, 450

separated formulae, 627
Separation, Axiom of —, 10, 458
sequence, 37

shifting a diagram, 313
signature, 149, 151, 235, 236
simple structure, 412

simple theory, 1135



simply closed, 694

singular, 125

size of a diagram, 251

skeleton of a category, 265
skew embedding, 938

skew field, 397

Skolem axiom, 505

Skolem expansion, 999
Skolem function, 505
definable —, 842

Skolem theory, 505
Skolemisation, 505

small subsets, 825

sort, 151

spanning, 1034

special model, 8oy
specification of a dividing chain, 1137
specification of a dividing x-tree, 1144
specification of a forking chain, 1137
spectrum, 370, 531, 534
spectrum of a ring, 402

spine, 981

splitting type, 1098

stabiliser, 391

stability spectrum, 1290
k-stable formula, 564

k-stable theory, 573

stably embedded set, 1156
stage, 15, 77

stage comparison relation, 675
stationary set, 138

stationary type, 1272

Stone space, 374, 531, 534
\/-stratification, 1306

strict homomorphism, 156
strict Horn formula, 735

strict A-map, 493

Index

strict order property, 958
strict partial order, 40

strictly increasing, 44

strictly monotone, 758

strong y-chain, 1017

strong y-limit, 1017

strong finite character, 1111
strong limit cardinal, 808
strong right boundedness, 1085
strongly homogeneous, 787
strongly x-homogeneous, 787
strongly independent, 1332
strongly local functor, 981
strongly minimal set, 1049
strongly minimal theory, 1056, 1149
structure, 149, 151, 237
subbase, closed —, 344
subbase, open —, 345
subcategory, 169

subcover, 352

subdirect product, 240
subdirectly irreducible, 240
subfield, 413

subformula, 450

subset, 5

subspace topology, 346
subspace, closure —, 346
substitution, 234, 465, 614
substructure, 152, 744, 965
A-substructure, 498
KC-substructure, 996
substructure, elementary —, 498
substructure, generated —, 153
substructure, induced —, 152
subterm, 228

subtree, 190

Successor, 59, 189
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successor stage, 19

sum of linear orders, 85

superset, 5

supersimple theory, 1294

superstable theory, 1294

supremum, 42, 195

surjective, 31

symbol, 149

symmetric, 40

symmetric group, 389

symmetric independence relation,
1084

syntax functor, 485

system of bases for a stratification,

1336

T,-space, 534

Tarski union property, 614
tautology, 454

term, 227

term algebra, 232

term domain, 227

term, value of a —, 231
term-reduced, 466
terminal object, 166
L-theory, 461

theory of a functor, 971
topological closure, 343, 758
topological closure operator, 51, 343
topological group, 394
topological space, 341
topology, 341

topology of the type space, 533
torsion element, 704
torsion-free, 705

total order, 40

totally disconnected, 351

1376

totally indiscernible sequence, 942

totally transcendental theory, 574

transcendence basis, 418

transcendence degree, 418

transcendental elements, 418

transcendental field extensions, 418

transfinite recursion, 75, 133

transitive, 12, 40

transitive action, 390

transitive closure, 55

transitive dependence relation, 1031

transitivity, left —, 1084

translation by a functor, 260

tree, 189

@-tree, 568

tree property, 1143

tree property of the second kind, 1221

tree-indiscernible, 950

trivial filter, 203

trivial ideal, 203

trivial topology, 342

tuple, 28

Tychonoft, Theorem of —, 359

type, 560

L-type, 527

E-type, 804

a-type, 528

s-type, 528

type of a function, 151

type of a relation, 151

type space, 533

type topology, 533

type, average —, 943

type, average — of an indiscernible
system, 949

type, complete —, 527

type, Lascar strong —, 1168



types of dense linear orders, 529

ultrafilter, 207, 530

k-ultrahomogeneous, 906

ultrapower, 243

ultraproduct, 243, 797

unbounded class, 1003

uncountable, 115

uniform dividing chain, 1137

uniform dividing x-tree, 1144

uniform elimination of imaginaries,
840

uniform forking chain, 1137

uniformly finite, being — over a set,
776

union, 21

union of a chain, 501, 688

union of a cocone, 293

union of a diagram, 292

unit of a ring, 411

universal, 494

k-universal, 793

universal quantifier, 445

universal structure, 1008

universe, 149, 151

unsatisfiable, 454

unstable, 564, 574

upper bound, 42

upper fixed-point induction, 658

valid, 454
value of a term, 231
variable, 236

Index

variable symbols, 445
variables, free —, 231, 450
variety, 743

Vaughtian pair, 1057
vector space, 403

vertex, 189

von Neumann ordinal, 69

weak y-chain, 1017

weak y-limit, 1017

weak canonical definition, 847

weak canonical parameter, 846

weak elimination of imaginaries, 847

weak homomorphic image, 156, 744

Weak Independence Theorem, 1252

weakly bounded independence
relation, 1189

weakly regular logic, 614

well-founded, 13, 57, 81, 109

well-order, 57, 109, 132, 598

well-ordering number, 618, 637

well-ordering quantifier, 482, 483

winning strategy, 590

word construction, 972, 977

Zariski logic, 443
Zariski topology, 342
zero-dimensional, 351
zero-divisor, 411
Zero-One Law, 922
ZFC, 457

Zorn’s Lemma, 110
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