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1 INTRODUCTION

We continue to develop the theory of recognisability for languages of infinite
trees that was introduced in [1]. The main result of [1] is a characterisation of
the regular languages of infinite trees via homomorphisms into suitable algeb-
ras. Historically, one of the main advantages of such algebraic characterisations
has been their suitability for deriving decision procedures for subclasses of reg-
ular languages. We hope that the theory developed in [1] will also be useful in
this respect. One of the prerequisites for obtaining decision procedures is that
the algebras one is dealing with are finitely representable. The main result of the
present article states that the algebras introduced in [1], called path-continuous
w-hyperclones, are, in fact, finitely representable.

*Work partially supported by DFG grant BL 1127/2-1.

As an application of this result, we present a new proof of Rabin’s Tree The-
orem, which states that the monadic second-order theory of the infinite com-
plete binary tree is decidable. The standard proof of this result is based on the
translation of monadic second-order formulae into tree automata. The required
automata-theoretic machinery in turn rests on two main results: (i) the posi-
tional determinacy of parity games and (ii) either a determinisation construction
for Biichi automata, or an analogous result for tree automata (see [3, 4]).

For Biichi’s Theorem - the corresponding result for the natural numbers with
successor relation - there exists, besides the usual automata-theoretic proof, an
alternative proof due to Shelah [5, 6]. It is purely combinatorial in nature and it
is based on Feferman-Vaught like composition arguments for monadic second-
order theories.

For a long time it has been an open problem to extend these results to the the-
ory of the binary tree. What was missing in order to transfer Shelah’s proof was a
suitable variant of Ramsey’s Theorem for trees. Such a theorem has recently been
provided by Colcombet [2]. In this article we use Colcombet’s result to prove that
our algebras have finite representations. This fact is then used to give an altern-
ative proof of Rabin’s theorem without references to automata or games.

The outline of the article is as follows. After recalling the definition of an w-
hyperclone in Section 2, we develop the combinatorial machinery needed to ob-
tain finite representations of w-hyperclones in Sections 3 and 4. Section 5 con-
tains a proof that w-hyperclones can be represented by so-called power-hyperclones]
which are finitely representable. As an application, we use this result to give an
alternative proof of Rabin’s Theorem in Section 6.

2 PRELIMINARIES

To fix notation, let [#n] := {o,...,n — 1}. The domain of a function f : A - B
is dom(f) = A and its range is rng(f) < B. We tacitly identify a tuple a =
(a0, ..., an—,) with the function i — a; and with the set {a,,...,a,_,} of its
components. We denote by w<“ the set of all finite sequences of natural numbers.
The empty sequence is (). We denote the prefix ordering on w<“ by <:

x<y iff y=xuforsomeuecw™.

We denote structures with fraktur letters 2(,B, €, . .. and their universes by the
corresponding Roman letters A, B, C, .... We will also deal with many-sorted



structures. In the many-sorted case, we write A;, Bs, Cs, ... for the domain of
sort s.

In this article, graphs will always be simple, directed, and labelled. More pre-
cisely, a graph is a structure of the form & = (V, (E;)cea, (P;)ics» Vo) where the
E. are binary edge relations, the P; are unary predicates, and v, is a distinguished
vertex. We assume that the edge relations E, are deterministic, that is, every ver-
tex in V has at most one outgoing E.-edge, for every c. We will write E for the
union U, E. of all edge relations.

A path of a graph & is a (finite or infinite) sequence (e, ), of edges such that,
for all n, the second vertex of e,, coincides with the first vertex of e,,,,. We write
w : x — yif wis a path from the vertex x to the vertex y. Similarly, we write
B :x — oo if B is an infinite path starting at the vertex x.

Definition 2.1. (a) A free domain is a subset T € w*<“ that is prefix-closed and
finitely branching, i.e.,

e u<veTimpliesu € T and
¢ for every w € T, there are only finitely many d < w with wd € T.

(b) A tree is a graph ¥ = (T, (E;)4<w) where T is a tree domain and E; :=
{{w,wd) | wd € T} is the d-th successor relation. The predecessor of a vertex
w € T is the vertex w' € T such that w = w'd, for some d < w. We denote it by
prec(w). Note that prec(()) is undefined.

Definition 2.2. (a) An w-semigroupisatuple (S, S,, a, r) where S is a semigroup,
Soisaset,a : S xS, » S, is a (left-)action of S on S,, and 7 : S* - S,
is a function satisfying the following two associative laws: for every sequence
(sn)n € S and all strictly increasing sequences o = k, < k; < ... of natural
numbers, we have

(05815825 -2+ ) = &S5 (815 825...))

(05 8158250+ ) = ﬂ((Sko"'Sk,_l), (Sk,"**Sk,—1)» (skz'-~sk3_1),...).
Usually, we omit « from the notation and simply write su instead of «(s, u). Also
we write [],, s, instead of 71(s,, 55, ... ).

(b) An homomorphism between w-semigroups (S, S, «, 7) and (T, T,,, B, p)
consists of two functions h: S — T and h,, : S, = T, such that

¢ his a homomorphism of semigroups,

o B(hs, hyu) =hy(a(s,u)), forallse Sand u € S, and
* hy(7(505815825-..)) = p(hso, hsy, hs,, ... ), forall (s,), € S®.

In [1] we have introduced certain algebras called w-hyperclones that can be
used to give an algebraic characterisation of regular languages of infinite trees.
The main result of that article is a theorem (see Theorem 2.8 below) stating that
a set of (possibly infinite) terms is regular if, and only if, it is recognised by a
morphism into a finitary w-hyperclone with certain additional properties.

Intuitively, an w-hyperclone is an algebra where each element can be thought
of as a tuple of objects each of which has a number of ports. Each port is labelled
by a natural number. For instance, the objects could be terms where each occur-
rence of a variable x; corresponds to a port with label i. In particular, the ports are
arranged in a left-to-right fashion and there may be several ports with the same
label. For simplicity, we assume that each object has only finitely many ports.
Hence, to each object we can associate a finite tuple of natural numbers. We can
depict an element of an w-hyperclone consisting of four objects with ports (o, 2),
(1,0,1), (2), and (2, 0}, respectively, as in the following diagram.

o 1 2 3
o 2 2 0
2
An w-hyperclone has three main operations: a finite horizontal product &, a fi-

nite vertical product -, and an infinite vertical product 7. The horizontal product &
is just the concatenation of tuples.

mAA Ad A AMAAL& A

For the vertical product - we plug in the i-th object of the second tuple into every
port of the first tuple with label i. For instance, if the objects are terms then the
vertical product might correspond in substituting the i-th term of the second
tuple for the variable x; in each term of the first tuple.
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For technical reasons, we will not use the basic vertical composition -, but a more
complicated operation :; ; where we can plug in objects into only some of the
ports, while changing the numbers of the remaining ports.

An important example of an w-hyperclone is the free w-hyperclone §,[2]
where the elements are tuples of terms.

Definition 2.3. (a) Let X be a signature and X = {x,,x,,... } a countable set
of variables. We denote by T, [ 2] the set of all (possibly infinite) terms with op-
erations from X and variables from X with only finitely many occurrences of
variables.

For a term ¢ € T, [ 2], we denote by var(t) € w<* the sequence of all (indices
of) variables appearing in ¢ in left-to-right order. Formally, we define var as the
unique function T, [X] - w<* satisfying the following equations:

var(t) = (), if t does not contain a variable,
var(x;) = (i),

and  var(f(to,...,tn—1)) =var(t,)...var(t,_,).
(b) The free w-hyperclone over X is the many-sorted structure

S [Z] = <(Ftl [Z])QE(w“")“": ®, 0, (Aa)aa (:I,U')I,o'; T, S)

with set of sorts (w<*)<“ where the domain of sort it = (1o, ..., ty_,) € (W<)<*

is the set
Fi[2] = { (tore- s tuoy) | ti € To[Z] N {x0, %1, ... } with var(¢;) = ui}

of all finite tuples of non-trivial terms such that the i-th term has variables u;. It
has the following operations:

+ @ is the concatenation of tuples.

e o forIc[n]and o: [k] — w,is defined as

(Sos-+vsSmat) Lo (tosenesbny) == (Uose s imey)

where u; is obtained from s; by replacing every occurrence of a variable x;
with i € I by the term t;. Variables x; with i ¢ I are replaced by the vari-
able x,(;) instead.

¢ A, reorders its argument according to o : [m] — [n]:

Ag<to, cee tn_l) = (tg(o), cees ta(m,1)> .

Note that ¢ need neither be injective, nor surjective.

¢ 7(ao, a,,... ) is the limit of the terms a,, (a, - a,), (a4, a,),..., where,
for an m-tuple § and an n-tuple 7, the simple version of the vertical com-
position is defined by § - £ := §:[,,7,14 £.

¢ o denotes the empty tuple of terms.

o Theorder <istrivial: a < biffa =b.

An arbitrary w-hyperclone € is a homomorphic image of such a free w-hyper-
clone with the additional requirement that all operations are monotone with re-
spect to the ordering. (The ordering < will be needed for the definition of path-
continuity below. It plays no other role in the theory of w-hyperclones.) We refer
the reader to [1] for an axiomatic definition of w-hyperclones and a proof that
the free w-hyperclone is actually free. Let us recall some definitions from [1].

Definition 2.4. Let €be an w-hyperclone, a € C; an elementof sort it = (1o, ..., U, )]

and b € C; an element of sort v = (vo, ..., Vy_y).
(a) We introduce the following abbreviations:

aigb:=a:b,
a-b=a:;b, where J = o U--- U uy,,_, is the set of all ports of a,

po(a)=a:y,c, foran arbitrary element c.

(The axioms of an w-hyperclone imply that a :5 ; ¢ does not depend on ¢.) To
simplify notation, we further set

ab:=a-b, oca:i=A;(a), ao:=psla),



(b) The decomposition of a is the tuple {(a,,...,d,_,) of elements a; € C,,
such thata = a, ® --- ® a,,—,. Its width is the number m. (By the axioms of an
w-hyperclone, this decomposition is unique.)

(c) We say that a € Cy is in separation normal form if there are numbers o =
ko £--- <k, < w such that

ui={ki,ki+1,....kjy,—1), forali<m.

(d) The normal form of a is an element b in separation normal form such that
a = py(b), for some . We denote the normal form of a by sep(a).

Example. In the free w-hyperclone we have

sep(f(xo,f(xz,xo)), f(xo,x2)> = <f(xo,f(x1,x2)), f(xs’x4)>'

Remark. (a) When viewing elements of an w-hyperclone as objects with ports, a
vertical product a-b- c-d produces a directed acyclic graph of objects. The main
property of elements in separation normal form is that their product produces a
tree instead.

(b) Every element a € C; has a unique normal form. Hence, sep(a) is well-
defined.

Let us introduce some concepts and terminology that are useful when dealing
with infinite products.

Definition 2.5. Let € be an w-hyperclone.

(a) We use the notation a® for a sequence (a"),<, that can be multiplied, i.e.,
the sorts of a” and a"** are such that the product a” - a"** is defined for every
n<w.

(b) We say that a sequence a” = (a"),<, is in separation normal form if
every a” is in separation normal form.

(c) The unravelling of an arbitrary sequence a" is a sequence d" in separation
normal form that is defined as follows. We simultaneously define functions o,
and elements 4", by induction on n. We start with o, := id. If ¢, is already
defined, we set

a" = sep(dq,(a")),

and we choose 0,,,, such that

Ao, (a") = po,.. (")

Given a sequence a", the product can be viewed as a directed acyclic graph
consisting of infinitely many levels that correspond to the elements a”. Formally,
ifa" =ale®---® Bps(n)—n 1 the decomposition of a”, we construct the graph
whose vertices are pairs of indices (#, i) (representing a!), for all n < w and
i < m(i), where we add an edge from (n, i) to (n + 1, k) if k is a port of a}. The
tree-unfolding of this graph is called the branch tree of a” (which is actually a
forest). The sequence b" obtained from a® by this tree-unfolding operation is

the unravelling of a".

Example. In the free w-hyperclone, consider the sequence (a"),<, where a”" =
(f(x0,%,), g(x0)), for every n. The first levels of the branch tree of this sequence
are

N
AN A

000 001 010 100 101
0000 0001 0010 0100 0101 1000 1001 1010

There is a canonical function from the branch tree of a” to the original se-
quence which we denote by p. This function can be extended to map finite, con-
nected subsets of the branch tree to the products of the corresponding elements
of a". The precise definitions are as follows.

Definition 2.6. Let € be an w-hyperclone.
(a) Let a” = (a"),<w be a sequence in € and a” = a & --- @ a:‘n(n)_l the
decomposition of a" € Cy» into elements a! ¢ Cur. The branch tree of a® is the

forest

A(a"):={new*||y> 0, n(o) < m(o), and
n(n+1) € uy,, foralln } .
(Here we write x € u for a tuple u to state that x is one of the components of u.)

A branch of a" is a sequence f € w=* of maximal length such that every finite
prefix n < f8 belongs to A(a").



(b) We define a function y : A(a") — C by
u(n) = aycuyy> wheren:=|n|.
A subset U ¢ A(a") is connected if there exists an element # € U such that
(eU implies n=<{and&ecUforally=<é=<{(.

We extend y to finite connected subsets U ¢ A(a") as follows. We define an
element [ U] € C by induction on |U|. For U = {7}, we set

ul{n}] = sep(u(n)).

For |U]| > 1, let # be the minimal element of U and let {,, ..., {,,_, be its suc-
cessors in A(a"). We define

u[U]:=sep(birc).

where
I'={i<m|{;eU},
bi=ul{n}],
c=pu[Uo] @ - @®u[Up-,] for U;:={{}u{éecU|E=(}.

Remark. Let a" be the unravelling of a". If #,, . . ., 1, is an enumeration, from
left to right, of all vertices of level n + 1 of the branch tree A(a"), then

a" =sep(u(n0) @+ @ u(nm)).

We are mainly interested in w-hyperclones that are finitary and path-continu-
ous.

Definition 2.7. Let € be an ordered w-hyperclone and J a set of elements of €.

(a) € is finitary if it has only finitely many elements of each sort 7.

(b) A sequence (b"),<, where b" € Cig,....z) is locally consistent with a® if
b, = anby.,, for every n < w. We denote by LC;(a") the set of all locally consist-
ent sequences (b") <, with b" € J, for all n.

(c) Let a" be a sequence, a” = al @ -+ @ a:‘n(n)_l
suppose that (b"),, € LC;(a") islocally consistent with a”, and let 8 be a branch
of a". The trace of (b"), along j3 is the sequence " with

the decomposition of a”,

" = sep(afyy 1, b,

where

[ [m(n+1)]~{B(n+1)} ifn+1edom(p),
! [m(n+1)] otherwise.

We set

Trj(B) := { n(c®) | ¢ the trace of some (b"), € LC;(a") along B},
BT;(a") := {Tr;(B) | B a branch of A(a") }.

(d) An ideal of € is a sub-w-hyperclone J € € where each domain J; is down-
ward closed, i.e., J is a substructure of € that is an w-hyperclone such that a <
b € J; implies a € J;.

(e) € is path-continuous if there exists an ideal J such that

o for every sequence a” in separation normal form, we have

m(a”) = sup { 7(b") | b” < a” a sequencein ] },

¢ and the product 7(a"”) of a sequence a" in J is uniquely determined by
the set BT;(a").

With these definitions we can state the main theorem of [1].

Theorem 2.8. Let L be a set of (possibly infinite) terms over the signature X. The
set L is regular if, and only if, there exists a morphism ¢ : §,[Z] - € into a finitary
path-continuous w-hyperclone € and a subset P ¢ C(y such that L = ¢~*[P].

In order to apply this theorem to decision problems, we would like to be able
to compute the w-hyperclone € from a description of L. To do so, we need a fi-
nite representation of w-hyperclones. Even for a finitary w-hyperclone &, there
are still infinitely many sorts and the description of the infinite product 7 :
C® — C can be infinite. The first problem is easily solved: instead of the whole
w-hyperclone, it will turn out to be sufficient to compute its restriction to finitely
many sorts. For the second problem, we use the same solution as in the theory of
w-semigroups: we replace the infinite product 7 : C* - C by a unary operation
@ : C - C computing w-th powers. The main part of this article consists in the
proof that this power-operation uniquely determines the infinite product.
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3 ADDITIVE LABELLINGS

In this section we introduce the combinatorial machinery that will be used in
the remainder of the article to represent an infinite product 7 by its associated
power operation . The main result is the statement that, for every (infinite) tree,
we can find a regular tree that is equivalent to the first one in a sense made precise
below.

Note that one well-known consequence of Rabin’s Theorem is the fact that
every nonempty MSO-definable class of infinite trees contains a regular tree. Our
alternative proof of this theorem follows the opposite direction. We first prove
the existence of certain regular labellings of the binary tree. Then we derive Ra-
bin’s Theorem from this result.

Definition 3.1. Let (S, S, &, 7) be a finite w-semigroup and & = (V, E, P, v,) a
graph.

(a) An additive labelling of & is a function A : E — S. Such a labelling can be
extended to a function mapping every finite or infinite path of & to an element
of SUS,:

A(en)n) =TI, A(e,), forevery nonempty path (e,), .
(b) Let A be an additive labelling of &. The limit set of A is
limA:={A(a)|a:vo > o0 }.

(c) Foratree ® = ¥ and vertices u < v in T, we also write A(u, v) for the value
of A(w) where w is the unique path w : u — v.

(d) Two additive labellings A and A’, not necessarily of the same graph, are
equivalent if lim A = lim A"

We will show that, for every additive labelling of the binary tree, we can find
an equivalent additive labelling that is regular. The main combinatorial tool we
will use is based on the following Ramsey-like factorisations of labelled trees.

Definition 3.2. Let T = (T,E) be atree, 0 : T — [n] a function, and let A be an
additive labelling of ¥.
(a) For u,v € T, we define u £, v if

*® U=y,

o o(u)=0(v),

11

e o(w)20(v),forallwe Twithu <w=v.
(b) The function o is a forward Ramseyan split of A if we have

Au,v) = Au,v) - AMx, y), forall u c, vand u c, x ©, y such that

VEs;yOryE,v.

Theorem 3.3 (Colcombet [2]). Every additive labelling A of a tree T = (T, E) has
a forward Ramseyan split o : T — [n] where n := |S].

To make use of the fact that a function ¢ is a forward Ramseyan split, we need
positions that are related by the relation £,. The next lemma shows that every
sufficiently long path contains such positions.

Lemma3.4. LetT = (T,E) beatree, 0 : T — [n] afunction, and u,v € T vertices
with u < v. If [v| — [u| + 1 > m" then there exist vertices u < Xo < -+ < Xpy_y <V
such that X, S5 *+* Cg Xm—y.

Proof. We prove the claim by induction on #n.If n = 1and |v| - |u|+1 > m then we
can choose vertices u = x, < -+ < X, = v. Since (x;) = 1, for all i, it follows
that x, c4 - Cg Xy

Suppose that n > 1and |v|—|u|+1 > m". Let x, < --- < x;_, be an enumeration
of all vertices u < x < v with (x) = 1. We distinguish four cases.

(1) If I > m then we are done.

(2) If there is some index i such that
1

(il =1) = (il 1) 412 m"

then, by induction hypothesis, we can find a sequence x; < yo <+ < ¥y < X4
such that y, ¢4 -S4 Y.
(3) If

(ol =1) =fu[ +12m™™ —or |v[= (Jxis| +1) +12m",
we can obtain a sequence

UZYoCs  "Co Ym—1<Xo O X1 <YoCg " "CgVYma3V

asin (2).

12



(4) Hence, we may assume that [ < m,

|xi+1| - |x,~| <m" 7+ 1,
|xo| = |u| < m™ ™,
and || - x| <m"T

It follows that

-2
W= ful + 1= V] = o+ 0 (i = [xal) + o | = fu] +1

i=0

-2
<m" -1+ Yy m"Tam" T v = (T4)m" T -1
i=o

<m"-1.
A contradiction O

We will represent regular trees and their labellings by finite trees with back-
edges.

Definition 3.5. (a) A pseudo-tree is a graph T = (T, (E4) 4<w» {)) where
¢ T c w*“isatree domain,
¢ every vertex v € T has at most one E;-successor, for every d < w,
o ifvd € T, for d < w, then (v,vd) € E,

o if (v,w) € Ey, for d < w, then either w = vd, or w < v and vd ¢ T. Edges
of the latter form are called back-edges.

(b) A branch of ¥ is an infinite path 8 : () > oo.

() The height ht(T) of a pseudo-tree ¥ is the minimal ordinal & < w such that
T cw.

(d) Let T bea pseudo-tree. The tree domain S := { w | w : () - x, for some x €
T } is called the unravelling of X.

(e) Every additive labelling of a pseudo-tree ¥ induces an additive labelling A
of its unravelling &. In the following we will not distinguish between these la-
bellings.

In order to show that every labelling A of a tree domain T is equivalent to a
regular one we construct a finite pseudo-tree and a corresponding labelling.

13

Definition 3.6. Let T be a tree domain with additive labelling A, o a forward
Ramseyan split of A, and P ¢ T a prefix-closed subset of T.

(a) An infinite, strictly increasing sequence u, < 4, < u, < ... in T is called
homogeneous if u, ©; U, T4 U, S, ... and

Mui,ug) = Muo,u,) foralli<k.

A homogeneous sequence U, C, U, Cg U, g ... is maximal if there is no homo-
geneous sequence v, Cq ¥, Cp ... suchthat {u; |i<w}c{vi|i<w}.

(b) The contraction of A induced by o and P is the pseudo-tree € (1) obtained
from T in the following way. For every maximal homogeneous sequence u, c,
U, Sy U, Sy ..., we consider the minimal index k > 2 with u; ¢ P and we
replace the edge (prec(uy ), ux) by a back-edge (prec(uy ), u,). The pseudo-tree
€2(1) consists of all vertices of the resulting graph that are reachable from the
root. We denote by A the labelling of €2(1) induced by A, that is, if e is an
edge of both T and €¥ (1) then we set A2(e) := A(e) and, if e is a back-edge
(prec(uy ), u,) introduced as replacement for the edge (prec(uy), uy) then we
set A2(e) := A(prec(uy), uy).

Remark. Note that the definition implies that P ¢ C?(1). Hence, we can use the
set P € T to mark vertices we want to keep in the contraction.

Below we will make frequent use of the following simple observations.

Lemma 3.7. Let ¥ be a tree, A an additive labelling of X, o a forward Ramseyan
split of A, and x < u < y < v vertices of T.

(@ Ifxcoyandu Sy v, thenx S US4 ¥y S4 v.
(b) Ifx =, y and (v, u) is a back-edge of €2 (1), then x £, u 5, y.

Proof. (a)u <y <vandu S, vimplies 6(y) > o(u) = o(v), whilex <u <y
and x S, y implies 6(u) > d(x) = d(y). Hence, o(x) = o(y) = o(u) = o(v)
andx S, U S5 y Ep V.

(b) Let uy =5 U, 4 U, S, ... be the homogeneous sequence inducing the
back-edge (v, u). Then u = u, and v = prec(uy ) for some k > 2. Since u ©, uy, it
follows by (a) that x S, u S5 y S uy. O

Let us show thatlim A2 ¢ lim A and that, for finite P, the labelling A? is regular,
i.e., that the contraction €% (1) is finite. In general, the converse inclusion does
not hold, but we shall show below that we can choose the set P such that we obtain
an equality lim A = lim A. To prove the regularity of A’ we show that ¢?(1) is
finite.

14



Lemma 3.8. Let A be an additive labelling of T, o a forward Ramseyan split of A,
and P c T prefix-closed and finite. Every branch of € (1) contains a back-edge.

Proof. If €P(1) had an infinite branch a without back-edges then there would
exist an infinite sequence u, c, U, T, .. .. By Ramsey’s Theorem, we can find an
infinite set I € w such that the subsequence (u;);¢; is homogeneous. Since P is
finite, we have u,, ¢ P, for all sufficiently large n. Hence, in the above construction
we would have created a back-edge (prec(uy ), u;) for some i < k, and all 4; with
I > k would have been removed from ¢ (1). Contradiction. O

By Kénig’s Lemma it follows that % (1) is finite.
Corollary 3.9. For finite P, €2 (1) is finite.

The proof that lim A2 ¢ lim A is more involved. We start by showing that we
can replace certain paths by paths without back-edges. In the next lemma we deal
with finite paths and in the lemma below with infinite paths. Let us introduce
some terminology. We call a path straight if it contains no back-edges. Note that,
for vertices u < v, there is a unique straight path u — v. For a finite path w : u — v,
we denote by st(w) the corresponding straight path u — v, if it exists.

Lemma 3.10. Let A be an additive labelling of a tree T and € := €2 (1) a contrac-
tion of \.

(a) Let u,v,x, y,z be vertices withu <z c, y < x,v such that e := (x,y) isa
back-edge, and let w : u — x and w' : y — v be straight paths. Then

AP (st(wew')) = A2 (wew) .

Wo z

Wi

(b) For every path w : () —> v,
Ao (st(w)) = Ag(w).

(c) For every path w : u — v with u < v such that
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& w contains no edge (x, y) with y = u and

o 0(x) 2 a(u), for all vertices x of w,

Ao (st(w)) = 15 (w).

Proof. (a) We factorise w = wow,w, where wo : 4 - z,w, : z > y,and w, :
y — x. Suppose that e € E, and set x* := xc. By definition of €£(1) we have
zc, ¥y e x*. As 0 is a forward Ramseyan split, it follows that

AE(wiwse) = Mz, x¥) = Mz, y) = AL (w,).
Hence,
A (st(wew')) = A2 (woew)
= Ao(Wo) - Ag (1) - A5 (W)
= A0 (wo) - AL (wiwye) - AL (w') = AL (wew').

(b) Let w = woeowye, ... Wy_ e, W, Where e,,...,e,_, are the back-edges.
We prove the claim by induction on #n. Suppose that e,,_, = (x, y) and set w’ :=
Woe€ ... €n_,Wy_;. By induction hypothesis, we have

Ao (st(w")) = A5 (w")
which implies that
AL (st (W )enorwn) = AL (st(w')) - A (ensw)
= Ao (W) Ag(enawn)

= A (w).

By definition of €2(1), there exists a vertex z < y with z £, y. Setting u := () it
follows by (a) that

Ao (st(w)) = Ag (st(w')enawn) = A5 (w).

(c) Let w = woeowse; ... Wy_ €,_,W, Where e, ...,e,_, are the back-edges.
We prove the claim by induction on #n. Suppose that e,,, = (x, y) and set w’ :=
Woes . .. €n_,Wy_,. By induction hypothesis,

Ao (st(w')) = A5 (w")
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which implies that

Ao (st(w')enawn) = Ay (st(w')) - A5 (en-swn)
= Ag(W,) : Ag(enﬂwn)
=A0(w).

If 6(y) > o(u) then, by definition of ¢¥ (1), there exists a vertex u < z < y with
z ¢, y. Hence, it follows by (a) that

AE(st(w)) = A2 (st Yenwa) = AL (w).

Similarly, if 0(y) = o(u) then we have u ©, y. Hence, setting z := u it follows
by (a) that

AP (st(w)) = AL (st(w')e,oywy) = A2 (w). O
Lemma3.11. Let A be an additive labelling of a tree T and € := €F (1) a contraction
of A.

(@) If e = (x, y) is a back-edge of € and ifw : () > y andw' : y > x are straight
paths then

AP (w)- ()Lf;(w'e))w elimA.

(b) For every branch a : () — oo, there exist a back-edge e = (x, y) of € and
straight paths w : () > y and w' : y — x such that

Ag(@) = Ag(w)- (A5 (w'e))".

Proof. (a) By definition of €2 (1) there exists an infinite homogeneous sequence

Uy Ty Uy Ty Uy Ty ... and an index k such that y = u, and x = prec(uy). It
follows that
Ao (W) - (Ag(w'e))® = A(() 1) - (M(u0, i) )®
=A((), o) - (A(uo,11))"
=A(()uo) + [] Mutn> thpsr) € limA

n<w

(b) Let k be the minimal number such that there exists a factorisation o =
WoeoW,e, ... where each e; = (x;, y;) is a back-edge with o(y;) = k. We assume
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that this factorisation is chosen such that, for i > o, the path w; contains no
vertices x with o(x) < k. By the Pigeon Hole Principle, we can choose an infinite
subset I € w such that y; = y, for all i,] € I. By choosing the factorisation
of a suitably we may w.l.o.g. assume that I = w, that |y;| is minimal, and that the
paths w;, for i > o, only contain vertices z with y; < z. Furthermore, by Ramsey’s
Theorem, there exist an element s € S and an infinite subset I € w such that

Af,)(wmem ...we;)=s, foralli<linI.

Again, we may assume w.l.o.g. that I = w, that is, A? (w;e;) = s, forall i > 0. By
Lemma 3.10 (b), the straight path w/ := st(w,e, ) satisfies AL (w!) = AF (woe,).
Similarly, it follows by Lemma 3.10 (c) that the straight paths w} := st(w;), i > o,
satisfy AL (w!) = A2 (w;). Hence,

/15(“) = /\g(woeo) : H )Lg(wn+len+1)

n<w

= Ag(W{)) : H Ag(W:'l+le”+l)

n<w
= A5 (wy) - (A (wley))”. O
The preceding lemma implies that lim A is a subset of lim 1.

Proposition 3.12. Let A be an additive labelling of a tree T and € (1) a finite
contraction of A. Then lim AP ¢ lim A.

Proof. Given a branch « of ‘¥, we can use Lemma 3.11 (b) to find a back-edge
e = (x, y) and straight paths w : () > y and w’ : y — x such that

Ao(a) = Ag(w)- (Ag(w'e))".
By Lemma 3.11 (a), it follows that A2 (&) € lim A. O

Next we prove that, by choosing P suitably, we can ensure that lim A2 = lim A.

Lemma 3.13. Let A be an additive labelling of a tree T and o a forward Ramseyan
split of A. There exists a finite prefix-closed subset P € T such that lim AY = lim A.

Proof. For every s € lim A, we choose a branch a® of T with A(a°) = s. Let
u; Ty U3 C U C ... be the maximal homogeneous sequence with u;, < o, for
all n. We claim that

P:={xeT|x<ujforsomeseliml}
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is the desired set. Setting v* := prec(uS) it follows that v* € P ¢ CP(1) and
e* == (v, uf) is a back-edge of €¥(1). Consequently,

s = A((>, “f) : H )L(uiv”izﬂ)

n<w

= A0 u) - (Mws )"

= 20 u3) - (M3 v*) A (v, u3)) "

:Af,)((),uf)~()Lf;(uf,vs)-kﬁ(es))welimAfj. O
Summarising we have obtained the following result.

Corollary 3.14. Forevery additive labelling A of a tree T, there exists a finite pseudo-
tree ' and an additive labelling " of T' such that lim A" = lim \.

4 FINDING SMALL CONTRACTIONS

Corollary 3.14 does not include a bound on the size of the pseudo-tree . In this
section we prove two theorems that improve Corollary 3.14 by providing bounds
on the height of the resulting pseudo-tree. To compute such a bound, we show
that every pseudo-tree whose height is larger than a certain threshold can be
reduced in size. The following proposition introduces the operation we use to
shrink a pseudo-tree.

Proposition 4.1. Let A be an additive labelling of a tree T and €F (1) a contraction
of A. Suppose that x, y,z € CE (L) are vertices such that x c, y c, z and there is
no back-edge (v,u) with y < u < z < v. Let ¥’ be the tree obtained from T by
replacing the subtree rooted at y by the one rooted at z and let \', o', and P’ be
obtained from, respectively, A, o, and P in the same way. (In particular, if y € P,
butz ¢ P, we have y ¢ P'.)

T <’

19

(a) o' is a forward Ramseyan split of A" such that
lim (A climA2 and |CE (M) <|CE(M)|.

(b) If, for every back-edge e = (v,u) with z £ v, there is some back-edge é =
V,0) with y £ v such that
y

A @) - (A(@,7) - A(8)) = A((), u) - (Mu,v) - A(e)),

then lim (A')?; = lim A% .

o

Proof. (a)Let h: T — T be the function where

h(u) = {zv %fu:yv,
u ifytu.

We start by showing that ¢’ = ¢ o h is a forward Ramseyan split of A". Clearly,
hu c, hv implies u c, v. Since y c, z, it also follows that u c, v implies
hu ©, hv. Hence, to show that ¢’ is a Ramseyan split it is sufficient to prove that

ucy v implies A'(u,v) = A(hu, hv).

If y <uory ¢ v, then the claim follows by definition of A’. Therefore, we may
assume that u < y <v. If u < x then

N (utv) = V) - V(5 3) V(3 7)
=A(hu,x) - AM(x,y) - Az, hv)
=AM hu,x) - AM(x,2) - Mz, hv) = A(hu, hv) .

If x < u then Lemma 3.7 (a) implies x S, u E, y £, z. Since ¢ is a forward
Ramseyan split, it follows that

N (u,v) = (1, 9) V(30 v)
=A(hu, y) - A(z, hv)
=AMhu,z) - Mz, hv) = A(hu, hv) .
We have shown that ¢’ is a forward Ramseyan split of A’. Next we prove that

h[Cf:,'(/V)] c C2()). Since there is no back-edge (v, u) with y < u < z < v, it
is sufficient to show that, if {hv, hu) is a back-edge of €¥ (1) with label d, then
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(v, u) is a back-edge of €%, (1’) with label d. Hence, suppose that (hv, hu) is a
back-edge of ¢?(1)andletw, =, w, =, W, =, ... be the maximal homogeneous
sequence inducing it. If there is no n with y < w,, then w, co w, cor W, Cyr ...
is also a maximal homogeneous sequence for A" and we are done. Otherwise, let
i be the maximal index with w; < y and let k be the minimal index with z < wy.
Since z is a vertex of the contraction, we have hu = w, and hv = w,,, for some
m > k. It follows that the sequence w, co Wy Ty -+ Cor Wi T h'Wg Ty
h™'Wg4, T ... is a maximal homogeneous for A’. This sequence induces the
back-edge (h™'wy,,, wy) = (v, u).

We have shown that h[CE (1')] € CZ(1). Since y ¢ h[CZ/ (1)] this inclusion
is strict. Consequently, |CZ ()] < |CE(M)].

It remains to prove that lim (A’ )5: c lim AY. Let « be a branch of Qf;,' (A"). By
Lemma 3.11 (b), we may assume that &« = w(w'e)®, where e = (v,u) is a back-
edge and w, w' are straight paths. If « does not contain the vertex y then « is a
branch of ¢ (1) and we are done.

If y < u, we have

(VYo (@) = M ((2) - X (e, ) - N (o) - (V' (,v) - 1 (e))*

$, %) A(x,y) - Az, hu) - (A(hu, hv) - A(he))®
Y, %) - A(x,2) - Mz, hu) - (A(hu, hv) - A(he))®
)y hu) - (A(hu, hv) - A(he))® €lim A2
Similarly, if u <x < y <

(V)er (@) = M () - (W (%) - A (x,9) - ' (3,v) - 1 (€))*
(> u) - (A(u, x) - A(x, y) - Mz, hv) - A(he))®
(> u) - (A(u, x) - A(x, 2) - A(2, hv) - M(he))®
=AM u) - (A(u, hv) - A(he))® elimAZ .

It remains to consider the case that x < u < y < v. Then Lemma 3.7 implies
X Ty U Ty ¥ 55 2 T4 hv', where v/ is the successor of v in T’ inducing the
back-edge e. Since o is a forward Ramseyan split, it follows that

AMu, hv') = A(u, y) - Ay, ') = Mu, y) = Mu, y) - A(z, hv'") .

Let #’ be the path in ¢ (1) obtained from w’ by inserting the path y — z at the
appropriate place. It follows that

AP (' he) = Mu, bv') = Mu, y) - Mz, hv') = AL (w'e) .
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Consequently, (1) (w(w'e)®) = A2 (w(iw'e)®) € lim AL,

(b) By (a) it remains to show that limAf ¢ lim ()L/)i,. Let « be a branch
of €2(1). Again we may assume that « = w(w’e)® where e = (v,u) is a back-
edge and w, w' are straight paths. Let v’ be the successor of v inducing e.

If « does not contain the vertex y then a is a branch of €%, (1’) and A(a) =
A () €lim A'. Hence, we may assume that y < v.

Let us first consider the case that z # v. By assumption, there is some back-
edge é = (¥, i) with y £ ¥ such that

A, @) - (M@, 7) - A(€))° = A((), u) - (Mu, v) - A1(e))* .

It follows that

Ag (o) = A((u) - (A(uv) - A(e))”
=A((), @) - (M@, 7) - A(8))”
= V(O i1) - (A (i, 7) - M'(8))® e lim(A")Er .

Hence, it remains to consider the case that z < v. We distinguish several cases,
depending on the position of u. By assumption, there is no back-edge (v, o)
with y < u, < z < v,. Therefore, either u < y or z < u.

If z < u, we have

AP(a) = A((),x) - A(x,2) - Azou) - A(u,v')®
= A0, x) - Mx, y) - Az, u) - Mu, v)*
V(%) N (0 p) N (o Hu) - X (B )
= V(0 h7) N (h 7, BV € lim (V)
Similarly, if u < x,

AP () = A0 u) - (Mus x) - A(x,2) - Mz, v"))®
=A((hu) - (Mu, x) - A(x, y) - A(2,v))*

= A0, u) - (M () - A (3, ) - A (3 BT7)) ¢
= V(O u) N (u, b)) elim(A)E

Hence, it remains to consider the case that x < u < y. As above, Lemma 3.7
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implies that x =, u ©, y ©, z ©, v'. Therefore,

() u) (Mu,z) - Mz, v"))”

= M()u) - (Mu, y) - A(2,v"))”

=N u) - V() -V (p, B¢

=V (()u)- A (u, k™) e lim(1)E . O

AP (a) = \(

It remains to compute the size of a minimal pseudo-tree. In order to apply the
operation from the proposition, we try to find vertices x c, y c, z such that
no back-edge from below z ends between y and z. In the following sequence of
technical lemmas we show how to find such vertices.

Lemma 4.2. Suppose that e := (y, x) is a back-edgein €£ (1) and set a := A(x, y)-A(e)|
(a) There is exactly one vertex w ©, x such that A(w, x) = a.
(b) For every vertex z with x c, z < y we have A(x,z) = a.

Proof. Let u, 4 4, S5 U, S, ... be the homogeneous sequence inducing the
back-edge e. Then x = u, and y = prec(uy ) for some k > 2.

(a) Setting w := u, wehavew =, xand A(w, x) = A(x, uy) = A(x, y)-A(e) = a.
Hence, it remains to show that there is not a second such vertex. For a contradic-
tion, suppose that there is some w # u, with w =, x and A(w, x) = a.

If w < u, then we have w c, u, and A(w, u,) = A(w, x) = a. Therefore,

WEg Uy Bg Uy BEg Uy B ..

is homogeneous. Hence, the sequence u, ©, 4, C, U, T, ... is not maximal.
A contradiction.
Similarly, if u, < w then u, c, w £, x and

Muo,w) = AMuo,x)=a and A(w,x)=a.

Therefore, u, £ W ©4 U, T4 U, S, ... is homogeneous and, again, the sequence
Uy Cg Uy Eg Uy Eg ... 18 Not maximal.

(b) Since u, = x ©, z < uy we have x c, z c, u;. Consequently, A(x,z) =
Ax,ug) = a. O

Lemma 4.3. Let x, C, -+ C4 X, be vertices in €P(1).
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(a) There are at most |S| indices i < n such that there exists a back-edge (y, x;)
with x4, < y.

(b) Ifn> (m+1)(|S| +1) then we can find an index i < n — m such that there
is no back-edge (v, u) such that

Xi2u<xg<v, foranykwithi<k<i+m.

Proof. (a) Suppose that there are more than m := |S| such indices. By the Pigeon
Hole Principle, we can then find indices i < k and back-edges e, = (y, x;) and
e, = (z, xx) with

Xinn =Y, X<z, and A(x;,y)-Aeo) = A(xk,2) - A(ey).

Leta:= A(x;, ) A(eo). By Lemma 4.2 (a) there are unique vertices u ©, x; and
v ©4 X such that

Mu,x;)=a and A(v,xx)=a.

Note that, since u ©, x; c, x; and o is a forward Ramseyan split, we have
Mu,xi) =Mu,x;)=a.

Consequently, u = v. Furthermore, x; 4 x;4, < y implies by Lemma 4.2 (b) that
/\(X,‘,XHI) = A(X,‘,y) -A(eo) =a.

Therefore, A(x;, xx) = A(X;, X;4,) = a. By uniqueness of v, it follows that v = x;.

But u = v = x; contradicts u < x;.

(b) Let uy < - -+ < u;_, be an enumeration of all vertices u such that, for some i,
there is a back-edge (v, u) with x; < u < x4, < v. For each u, we fix one such
back-edge e; = (v}, u;).

By Lemma 3.7 (b), x; < uj < x4, < v; implies 0(u;) = o(x;) = 0(x,) and,
hence,

Uo Eg " Eg U]«

Consequently, we obtain an increasing chain

YoTo - Te¥s With {¥o,.., ¥} ={X0r-vesXn,tgsevn thjy}.
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Given an index j < [, let k < s and i < n be the indices such that y; = u;
and x; < uj < x;4;. Then yi = uj < yjy, < Xj4; < v;. Hence, there are at least [
indices k such that there exists a back edge (v, u) with u = y; and yiy, < v.
Applying (a) to the sequence y, C, -+ T4 Vs, it follows that I < |S].

Since n > (m +1)(|S| +1) > (m +1)(I +1) we can find an index i < n —m
such that there is no j with x; < u; < x;, . This index has the desired properties
since, if (v, u) is a back-edge with x; < u < x < v, for some i < k < i + m, then
u = uj, for some j. By choice of i, this is not possible. O

Combining the preceding results we obtain the desired reduction from arbit-
rary trees to regular ones.

Theorem 4.4. Let (S, S,,) be a finite w-semigroup. There exists a finite number m <
w with the following property: for every additive labelling A of a tree T, there exists
a finite pseudo-tree X', an additive labelling A" of X', and a forward Ramseyan
split ' of A’ such that

limA’ =limA and ht(e?, (1)) < m'Sl,

Proof. Set I := |S|and m := (I +1)(2' + 2) + 2. By Corollary 3.14, there exists
a finite pseudo-tree of the form €2 (1’) such that limA’ = lim \. We choose
¢P (1) such that its number of vertices is minimal. We claim that

ht(€Z (1)) < mlSl,

For a contradiction, suppose otherwise. Then there exists a vertex z € Cf:,' (A7)
of length |z| = m!Sl — 1. We can use Lemma 3.4 to find a sequence X, Cy -+ C4
Xm-1 < Z. Applying Lemma 4.3 (b) to the sequence x, ¢, --- ©, X, We obtain
an index i > o such that there is no back-edge (v, u) with

X;<u<xy<v, forsomei<k<i+

—1.
+1
m—2
I+1

Setj:=i+ —1. To each index i < s < j, we associate the set

Xo={A(()u)- (AMu,v)-A(e))” | e = (v, u) aback-edge with x, £ v } .

l

Since j—i = #=2 —1= 2! +1> 2! we can use the Pigeon Hole Principle to find

indices i < r < s < jwith X, = X;. Hence, we can apply Proposition 4.1 to the
sequence x, C, X, T, X, to construct a pseudo-tree €, (1) with |CF, (1")| <

|CE/(A")| and lim A = lim A’ This contradicts the minimality of |CZ (1/)]. O
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In this theorem we are given an arbitrary tree and we produce an equivalent
regular one, i.e., the unravelling of a finite pseudo-tree. If the input tree is already
regular, the tree we obtain is not only regular, but we can also describe its relation
to the input tree. This is the content of the following theorem.

Definition 4.5. Let T be the unravelling of a finite pseudo-tree T, andletp: T —
T, be the canonical projection. A set £ of additive labellings of T is closed under
p-compatible substitutions if, for all labellings A € £ and all vertices x, y € T with
p(x) = p(y), the set £ also contains the labelling obtained from A by replacing
the subtree rooted at x by the subtree rooted at y.

Theorem 4.6. Let (S, S,) be a finite w-semigroup and T, a finite pseudo-tree.
There exists a finite number N < w with the following property: suppose that T is
the unravelling of %o, p: T — T, the canonical projection, and L a set of additive
labellings of ¥ that is closed under p-compatible substitutions; for every A € L,
there is a labelling ' € L, a Ramseyan split o of ', and a set P ¢ T such that

limA =lim (A')? and ht(€Z(1)) <N.

Proof. The proof follows the same lines as that of Theorem 4.4. Set I := [S|, b :=
|To|, and m := (I +1)(2" + 2) + 2. We choose a labelling A’ € £, a Ramseyan
split o of A/, and a set P € T such that lim(1’)? = lim A and the size of €¥(1") is
minimal. Note that this is possible since, choosing A" := A and a Ramseyan split &
of M, we can use Lemma 3.13 to find a subset P € T such that lim(1")f = lim A.
We claim that

ht(¢2(1)) < (bm)".

For a contradiction, suppose otherwise. Then there exists a vertex z € C with
|z| = (bm)! — 1. We can use Lemma 3.4 to find a sequence y, Sy - Cg Vpm—y <
z. Being an element of T, the function value p(y;) can take at most |T,| = b
possible values. Hence, the sequence y, ©4 -+ ©4 ¥pm—, contains a subsequence
Xo Cg *** Cg Xm—y With p(x5) = -++ = p(xm-,). Applying Lemma 4.3 (b) to the
sequence X, C, -+ Cg X,y—, We obtain an index i > o such that there is no back-
edge (v, u) with

xi<u<xg<v, forsomei<k<i+ —1.

+1
m-2
I+1

Setj:=i+ —1. To each index i < s < j, we associate the set

X = {A(()u) - (M(u,v) - A(e))” | e = (v, u) aback-edge with x, £ v } .
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m—2 1 1

Since j—i = 722 -1 =2"+1 > 2 we can use the Pigeon Hole Principle to
find indices i < r < s < j with X, = X;. Hence, we can apply Proposition 4.1 to
the sequence x, c, x, T, X, to construct a tree ", a labelling 1" of " and a
contraction €2, (A") with |CE, (A")| < |CZ(A")] and lim A" = lim \". Note that

p(x,) = p(x,) implies that " is isomorphic to ¥ and that A" € L. Therefore, we
obtain a contradiction to the minimality of |CZ (1")]. O

5 POWER-HYPERCLONES

Having developed the combinatorial machinery of Theorems 4.4 and 4.6, we turn
to our original problem of finding a finite representation for w-hyperclones. This
is the same situation as with w-semigroups. For an w-semigroup &, the solution
is to replace the infinite product 7 : S* — § by a unary operation “ : § - S
computing the w-th power of its argument. The resulting type of algebra is called
a Wilke algebra. The same thing can be done for an w-hyperclone €. We replace
the infinite product 7 : C¥ — C by a unary operation “ : C - C computing w-th
powers.

Definition 5.1. Let S := (w““)<“. A power-hyperclone is a structure of the form
¢= ((Ca)aes, ®, 5 (10 )10 05 (Ag)oewsas <, w)

that is obtained from an w-hyperclone by replacing the infinite product 7 by a
(family of) unary operations

“:Cyq = Cig,..z)> foriieSsuchthatu;c[|a] foralli,
such that, for every o < n < w and all suitable a, b,

(a")?=a", (ab)®=a(ba)”,
and a<b implies a“ <b”.

Of course, we can associate with every w-hyperclone a power-hyperclone by
setting a® := n(a,a,a,...). The main result of this section states that, con-
versely, every (finitary, path-continuous) power-hyperclone can be turned into
an w-hyperclone.

Definition 5.2. An infinite product 7 is compatible with a power-hyperclone €
if (€, 7) is an w-hyperclone satisfying

n(a,a,a,...)=a”, forallaeC.
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First, we deal with an easy special case. If we have a sequence a” with a” € Cy,),
for every n, we can use the Theorem of Ramsey to define the infinite product
n(a"), as in the case of w-semigroups.

Definition 5.3. Let € be a finitary power-hyperclone.
(a) For a®,a',--- € C(,), we define

n(a®a',...)=b-c*,
where b, ¢ € C(,) are chosen such that there are indices 0 < k, < k, < ... with
ko—1

ki . eee

ki1
b

b=a®°----a and c=a -a foralli< w.

(Note that such elements exists by the Theorem of Ramsey. Furthermore, the ax-
ioms of a power-hyperclone ensure that the product b-¢® is uniquely determined
by these conditions, even if b and c are not.)

(b) The trace semigroup of € is the semigroup (S, S,,) where

$:=P(Clop) and S, =0(Cy).
We define multiplication as follows. For P,Q € S and U € S, we set

P.-Q:={st|seP, teQ},
P-U:=={su|seP,ucU}.

We define the infinite product of P, P,, - € S by
(P, Pyy...) i={n(ao,ay,...) | a, € Py},
where the product 7(a,, a,, ... ) is defined as in (a).

To extend this definition of 7 to arbitrary sequences, we employ the machinery
of Section 3. With every sequence a" we associate an additive labelling A of its
branch tree A(a"). Choosing a suitable contraction A we can construct ele-
ments b and ¢ such that we can set

n(a”)=b-c“.

Definition 5.4. Let € be a power-hyperclone, J an ideal of €, a” a sequence in €,
and let 4" be the unravelling of a".
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(a) The trace labelling of a” (with respect to J) is the following additive la-
belling A on the branch tree A(a”) of a". Let & = (S, S,,) be the trace semig-
roup of € and let y : A(a”) — C be the function from Definition 2.6. For a
vertex x € A(a"”) of length m := |x| with | immediate successors y,, ..., y;_,, we
define

A(x, yi) = { sep(sep(u(x)) i1, b™) | (b"), € LC(a7) } €

where I := [I] \ {k}.
This uniquely determines an additive labelling of A(a") since, if x < y and
y is not the immediate successor of x, then

A(x’y):A(Zo’zl) """ /\(Zm—pzm),
where z, < -+ < z,, is the path from x to y.
(b) Let AL be a finite contraction of the trace labelling A with lim A? = lim A.
The regular factorisation of a® induced by A” is the pair b, ¢ defined as follows.
Let e, = (Vo UoYs---» €ny = (Vnoy, Uy—, ) be all back-edges of €F (1), ordered by
their end-vertex u; from left to right. We decompose €2 (1) as follows. Set
U, :={xeCP(A) | u; ¢ xforalli },
Up={xeC’N) |u;<x}, fori<n.

Identifying U, and U; with the corresponding subsets of A(a") we set
bi=u[U.] and c:=p[Uoloo @@ pu[Uns]ons,

where 0; : [1;] = [n] is the function such that v,,(5)s ..., Vg,(1,-1) is an enumer-
ation (in left-right order) of all vertices v; with v; > u;.

Note that it follows from Lemma 3.13 that every sequence a® in a finitary
power-hyperclone does have a regular factorisation. We use the trace labelling
and regular factorisations to define products of arbitrary sequence. First, let us
record a basic property of the trace labelling.

Lemma s5.5. Let € be a finitary power-hyperclone, J an ideal of €, and m an
infinite product that is compatible with €. Suppose that A is the trace labelling
of a sequence a® with respect to J, and let A be a contraction of A such that
lim A2 = lim A. Then

limA = BT;(a®) and limAL =BT;(b,c,c,c,...),

where b - ¢ is the regular factorisation of a® induced by A%,
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Proof. For the first equation, let 8 be a branch of A(a"). By definition of A, it
follows that A(f8) = Tr;(8). Hence,

limA = {A(B) | Babranch } = { Trj(B) | B abranc } = BT;(a").

A similar argument works for the second equation. O

Since we are interested in obtaining a path-continuous w-hyperclone, we need
a corresponding restriction on power-hyperclones.

Definition 5.6. An ordered power-hyperclone € is path-continuous if there exists
an ideal J € € such that

o for every sequence a" in separation normal form with regular factorisa-
tion x - y*, we have

x-y*=sup{u-v®|u-v*isaregular factorisation of some sequence
b"<a"injJ } ,
¢ and the value of an expression a - b with a, b € J is uniquely determined
by the set BT3(a, b, b, b, ...).

It follows from the next lemma that the power-hyperclone (€&, “) associated
with a path-continuous w-hyperclone (&, 7) by setting a® := n(a,a,4a,...) is
path-continuous. We shall prove below that, conversely, every finitary, path-con-
tinuous power-hyperclone can be turned into a path-continuous w-hyperclone
in a unique way. We start by showing that there exists at most one infinitary
product compatible with a given power-hyperclone.

Lemma 5.7. Let € be a finitary power-hyperclone, J an ideal of €, and let m be an
infinite product that is compatible with € and such that (€, i) is path-continuous
with respect to the ideal J. For every sequence a" in J, we have

n(a")=b-c,
where b - ¢ is any regular factorisation of a°.
Proof. By path-continuity there is a function p such that

n(a®) = p(BT;(a")), for every sequence a” in J.
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Let A? be a contraction of the trace labelling A with lim A? = lim A and let b-c®
be the regular factorisation of a® induced by A?. By Lemma 5.5 it follows that

n(a") = p(BT;(a")) = p(lim A)
= p(limA2)
= p(BTy(b,c,c,...)) =n(b,c,c,...)=b-c",
as desired. O

Corollary 5.8. Let € be a finitary power-hyperclone and J an ideal of €. There
exists at most one infinite product m that is compatible with € and such that (&, i)
is path-continuous with respect to the ideal .

Proof. Let m, n’ be two infinite products that are compatible with € and such that
(¢, ) and (€, n’) are path-continuous. It is sufficient to prove that 7 and 7’ agree
on every sequence a” in separation normal form in J. But this follows from the
preceding lemma, since

n(a”)=b-c=n'(a"),

for any regular factorisation b-c¢® induced by a contraction of the trace labelling A.
O

For path-continuous power-hyperclones, it follows that the function mapping
a sequence a" to the value b - ¢ of its regular factorisation is well-defined.

Lemma 5.9. Let € be a path-continuous power-hyperclone, and b, - ¢%, b, - ¢’ two
regular factorisations of a sequence a". Then

bo-cd =b,-c.
Proof. By path-continuity, we have
bo-cl =sup{u-v®|u-v®isareg. fact. of some aj <a”inJ}
=b,-c. O

Existence of 7 is more involved. First, we show that, if a compatible product
exists, the resulting w-hyperclone is path-continuous.

Lemma s5.10. Let € be a finitary path-continuous power-hyperclone with ideal J
and let 7w be an infinite product that is compatible with €. Then (€, i) is path-
continuous with the same ideal J.
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Proof. Let a® be a sequence in separation normal form. We have to show that
n(a®) =sup {nm(b”) | b <ain]}.
Let x - y* be the regular factorisation of a". Since € is path-continuous, we have

x-y?=sup{u-v*|u-v*isaregular factorisation of some sequence
bP<a%inJ } )
By Lemma 5.7, it follows that
n(a®)=x-y*
=sup{u-v*|u-v®areg fact. of b° <a"inJ}
=sup{m(b”) |b” <a"in]},
as desired.
For the second condition, we have to show that the value of an infinite product
n(a") with a" in J only depends on BT (a"). Consider two sequence a" and b"
in J with BT;(a") = BT;(b"). We claim that n(a”) = n(b"). Let u - v“and

x - y be regular factorisations of, respectively, a” and b" that are induced by
contractions of the respective trace labellings. Then it follows by Lemma 5.5 that

BT;(u,v,v,...) =BT;(a") = BT;(b”) =BT;(x,5,,...).
By path-continuity of € this implies that u - v* = x - . Hence,
n(a®)=u-v’ =x-y* =n(b"),
as desired. O

Finally, we can prove the existence of compatible products. Together with their
uniqueness, it follows that every finitary, path-continuous power-hyperclone can
be extended in a unique way to an w-hyperclone.

Theorem 5.11. Let € be a finitary, path-continuous power-hyperclone with ideal J.
There exists exactly one infinite product m that is compatible with € and such that
(€, m) is path-continuous with respect to J.
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Proof. By Corollary 5.8, we only need to prove the existence of 7. According to
Lemma 5.7, if a” is a sequence in J in separation normal form, we have no choice
but to define

n(a”)=b-c,

where b - ¢“ is a regular factorisation induced by some contraction A? of the
trace labelling A. In fact, we use this definition for all sequences a" in separation
normal form. Note that, by Lemma 5.9, this definition does not depend on the
regular factorisations we choose.

We extend the definition to sequences a" not in separation normal form by
setting

n(a®) :=m(b”), where b" is the unravelling of a”.

It remains to prove that 77 turns € into a path-continuous w-hyperclone. Path-
continuity follows from Lemma 5.10. Hence, we only have to check that (&, ) is
an w-hyperclone and that 7 is compatible with €.

For compatibility, consider a constant sequence a” = (a,a,a,4,...). The
function ¢ : A(a") — [1] mapping every element to o is a Ramseyan split of
the trace labelling A. It follows that a - a® is a regular factorisation of a". Con-
sequently,

n(a,a,a,...)=a-a” =a”.

It remains to verify that m satisfies the axioms of an w-hyperclone. According
to [1], there are five axioms to check:

(11) Forall k, < k, < k, <--- < w, we have the associative laws
n(a® a',a’,...)=a°-n(a',a*...),

n(a® a',a%,...) = n((a®-a*™), (a*--ab™), (ah-ab7), . 0).

(12) Let b™ be the factorisation (see below) of a" induced by some H ¢ A(a").
Then

n(b%) = n(a").
(13) Let m(n) := |a"| be the width of a” and set b" := z(a”,a™"",...). For all
I, € [m(n)], we have

n(a® a',...)=n(a®:, b, a':, b®, a®: b3,.00).

2 3
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(14) If oy, : [|#"]] = [|#"|], » < w, are functions such that
oun(a”,a™, . ) =n(a",a"",...),
then

n(0,a°, 0,a",0,a>,...) =n(a® a',a®...).

(15) For all sequences a" and b°,

a” <b", foralln < w, implies m(a®a',...)<n(b°0...).

We start with a proof of (12). Let us first recall the definition of a factorisation
from [1]. A set H € A(a") induces a factorisation of a" if, for every v € A(a"),
there is some u < v in H. For each u € H, we set

T,={veA(a”)|u<vandthereisnowe Hwithu <w=<v}.

Then H induces a factorisation of a" if, and only if, the sets T, form a partition
of A(a"). By definition, this factorisation is obtained from a" by replacing all
elements in T, by the single element y[ T, |, where g is the function from Defin-
ition 2.6.

Returning to the proof, let b™ be the factorisation of a induced by H ¢ A(a").
We have to show that 7(b") = 7(a").

First, let us consider the case that a and b" are in separation normal form.
Let A and A, be the trace labellings of, respectively, a” and b" and fix a Ram-
seyan split g, for A,. Note that A, is the restriction of A to H. Therefore, we can
extend o, to a Ramseyan split o for A in the following way. For each vertex u € H,
we fix a Ramseyan split g, for the restriction of A to the subtree T, defined above.
Let n < w be some number such that rng o, € [n]. We define o by

o(x) = {ao(x) ifxeH,

n+o,(x) ifx¢HandxeT,,

Then o is a Ramseyan split of A(a"™) whose restriction to H coincides with o,.
By the definition of o, the canonical embedding i : H - A(a") induces an
embedding of every contraction (A,)5° of A, into the corresponding contrac-
tion A of A. It follows that the regular factorisations induced by (A,)5° and 17
coincide. Therefore, the products 7(a") and 7(b") have the same value.
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It remains to prove the claim for arbitrary sequences a® and b°. Let 47 and b°
be the unravellings of a™ and b7, respectively. By definition, we have n(a") =
7(4%) and 7(b7) = (b7). Furthermore, b7 is a factorisation of 47 induced by
some set H € A(49). Since 47 and b7 are in separation normal form, it follows
by what we have shown above that

n(b7) = 7(b°) = n(4") = n(a").
(11) The second equation follows from (12). Hence, it remains to prove that
n(a®,a',...)=a® n(a',a*...), foreverysequencea”.

By definition of 7, it is sufficient to consider sequences a® in separation normal
form. Let a" be such asequence andlet a' = al @---@a),_, be the decomposition
of the element a'. We denote by b the sequence (a}, a*,a%,...). Then

n(a',a,...)=n(bY)® --on(b]_).

Let A and A;, i < m, be the trace labellings of, respectively, a” and b7. We fix
Ramseyan splits o; of A; and sets P; ¢ A(b}') such that lim()t,-)gj =limA;. Let
x; - y¢ be the corresponding regular factorisation of b7. Then

a,-n(a',a*...)=a, (n(b))®---@n(b_))
=0 (X0 Yo @ ® Xy Yppy) -
We denote by h; : A(bY) — A(a") the tree embedding mapping each position
of b% to the corresponding one of a”. Let P ¢ A(a®) be the prefix-closure of the
set

ho[Po] U+ Uhpy[Pm—t]-

We define a Ramseyan split o of A by setting

o(w) = oi(u) ifw=h;(u)forsomeuandi,
" |jw|+k otherwise,

where k is a constant larger than any number in rng 0, U - - -Urng 0, ;. It follows
that the contraction Af of A induced by P and o consists of the prefix of A(a")
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corresponding to a° together with the contractions (A; )5; . Therefore, the regular
factorisation induced by A? is of the form

sep(a® (Xo @ ®xXm—1)) VoTo®  ® YimrTm—1)”
=a% (X0 Yo & ® Xy Yoy >

for suitable functions 7,, ..., Ty ;. It follows that
m(a®)=a® (x0-yo @ - @ xp_y-yu_,) =a’-n(a',a’,...).

(13) We may again assume that a” is in separation normal form. Let c™ be the
sequence (a°:y, b, a':y, b?, a*:, b,...). Note that A(c”) is a subset of A(a®)
obtained by replacing some subtrees by leaves. Let i : A(c”) — A(a") be the
corresponding embedding. Let A be the trace labelling of A(a") and let u - v*
be a regular factorisation of a” induced by some contraction 12 of 1. Note that
Ao(x,y) := A(h(x), h(y)) is the trace labelling of A(c"). Hence, 0, := 0o hisa
Ramseyan split of A,. The corresponding factorisation of ¢™ is u, - (v,)“ where
U, and v, are of the form

uo =sep(u:yw) and v, =p,(vi,w), forsuitablel,],v,7,

where w :=v® @ --- @ v*. It follows that u, - (vo)¥ = u-v®.

(14) can be checked in a similar way. W.lo.g. let a™ be in separation normal
form and let b” be the sequence (0, a°, 0,a", 0,a>, ... ). There exists an isomorph]
ism 7 : A(a”) - A(b"). Using  we can transform a Ramseyan split o for the
trace labelling of A(a") into a Ramseyan split for A(b"). For the regular factor-
isations x - y* and u - v of a™ and b", respectively, it follows that

u=xt and v=1yT, for a suitable bijection 7.

It follows that u - v = x7(77' y71)“ = x - y*, as desired.

(15) Suppose that a® < b". Let 4" and bP be the unravellings of a” and b"
and let u- v and x - y* be regular factorisations of 4" and b", respectively. Then
d" < b and, by path-continuity,

n(a®)=n(a") =u-v*
=sup{w-z*|w-z" areg. fact. of some c” < a” inJ }
<sup{w-z“|w-z" areg. fact. of some ¢ < b7 in J }
=x-y* = n(b?) = n(b°). O
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6 THE THEOREM OF RABIN

In this short section we present an application of our results. We give an alternat-
ive proof of the Theorem of Rabin on the decidability of the monadic second-
order theory of the binary tree. The reason why we introduced power-hyper-
clones is that, a priori, we need an infinite amount of information to specify the
infinite product of an w-hyperclone. But even after having replaced the infin-
ite product by the unary power operation, we still deal with an infinite structure
since there are infinitely many sorts. To actually compute with power-hyperclones]
we have therefore to choose a finite subset of sorts and to only deal with the re-
duct of the power-hyperclone to this set of sorts.

Definition 6.1. An effective presentation of a power-hyperclone € is a computable
function g that, given a finite set of sorts S, € (w<“)<“ computes the reduct €|, .

We have shown in [1] that the class of languages recognised by finitary path-
continuous w-hyperclones is closed under boolean operations and projections.

Theorem 6.2 ([1]). Let p : X — I be a surjective, arity preserving function between
functional signatures. If L, L' S F)[2] are recognised by path-continuous w-
hyperclones then so are LN L', LU L', Fg)[Z] \ L, and p[L].

The Theorem of Rabin will follow from an effective version of this theorem. To
obtain such an effective version, we replace w-hyperclones by power-hyperclones
and we show that the two operations on w-hyperclones underlying the theorem
are effective for power-hyperclones. These two operations are the direct product
of two power-hyperclones and the power set operation.

Definition 6.3. Let € and ¢’ be path-continuous power-hyperclones.
(a) The product € x €' is the power-hyperclone © where the domain of sort i
is
DL_{ = Cﬂ X C/a 5

and where all operations are defined component-wise.
(b) We define the power-hyperclone P (€) as follows. The domain of sort i =

(Uos . vstm—y) is
£(Cy) x--x8(Cy,_,)-

(For m = o, we take the empty product {()}.) To simplify notation we will
identify an element a = a, ®---®a,,_, € C; with the m-tuple a = (ao, ..., apm-1),
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and wewrited € A, fora e Czand A € £(C, ) x---x§(C,,_,),if wehave a; € A;,
for all i. For elements A and B of P(€), we define the operations by

Ae®B:=AB,
0:=(),
Aa(A) = <Aa(o)’ o ’Ao(mfl)) >

AysB:=D, where D; :={a:y,b|acA;, beB}.
The power operation is defined as
A :={mn(a")|a" e AL, foralln},

where A7 is the unravelling of the sequence A4, A, A, ... and 7 is the unique in-
finite product compatible with €. Finally, the ordering is defined by

A<B :iff thereexistinjections ¢; : A; — B; such that
a<¢i(a), forallacA;.

Obviously, we can compute an effective representation of € x €’ from effective
representations of € and €. It is less clear that we can compute effective repres-
entations of P(€) from those of €.

Proposition 6.4. Given an effective representation of a finitary path-continuous
power-hyperclone €, we can compute an effective representation of the power-hyper-
clone P(C).

Proof. Except for the w-th power, all operations of P(€) are obviously comput-
able. Hence, it remains to show how to compute the value of A“. Let A be the
unravelling of the sequence A, A, A, . ... Note that A“ is the set of all values i 7,
where i - 7 is a regular factorisation of some sequence a“ with a" € A”. By
Theorem 4.6 there is a (computable) bound k < w such that we only need to
consider regular factorisations that are induced by a contraction €¥ (1) of the
trace labelling of @7 such that €¥(1) is contained in the first k elements of the
sequence AU. Since there are only finitely many such contractions, we can enu-
merate all of them to compute A“. O

Theorem 6.5. For every MSO-sentence ¢, one can compute an effective representa-
tion of a finitary, path-continuous power-hyperclone € and a set P ¢ Cyy such that
there exists a morphism h : §,[Z] - € with

Tee iff h(T)eP.
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Proof. We compute the representation of ¢ and the set P, by induction on ¢. The
power-hyperclones for atomic formulae given in Theorem 6.9 of [1] are comput-
able from ¢. For boolean operations, we perform a direct product of the given
power-hyperclones, which is obviously effective. For existential quantifiers, we
use Proposition 6.4 to compute P(€). In each case, the corresponding descrip-
tion of the set P given in [1] is clearly effective. |

The Theorem of Rabin will follow from this result, once we have shown that
one can compute the image of the morphism h.

Lemma 6.6. Given an effective representation of a finitary, path-continuous power-
hyperclone €, a finite set X € C and an element a € Cy, one can decide whether
or not the element a is contained in the sub-power-hyperclone (X) of € generated
by X.

Proof. Let 7 be the infinite product associated with €. Let X* be the minimal
set containing X such that a @ b € X* implies a,b € X*, and a € X* implies
sep(a) € X*. Note that X™ is still finite.

Then a € (X) if, and only if, a = 7(b"), for some sequence b~ where each
element is of the form b" = x) @ --- @ x:’n(n)_l with x!' € X*. By Theorem 4.4,
there is a computable constant N such that each b" has a regular factorisation
u - v* where u and v are of the form

u=uluk and v=v°-!

with k, [ < N where

i

. ; i i i +
Ui=xg @ @®x,; , and vi=y & @y, , forx;y;eX".

Since (b"”) = u-v® it is therefore sufficient to check these finitely many regular
factorisations to determine whether or not a € (X).

Corollary 6.7. It is decidable whether a given MSO-formula ¢ has a tree model.

Proof. Given an MSO-sentence ¢, we construct the corresponding power-hyper-
clone € and the set P ¢ C as in the theorem. Let h : §,[2] - € be the corres-
ponding morphism. Then

phasatreemodel iff h7'[P]*@ iff Pnrngh+.

Since §,[ 2] is finitely generated (by the elements of X), it follows by Lemma 6.6
that the latter condition is decidable. O
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Corollary 6.8 (Rabin). The MSO-theory of the full binary tree T, := (2°“, E,, E,)
is decidable.

Proof. The binary tree T, can be axiomatised by a single MSO-sentence 0. It fol-
lows that

T, ¢ ifft 6 A ¢@hasatree model.

The latter question is decidable by the preceding corollary. O
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