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We develop an algebraic language theory for languages of infin-
ite trees. We define a class of algebras called w-hyperclones and we
show that a language of infinite trees is regular if, and only if, it is
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Instead of using finite automata to develop the theory of regular languages,
one can also employ semigroup theory. By now this approach has along tradition
and there exists an extended structure theory connecting varieties of languages
with finite semigroups. This theory is particularly effective if one is interested
in characterising subclasses of the class of all regular languages. For instance,
the only known decidable characterisation of the class of first-order definable
languages is based on semigroup theory.

*Work supported by ESF project ‘Automata: from Mathematics to Applications.

Naturally, there have been attempts to generalise this theory to other notions
of regularity. For languages of w-words, such a generalisation has largely been
achieved. A detailed account can be found in the book of Pin and Perrin [8].
There also have been several contributions to an algebraic theory for languages
of finite trees [11, 13, 12, 9, 5, 10, 3, 1, 7]. But the resulting theory is still fragmentary
with several competing approaches and formalisations. Our own work has been
influenced in particular by the following two articles: Esik and Weil [6] have
developed an approach using preclones, while Bojanczyk and Walukiewicz [3]
use forest algebras. As far as the algebraic setting is concerned, the formalisation
in the present article most closely resembles the work on clones by Esik [4].

So far, an algebraic theory for languages of infinite trees is still missing. The
main obstacle is the lack of appropriate combinatorial tools, like Ramseyan fac-
torisation theorems for infinite trees. In particular, a purely combinatorial proof
that every nonempty regular language of infinite trees contains a regular tree is
still missing. There is recent work of Bojaficzyk and Idziaszek [2] on characterisa-
tion results for classes of infinite trees that manages to circumvent these problems
by a technical trick: since every regular language of infinite trees is determined
by the regular trees it contains, it is sufficient to consider only regular trees.

This paper provides a first step in the development of an algebraic theory for
recognisability of classes of infinite trees. Inspired by the work of Esik and Weil
on preclones, we define suitable algebras of infinite trees called w-hyperclones.
We can show that every regular language is recognised by some homomorphism
into such a (finitary, path-continuous) w-hyperclone.

The proof is performed in two steps. First, we define a special class of w-hyper-
clones called path-hyperclones that directly correspond to tree-automata. The
problem with path-hyperclones is that their definition is not axiomatic, but syn-
tactic. That is, given an arbitrary w-hyperclone we cannot tell from the definition
whether or not this w-hyperclone is isomorphic to some path-hyperclone.

In the second step, we therefore give an algebraic characterisation of the main
properties of such path-hyperclones (they are path-continuous). Using this result
we can transfer our characterisation from path-hyperclones to path-continuous
w-hyperclones.

Finally, we prove that the class of path-continuous w-hyperclones is closed
under products and a certain power-set operation. From these results we can
deduce a second (equivalent) version of our main theorem: recognisability by
finitary path-continuous w-hyperclones is the same as definability in monadic
second-order logic.
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1 PRELIMINARIES

Let us fix our notation and recall basic definitions. We set [n] := {o,...,n —1}.
Frequently, we do not distinguish between a tuple a = (a,,...,a,-,) and the
set {ao,...,a,_,} of its components. In particular, we sometimes write @ C A

instead of a € A". We denote the power set of a set A by (A).

Definition 1.1. (a) An w-semigroup is a two-sorted structure & = (S, S, -, &, )
where

+ (S, -) forms a semigroup,

e a:S%xS, > S, isaleftaction of S on S, and

¢ 71:8% —> S, is a function satistying the following associative law:
((si)icw) = (S0 Skgm1> T( (S *Skirsmn i< ) ) »

for every sequence (s;); € S* and all increasing sequences of indices k, <
ki< <w.

Usually, we will omit « and - and write sw and st instead of, respectively, a(s, w)
ands-t.

(b) A morphism y : & - ¥ of w-semigroups is a pair y = (yo, fe) of maps
Yo :S— Tand p, : S, = T, such that y, is a morphism of semigroups and we
have

pao(sw) = po()pto(w) and  py(7(si)i) = m(pto(si))i -
(c) A semigroup S operates in a canonical way on S” and on £(S) by
a-{bo,....by_,):={abo,...,ab,_,) and a-P:={ab|beP},
respectively.

For more information about w-semigroups we recommend the book [8].

Definition 1.2. Let X be a set.

(a) A tree domain is a prefix closed subset T € w*<® such that wd € T, for
w e w” and d < w, implies wc € T, for all ¢ < d. The element wd € T is called
the d-th successor of w € 0<“.

(b) A Z-labelled tree is a function ¢ : dom(t) — X where dom(¢) is a tree
domain.

(c) Let X be a signature, i.e., a set of function symbols, and let X be a set of
variable symbols. A 2-term with variables X is a (2 u X)-labelled tree t where

¢ every internal vertex x € dom(¢) is labelled by some function symbol
t(x) € X and the number of immediate successors of x coincides with
the arity of the symbol #(x),

o everyleaf x of t is labelled either by a variable from X or a constant symbol
(i.e., a o-ary function symbol) from X.

The set of all 2-terms with variables from X is denoted by T, [X, X], the set of
all finite >-terms by T[Z, X].

Definition 1.3. A parity automaton is a tuple A = (Q, X, 8, o, Q) where Q is
the finite set of states, X is a signature, q, € Q is the initial state, 2 : Q > wisa
priority function, and A € Q x ¥ x Q* is the transition relation.

Let t € T,[2,@]. A run of Aon tisa Q-labelled tree p : dom(#) - Q with
the same domain as ¢ such that p(()) = g, and

{p(x), t(x)s p(¥o) - p(yna)) €4,

for every vertex x € dom(¢) with immediate successors yo, ..., ¥n—i-
Such a run is accepting if every infinite branch x,, x;, ... in dom(t) satisfies
the following parity condition:

liminf Q(p(x,)) is even.
n—oo
The language recognised by A consist of all trees ¢t € T,[Z, @] for which there
is an accepting run. Languages recognised by some parity automaton are called
regular.

2 HYPERCLONES

Before introducing the notion of a hyperclone let us first give some intuition.
A hyperclone is an algebra where each element can be thought of as a tuple of



objects each of which has a number of ports. Each port is labelled by a natural
number. For instance, the objects could be terms where each occurrence of a
variable x; corresponds to a port with label i. In particular, the ports are arranged
in a left-to-right fashion and there may be several ports with the same label. For
simplicity, we assume that each object has only finitely many ports. Hence, to
each object we can associate a finite tuple of natural numbers. We can depict an
element of a hyperclone consisting of four objects with ports (o, 2), (1,0,1), (2},
and (2, 0), respectively, as in the following diagram.

o 1 2 3
o 2 2 [e]
2
There are two main operations in a hyperclone: horizontal and vertical com-
position. Horizontal composition & is just the concatenation of tuples.

mAA Ad A AMAAL& A

For vertical composition - we plug in the i-th object of the second tuple into
every port of the first tuple with label i. For instance, if the objects are terms
then vertical composition might correspond in substituting the i-th term of the
second tuple for the variable x; in each term of the first tuple.

For technical reasons, we will not use the basic vertical composition -, but a more
complicated operation :; ; where we can plug in objects into only some of the
ports, while changing the numbers of the remaining ports.

The motivating example of a hyperclone is the algebra consisting of all terms.
We define this algebra first, before giving the general definition of a hyperclone.

Definition 2.1. (a) Let X be a signature and set X := {x,, x5, ... }. We denote by
T,[Z] the set of all terms ¢ € T, [2, X] with only finitely many occurrences of
variables from X. As usual, T[X] is the subset of T,[X] consisting of all finite
terms.

Foraterm t € T, [ 2], we denote by var(t) the sequence of all (indices of) vari-
ables appearing in ¢ in left-to-right order. Formally, we define var as the unique
function T,[X] - w** satisfying the following equations:

var(t) = (), ift does not contain a variable,
var(x;) = (i),

and  var(f(to,...,ty—1)) =var(t,)...var(t,—,).

(b) The free w-hyperclone over X is the many-sorted structure

‘Sw [2] = ((Fu [Z])ﬁe(w<"’)<"” ®,0, ()La)m (:I,T)I,T) T, S)

where I ranges over finite subsets of w, o over all functions [m] — [n], for m, n <
w, and 7 over all functions [m] — w, for m < w. The set of sorts is (w<“)<“ where
the domain of sort & = (1o, ..., Uy—,) € (W<)<? is the set

Fi[2] = {{tos---stums) | ti € To[Z] N {Xos Xss... } with var(t;) = u; }

of all finite tuples of non-trivial terms such that the i-th term has variables u;.
Fo[2] has the following operations:

+ & is the concatenation of tuples.
‘I forI c[n]and 7: [k] — w, is defined as

*

(So»-vsSmar)inr (orevostnmn) i=(Uorensr Umoy) >

where u; is obtained from s; by replacing every occurrence of a variable x;
with i € I by the term t;. Variables x; with i ¢ I are replaced by the vari-
able x;(jy.

* ), reorders its argument according to o : [m] — [n]:
Ao(tos - stnar) = {to(o)s - s ta(m=r)) -

* 7(a,,a,,...) is the limit of the terms a,, (a0 - a,), (a0 - a, - a,)...., where,
for an m-tuple § and an n-tuple £, the simple version of the vertical com-
position is defined by § -  := §:[,,7,1q £.



¢ o denotes the empty tuple of terms.
o The order <is trivial: a < b iff a = b.

(c) The free hyperclone over X is the restriction F[Z] of §,[2] where we omit
the infinite product 7 and restrict the domains to finite terms only.

Remark. We have omitted trivial terms ¢ = x; consisting of a single variable from
our algebra in order to avoid technical difficulties with the infinite product. (The
product of x,, X,, Xo».. . is the term x,, but it should be a term without variables.)
The price we have to pay for this choice is that we need a more complication
version :y ; of the vertical composition to build terms like

f(32,8(%2)) = f (%0, 1) ay,r (B(x7), g(x2))  where 7(0) = 2.

Before stating the general definition of a hyperclone, we need a bit of notation.
To manipulate finite sequences we define the following operations.

Definition 2.2. Let A, B be sets.

(a) For a = (aq,...,a,-,) € A" and functions ¢ : [m] - [n]and 7: A - B,
we define
a’:= (a(,(o), ces ao(m,1)> e A"
and 7(a):=(r(ao),...,7(an_,)) € B".

Note that (%) = @°°° and 7(7'(a)) = (t o 7')(a), for ¢’ : [n] - [k] and
7':B-C.
(b) For readability, we introduce a concatenation operation

cat: (A<w)<w - A<? by cat(do,...,dn_l) =dg...0p-.

Since the definition of a hyperclone is rather long, we isolate some parts and
treat them separately. We start by axiomatising the horizontal composition ®.

Definition 2.3. Let S be a set and € an S<“-sorted structure with domains Cj,
for it € S<¢.

(a) The width of an element a € C; with @ € S” is the number n.

(b) A free monoid structure on € consists of

# aconstanto € C(>;

¢ binary operations @ : C; x C; — Cy; forall &1, v € $°9;

¢ unary operations A, : C; — Cyo for all # € S and every function o :
[m] - [n] withn = |d|and m <

that satisty the following conditions:
(M1) The monoid laws for ®:
(aob)edc=ao(boc) and oda=a=ado,
forall a,b,c e C.

(M2) o is the only element of sort ():
Cyy = {o}.
(m3) The laws of the action of A, on C:
Do(he(@)) = Aroo(@) and  Aig(a) = a
for all a € C and all suitable ¢ and 7.

(M4) We can decompose every element a € C; of width m into a sum of ele-
ments in Cy ), ..., Cy,_,) of width 1:

a=A(a)® @A, (a), wherer;:[1]—>[m]:0~1i.
(M5) For a € C; of width m and b € C; of width n
As(a®b)=a and A, (a®b)=0b,
where o:[m]—->[m+n]:i—i

and t:[n]o[m+n]liim+i.

Lemma 2.4. Let o, ®, (1), be a free monoid structure on an S<“-sorted struc-
ture €. For every sort it = (Uo, . .., Uy—,) € S, the function

)—>Cu2(ao,...,an,1>»—)aOEB...@anﬂ

Clug) ¥+ * Cpa,
is bijective. Furthermore,
/lo(ao @ an—l) =Ag(0) ® @ Ag(m-1) >

foralla; € i,y with u; € S and all functions o : [m] — [n].



Proof. The above function is surjective by (M4). For injectivity, it is sufficient to
prove that

a®b=a @b’ implies a=a"andb="0",
forall a,a’ € C; and b, b’ € C;. This follows from (Ms) since
adb=a"®b’ implies a=A,(a®b)=A,(a’ ®b') =4

and similarly for b and b’.

For the second claim, we consider an element a = a, ® --- ® a,_, of width n.

Forty:[1] » [n]: 0o~ kand o} : [n— k] — [n] : i = i + k it follows by (m5)
that
Ar(a) = Aokoro(ao & ®a,,)
=ey(Aoy((a0® @ ar,) ® (ar @ ®a,,)))
=X (ar @ - ®ay,)

=ady.
For 0 : [m] — [n], we therefore obtain

Ao(a) =2, (As(a)) @ @Ay, (A6(a))
=Ador, (@) ® -+ ® Agor,_ ()
= (@) @@y,  (a)
=dg(0) @ @ Ag(m-) - O
This lemma tells us that, in every algebra with a free monoid structure, we can

regard elements of width 7 as n-tuples of elements of width 1. This identification
is formalised in the following definition.

Definition 2.5. Let € be a structure with a free monoid structure o, &, (14),-
The decomposition of an element a € C of width m is the tuple (a,, ..., apn_,) of
elements a; of width 1 such thata=a, ®--- ® a,,_,.

The free hyperclones defined above are S<“-sorted algebras for § = w<“. We
define the following notation regarding this set of sorts.

Definition 2.6. Let S := (w<“)<“.

(a) We write elements z € S as tuples 4 = (uo,...,u,_,) of functions u; :
[m;] > w.

(b) Let &t = (uo, ..., Up—,) € S. The width of @ is its length n. The support of
is the set

supp(#) = rngu, U---Urngu, ;.

(c) For two tuples & = (uo, ..., Upm—r)and ¥ = (vo,...,v,—,)in S, asetI c [m],
and a function o : [k] — w such that

supp(a)nIc[n] and supp(a)~Ic[k],

we define the substitution operation

e 7= (cat(w®),...,cat(w™ ™))
where
Wf = Vg (i) ifup(i)el,
(o(ur(i))) ifur(i)¢l.

Example. Let i = ((0,2,1), (1,2)), and v = <(o,1), (1,2), (0,5)). Then

Uifon}o ¥ = ((o, 1,0,5,0(1)), (c(1),0, 5)) .
In the next step, we introduce the axioms for the substitution operation :j ;.

Definition 2.7. Let S := (w<“)<“ and let € be an S-sorted algebra with free
monoid structure o, ®, (A¢),-.
(a) A substitution operation is a family of binary operations

‘Lot CaxCy = Cqg, 5, forallfinite] Cw, allo:[m] - w, and

all 4,7 € S such that i1 ;1 , ¥ is defined,

that satisfy the following conditions.

(s1) Forb=b,®---®b,,_, of widthmandc=c¢c, ®--- ® c,_, of width n, we
have the associative law

(61 ‘Lo b) J,r € = 8 1ye1[]], 100 (do SRR dm—l) >

10



where (b) PU(PT(a)) = Paor(a)

do {bi pee ifiel, (©) Ao(pr(a)) = pr(Ao(a))
oy HTEL (@) Ae(airgb) = A(@)ing b
(s2) The distributive law (e) pr(a:neb) =a:r 00 pr(b)
(a@®b)i1oc=(aiyc)® (bioc). (£) pr(a):nob=aii[p,e0r Ac(b)

(8) po: Cy = Cog) is bijective, for all suitable i1 and o.
(s3) aigiab=a . _ _

(h) ifaeCyando | supp(it) = 7 | supp(it), then ps(a) = p.(a).
(s4) Leti,v € Sbesortsand o : [m] — w afunction such that i1:5 , 7 is defined.

For every a € Cy(z), there are elements b € C; and ¢ € Cy witha = b, c. Proof. (a) is just a restatement of (s3).
(b) We have

(s5s) Fora € C; and b, b’ € C; with decompositions b = b, @ --- @ b,,_, and
V=be--ob,_, po(pr(a)) =(aig:b)igoc

, =4 g, go1 (dOEB"'@dmﬂ):Paor(a),
a:I,Ub:a:],rb >

where d,,...,d,,_, are as in (s1).

for all sets I, J and functions o, T such that ()Leta=ao® @ am_,and o : [n] - [m]. Then

- by =], forall i € I nsupp(ii),
- I'nsupp(it) = J nsupp(i),
- o | (supp(it) N 1) =7 1 (supp(i) N 1)

Aa(PT(“)) = AU(PT(aO DA am_l))
=Ao(pe(a0) @ @ pr(am-))
= Pr(aa(o)) - @ PT(QU(”_l))

(b) For a substitution operation (:1,¢) 1,5, we define the following abbreviations. = pr(A5(o) ® @ Ap(nr))

For a € C; and b € C;, we set

= PT(AO'(a)) .
aiybi=aib, (d) Let7: [m] - [n] andleta = a, & -+ ® a,, be the decomposition of a.
a-bi=aiupp(a) b, Then
po(a)=ayz,c, for an arbitrary c.

Ae(aireb) =2 (a0 @ ®an,):16b)
Note that, by (s5), the value of p,(a) does not depend on the chosen element c. =616 b® - @®au_i1ob)

Let us collect some properties of the operation p,. = (@u(o) 1,0 b) @+ ® (ar(mor) 1,0 b)
- 7(0) 1,0 T(m-1) *1,0

Lemma 2.8. Let (i1,5) 1, be a substitution operation for €. For all suitable values = (A1) @ ® Ar(im-r)) Lo b
ofa, b, 0, 1,and I, =1:(a) o b.

(@) pia(a)=a

11 12



(e)Letb=b,® - ®by_,andc=c, & P c,_,. Setting

4o b il
Yoy ifiel

as in (s1), it follows that

pe(aiob)=(aieb)ig.c
=a 106 (do® - ®dp_y)
=700 ((boig: €)@+ ® (byy g7 C))
=100 (b ® - ®bpy) g1 C)
=4 :,ro0 Pr(b) .

(f)Letb=b,® - ®by_,andc=c, ® -+ ® cy_,. Setting

citteb ified,
di = .
bT(,-) ifi¢w

as in (s1), it follows that

pr(@)inob=(aig:c)ieb
=4[] 001 (do DD dn—1)
= a0 (br(o) @+ @ br(ny))
=4 :1-1[[],001 /\T(b) .
(g) Consider o : [m] — [n]. It follows immediately from (s4) that p, is surject-

ive. For injectivity, suppose that p,(a) = p,(b). Let 7: [n] — [1] be the constant

function with value o. Since oo : [m] — [1] is surjective, there exists a function

7' : [1] - [m] such that 7 0 0 o 7’ = id. By (s4), we can find elements 4, and b,

such thata = p(a,) and b = p,/(b,). It follows that

ao = Pid(aO) = PTOUOT'(“O) = PT(PU(PT'(“O))) = PT(Pa(a))
= PT(PU(b)) = PT(PU(PT’(bO))) = Prooor’(bO) = Pid(bO) =b,.

Consequently, a = p(ao) = pr(bo) = b.
(h) follows from (s5):

po(a)=aigob=a:.b=p.a). 0

13

Mainly we are interested in the simple version - of the substitution operation.
The corresponding laws take the following simpler form.

Corollary 2.9. Let (:1,5) 1,6 be a substitution operation for €. Then
(@ (a-b)-c=a-(b-c)
(b) (a-b)pc=a-(bioc)
(©) Ae(a-b) =Ai(a)-b
(d) pe(a-b)=a-p:(b)
(e) pr(a)-b=a-A(b)

Definition 2.10. Let (31, )1, be a substitution operation for € and let a € C;; be
an element of sort &t = g ... Up_,.

(a) We say that a is in separation normal form if there are numbers o = k, <
.-+ < k,, < w such that

ui={kiki+1,....kjy, —1), forali<m.

(b) The separation normal form of a is an element b in separation normal form
such that a = p,(b), for some 0. We denote this normal form by sep(a).

Remark. Since the operations p, are bijective, every element a € C; has a unique
separation normal form. Hence, sep(a) is well-defined.

Example. In the free hyperclone we have
sep(f(xo,f(xz,xo)), f(xo’XZ)) = (f(xo’f(xl’XZ))’ f(x3)x4)> .
After these preparations we can finally state the definition of a hyperclone.

Definition 2.11. (a) Let S := (w<“)<“. A hyperclone is an S-sorted structure

Q: = ((Ca)ae3> ®, (:I,o )I,m o, ()La)osw“‘) S)
such that
* 0,®, (1s), is a free monoid structure on €,

¢ (15 )10 1s a substitution structure on €, and

14



¢ <is a (family of) partial orders of each domain Cj; such that, for all suit-
able a, b, c,
adc<bdc, ajysc<bi,c,

a<b implies
cdascdb, cigascigb.

(b) To simplify notation, we write

oa:=2As(a), ab:=a-b,

fora,beCando, 7€ w®.
ao = py(a), oT:=To00,

(c) The support of an element a € C; is the support of its sort i:

supp(a) := supp (i) .

(d) A hyperclone € is finitary if every domain Cj is finite.

(e) Morphisms between hyperclones are defined in the usual way, i.e., they are
sort-preserving maps that are compatible with every operation and preserve the
ordering.

Remark. In the simplified notation, we have the following associative laws for a
hyperclone:

o(ra) = (o7)a, o(at) = (oa)t,
(ao)t=a(o7), (ao)b =a(ob).

To check that the above definition of a hyperclone captures our intuition of
generalising §[ 2] we outline a proof of the fact that the ‘free hyperclone’ F[ 2] is
really free.

Remark. Note that the free hyperclone F[ 2] is generated by all terms of the form
0(xo,...,Xn-y), for o € 2. In the following, we identify the symbols ¢ € X with
these terms o (x,, . .., X,—, ). Hence, we regard X as a subset of F[Z].

Lemma 2.12. §[X] is the free hyperclone generated by X.

Proof. To show that F[ 2] is free consider a hyperclone € and a sort-preserving
function f : £ — C. We have to extend f to a morphism ¢ : F[Z] — €.

First, we define ¢(¢), for single terms t. We do so by induction on ¢. If ¢ =
o(xi,,...,x;,_ ) for some o € X, we define

o(t):=p(f(0)), where 7:[m]->w:k~i.

15

For the inductive step, consider a term ¢ = 0(s,,...,Sm—,) with 0 € 2. We
defineI € [m]and 7: [m] - w by

I:={i<m]|s;isanon-trivial term },

ifs: = x,
T(i)::{k ifs; = xx

o ifiel.
We define
¢(t) = f(0):r: b,

whereb :=b, ®---® b,,_, for

b {q)(s,-) foriel,

arbitrary otherwise.
For tuples f = (¢, . .., t,—,) with more than one component, we can now set

P(t) = (to) ®-- ® @(tm-y) .

For the empty tuple, we define ¢({)) := o.
It remains to prove that the mapping ¢ defined in this way is indeed a morph-
ism of hyperclones. Immediately from the definition of ¢ we see that

p(o)=0 and ¢(5@t)=¢(5)®e(1).
For A, we have

9(Ao(£)) = 9(2°) = 9(to(0)) @ -+ ® 9(ta(m-r)) = As(9(£)).

If ¢ is a single term, we can show by induction on ¢ that

@(t1e3) = 9(t) 10 9(3) -

This implies the same statements for tuples . O

3 W-HYPERCLONES

Our main object of study are so-called w-hyperclones which are obtained from
hyperclones by adding an infinite vertical product 7(a®, a*, a?, ... ). To formally

16



state the associative law for such infinite products we have to deal with different
factorisations of a sequence (a"),<,. Note that we can split such a sequence not
only by cutting it ‘horizontally’ (i.e., (a°,...,a*™), (a¥,...,a'™),...), but also
‘vertically’ (i.e, a” = b" & ", for all n) and in many other intermediate ways. To
make this idea precise we associate with (a"),, a forest as follows.

Let a” = ag & --- @ ay, ), be the decomposition of a” into elements of
width 1. We construct the graph whose vertices are pairs of indices (n, i) (repres-
enting a),forall n < wandi < m(i), where weadd an edge from (n, i) to (n+1, k)
if k € supp(al'). The branch tree of (a"), is the tree-unfolding of this graph.

Example. In the free w-hyperclone, consider the sequence (a"),<,, where a” =
(f(x0,%,), g(x0)), for every n. The first levels of the branch tree of this sequence
are

AV
AN AN

000 001 010 100 101
0000 0001 0010 0100 0101 1000 1001 1010

Each partition of this branch tree into connected parts corresponds to a factor-
isation of the product 7(a®, a',...). In the following definition we will encode
such a partition by a set H containing the least element (in the tree order) of each
class. The associative law below states that every such factorisation results in the
same product.

Definition 3.1. Let ¢ be a hyperclone.

(a) We use the notation a" for a sequence (a"),<q of length a < w such that
the product a” - a™** is defined for every n.

(b) We say that a sequence a® = (a"),<, is in separation normal form if
every a” is in separation normal form.

(c) Let a™ = (a") <4 be a sequence, let m(n) be the width of a”, and suppose

thata" = ag ®---®ay,,)_, is the decomposition of a” into elements of width 1.
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The branch tree of a" is the forest
A(a):={new**||y| >0, n(o) <m(o), and
n(n+1) € supp(a,(,), foralln } .
A branch of a" is a sequence 8 € w=* of maximal length such that every finite

prefix 1 < f belongs to A(a").
(d) We define functions y : A(a") — Cand y, : A(a") - w x w by setting

po(n):={n-1,n(n-1)) and u(n):=ay ), forn:=|g>o.

Hence, u(n) = af, for (n, k) := o (7).
A subset U ¢ A(a") is connected if there exists an element # € U such that

(eU implies n=<{and&ecUforally=<&={.

We extend y to finite connected subsets U € A(a") as follows. We define an
element [ U] € C by induction on |U|. For U = {1}, we set

ul{n}] = sep(u(n))-

For |U| > 1, let % be the minimal element of U and let (,..., {;,-, be its suc-
cessors in A(a"). We define

u[U] :=sep(b:rc).
where

I::{i<m|(1~€U},
b= pl{n}],
c=p[Us] @ @p[Upn.,] for U;i={Gu{leU[&>(}.

(e) Let H € A(a") be a set such that
+ H contains all roots of A(a") (i.e., all sequences 1 € A(a™) with || = 1),

 every infinite branch of A(a"™) contains infinitely many elements of H,

* po(n) = po({) implies 4 € H <> { € H, for 1, { € A(a").
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Then H induces a factorisation b° of a" as follows.
For each 7 € H, we set

Inl=[{¢eH|<n}],
U, :={{e€A(a”)|n={andthereisnon’ ¢ Hwithn<n' < {},
by, = ulU,].

We define

b" :=sep(byn @@ by),

where 7}, ..., 5] is an enumeration, from left to right, of all € H with ||| = n.
(f) The unravelling of a" is the factorisation b” of a" induced by the set H :=
A(a").

Remark. Note that the unravelling b” of a sequence a" is always in separation
normal form. Suppose that a” has width m(n) and let 5%, ..., ’72(1’1)—1 be an enu-

meration, from left to right, of all elements of A(a") of length # + 1. Defining
the functions g, : [k(n)] - [m(n)] with

(i) =17 (n),
we obtain
b"0usn = p(15) &+ @ u(Mig(n)-,) = 0na", foralln<w.

Definition 3.2. (a) An w-hyperclone is an expansion of a hyperclone € by (a fam-
ily of) w-ary operations

ﬂZHC,;,n—>Cf,,

n<w
forall v,u°, &', ... such that
o supp(#") S [mpy, ], where my,,, is the width of #"**, and

¢ v =(@,...,0) is the tuple of the same width as #° consisting entirely of
empty tuples & : & - w.

We require € to satisfy the following conditions, for every sequence a":
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(11) Forall k, < k, < k, <--- < w, we have the associative laws
n(a® a',a’,...)=a°-n(a',a*...),

n(a® a',a*,...) = n((a®-a*™), (a*oabr), (aha®), ).
(12) Let b" be the factorisation of a” induced by some H € A(a"). Then
n(b”) = n(a").

(13) Let m(n) be the width of a” and set b”" := n(a",a"*",...). Forall I, ¢
[m(n)], we have

n(a® a',...) =n(a®: b', a':y, b* a*: b3,..0).

(14) Let m(n) be the width of a". If 0, : [m(n)] - [m(n)], n < w, are func-
tions such that
aun(a”,a", . ) =n(a",a",...),
then
n(0,a°, 0,a",0,a>,...) =n(a® a',a®...).
(15) For all sequences a" and b°,

a <b", foralln < w, implies m(a®a',...)<w(b°b...).

Remark. Note that, if b" is the unravelling of a”, then (12) implies that 7(b7) =
n(a"). More generally, if a and b" are sequences such that b"¢"** = ¢"a", for
suitable functions 6", # < w, then m(b") = ¢°n(a"), since the sequences b™ and
0°a®, a',a?,... have the same unravelling.

Remark. Every w-semigroup (S, S,) can be turned into an w-hyperclone with
domains
Se ifu={),
C(u> =4S ifu= (k) s
@  otherwise,

Clu

05000

Hm—n) = C(uo) X oo X C(”m—l) N fOI' m+1.

The definition of @ and A, is canonical; :; ; and 7 correspond to the products of
the w-semigroup.
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Morphisms between w-hyperclones are defined in the obvious way. We con-
clude this section by showing that the free w-hyperclone §,[2] defined above
really is free.

Lemma 3.3. §,[2] is the free w-hyperclone generated by X.

Proof. To show that §,[X] is free, consider an w-hyperclone € and a sort-pre-
serving function f : ¥ — C. We have to extend f to a morphism ¢ : §,[2] — €.
We have already seen in Lemma 2.12 that we can extend f to a function ¢, :
F[2] - C that is a morphism of hyperclones. Hence, it remains to define ¢(¢)
for infinite terms ¢ and to show that it is also a morphism of w-hyperclones.
We define ¢(t) by induction on the number of variables in ¢. If ¢ does not
contain a variable, we set

o(t):=n(a®a',...),

where the a” are defined as follows. Let vy, ..., vy |

lexicographic order) of all vertices v € dom(t) of length |v| = n, and set o} :=
t(vy). We define

a" = sep(f(a5) @ @ f(0p,()1)) -

For an infinite term ¢ with variables, we factorise t as

be an enumeration (in

t=siygt

where s is a finite term and #' is a tuple of infinite terms with fewer variables
than t. We define

9(t) = 9(s) o 9(F) .

It remains to check that ¢ is a morphism of w-hyperclones. We only give a
sketch for the proof that ¢ commutes with infinite products. Let * € F; [X],
n < w, be a sequence such that the product £ := 7(f”) is defined. We have to
show that

p(t°) = n(e(#°), o(#),...).

Note that, by definition of ¢,

o) =o(t) @@ 9(t,_,),
p(I°) =g(t5) @@ 9(15_,)
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where ¥ =t @ --- @ to_ and 1° =t @ --- @ ), _, are the decompositions of
t“ and £°, respectively. Since for all suitable a, b, ¢*, ¢?, . . ., it follows by (1) and
(s2) that

nla®b,c',c*...)=(adb) n(c,c,...)
=a-n(c,c*...)eb-n(cd,c...)

=n(a,c',c*...)en(b,c,c%...),

it is therefore sufficient to prove the claim for elements * = t* of width 1.
Let $™ be the unravelling of #=. Then (¢(5")), is the unravelling of (¢ (")),
and, by (12), we have

7(59) = n(i7) = ¢,
and  1(9(s°),9()....) = n(9(i°), (). ...).

Replacing " by 5” we may therefore assume w.l.o.g. that the sequence i is in
separation normal form.
Note that

t“=n(a”) and ¢(t*) =n(p(a"),9(a"),...),

where, as above,
an = sep(t“’(vg) DD tw(v;:lq(n)—1)) >

for an enumeration vy, ..., vy ) of all vertices of dom(t*) of length . Since
the term ¢ is the product of the #", there exists, for every term ¢/, an embedding
dom(t}) — dom(t) such that the images of these embeddings form a partition
of dom(¢*). Furthermore, there is a canonical isomorphism dom(#*) = A(a").
Let H ¢ A(a") be the set of all vertices that correspond to the root of some ¢/
under the corresponding embedding. Then i~ is the factorisation of a" induced
by H, and (¢(a")), is the factorisation of (¢(¢")), induced by H. By (12), it
follows that

o(1°) = n(p(a®), 9(a’),...) = n(p(2°), (#),...). O

We are interested in using w-hyperclones to recognise languages of infinite
terms. In the following sections we will isolate a class of finitary w-hyperclones
that recognise exactly the regular languages.
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Definition 3.4. Let ¢ : §,[2] — € be a morphism of w-hyperclones. A sub-
set L © Fiy)[ 2] is recognised by ¢ if there exists some set P S C(g) such that
L = ¢7*[P]. Similarly, we say that L is recognised by € if there exists a morphism
¢ : Fo[2Z] » € recognising L.

Let us give an example of an w-hyperclone recognising a language which will
be used in the proof of Theorem 6.9 below.

Lemma 3.5. Let I € X be signatures. Then L := Fy)[T'], regarded as a subset of
F(g)[ 2], is recognised by a finitary w-hyperclone.

Proof. Let us give some intuition first. For each tree, we only need to compute
one bit of information: whether or not it contains a symbol from X \ I'. Hence,
we map an n-tuple £ of trees to an n-tuple b of bits where b; = 1 if, and only if,
t; only contains symbols from I'.

Consequently, we use the following w-hyperclone €. The domain of sort i is

C;:={0,1}" where n:=lql.
For a € C; of width m and b € C; of width n, we define the operations as follows:
a®b:=ab, o:=(), A.(a):=a’
auebi=¢, where ¢; :=min({a;} u{by | kelnsupp(u;)}).
The infinite product is defined as
21 -2 Y.

n(a®,a',a*...):=b, where b;:=lim(a}-a'-a*---a

n—>oo

The morphism ¢ : §,[I'] - € recognising L is defined by

o(6) = {1 if t € Figy[I7],

o otherwise,

and @(f) := (¢(to)>-- > (tn-1)). It follows that L = ¢7*(1). O

4 PATH-HYPERCLONES
In this section we prove our first characterisation result. We define path-hyper-

clones and we show that they are equivalent to parity automata. Intuitively, a path-
hyperclone is an w-hyperclone where the elements are (tuples of) trees whose
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edges are labelled by elements of a given w-semigroup (S, S,, ). We label a term ¢
with n variables by an n-tuple § € S” of semigroup elements, one for each path
from the root to a variable. Furthermore, we label the infinite paths of t by ele-
ments of S,. These are collected in a set P ¢ S,,. Hence, the labelling of ¢ is a
pair (3, P) € 8" x £(S,,). In fact, with each term ¢ we associate a set of possible
labellings. Hence, the actual labels are sets in £(S" x £(S,)).

Definition 4.1. Let S = (S, S, ) be an w-semigroup. We associate with & an
w-hyperclone € called the path-hyperclone of &. The domains are

Cluy =R(S" xP(Sy)), foru:[n] - wofwidth,
and Cz:=C, x--xCy,  , fortt=uq...tupy_,of widthm #1.
Horizontal composition a®b := ab, the constant o := (), and the action A, (@) :=

a’ are defined canonically. For a € C(,y and b e Cywithu: [n] - w of width 1,
we define the substitution operation

aiebi= {(cat(io,...,z",,,l), PUUjw(iyer i - Qi) ‘

si-t! ifu(i)e],}

(&P)ea (7, Qi) € bugo, &0 = {<sl-> u(i)el.

(s;- ands;- Q; refer to the canonical action of S on, respectively, S and £(S).)
We extend this definition to tuples a € C; and b € C; by setting

aLe 1-7 = <ao ‘I,o Ba <o Ala|-1 Lo B) .
We define an order on Cj by setting
a<b :iff a;cb;, foralli.

To define the infinite product consider a sequence a” in C. Let y : A(a") - C
be the function from Definition 3.1. A run on a" is a function

x:A(a®) > S xP(S,) suchthat x(n)eu(y), forally.

Let y be a run on a” and let 4 € A(a") be a vertex with || = k. We denote
the prefix of # of length n by #,,. Suppose that #,., is the d,-th successor of 7,
in A(a"), and let y(7,) = (5", P,). We set

k—
() = {sg,sa W |wePi }.
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For infinite branches 8 = (%, ) n<w of A(a") where #,.4, is the d,-th successor
of 1, and xx(%,) = (5", P,), we set

Ty (B) = 7(sg, s+ )-
Finally, we set

II(y) := L(J )Hx(ﬂ) U {m,(B) | B an infinite branch of A(a") }.
neA(ab

We define the infinite product as follows. Suppose that a® = (a2, ..., a$,_,) has

width m. We set

2(a°,@%...) = (Borv. s bs)

bi={(().1I(x)) | xarunonay,a",a*...}.
With each automaton we can associate a corresponding path-hyperclone.

Definition 4.2. Suppose that A =(Q, X, A, q,, ) is a parity automaton and set
D := rng Q. The hyperclone € 4 for A is the path-hyperclone associated with the
w-semigroup (S, S,,) where

S:=QxDxQu{l} and S,:=Qu{l}.

The multiplication S x § — § is defined by

otherwise.

g ,min{d,d"},q") ifg=7p,
(P>d7Q)~(p,d,q)::{ip {dd}q) iq=p

s-1=1-s:=1, forallseS.

The multiplication S x S, = S, is defined by

L otherwise.

(pd q)-r::{p ifg=r=+1,

l-r:=1.
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Fors, = (pu>dn,qn) € S, n < w, we define the infinite product by

n—oo

Po fqn = pus, forall n, and liminfd, is even,
(S5 $15. .. ) 1=
1 otherwise.

If some s, = 1 then we set
7T(So>S15...) = L.

The following two theorems show that path-hyperclones recognise the same
languages as parity automata.

Theorem 4.3. For every automaton A, there exists a morphism ¢ : §,[2] > €
into a path-hyperclone € associated with a finite w-semigroup such that ¢ recog-

nises L(A).

Proof. Suppose that A = (Q, 2, 4, g0, 2) is a nondeterministic parity automaton
and let € := € 4 be the hyperclone for .A. We define the morphism ¢ as follows.
Recall that §,[X] is freely generated by 2. Hence, it is sufficient to define ¢ for
elements of X. If 0 € X is of arity n, we set

9(0) ={(5,2) € $" x P(S,,) | there is some (p, 7, §) € A with
si=(p,Q(qi),q;) forall i }
We claim that L(A) = ¢7*[P] where
P={XeCy|((){g0}) X }.

Let t € TS[X] be a tree and let v7, .. ., Vi (1) be an enumeration from left to
right of all vertices v € dom(¢) of length |v| = n. Setting a!! := ¢(t(v")) it follows
that

¢(t)=mn(a®,a’,...) where a":=sep(az®--®a,).,)-
Furthermore, note that the trees dom(t) and A(a") are isomorphic. Let

y:dom(t) > A(a")

be the corresponding isomorphism. We have to show that ¢(¢) € Piff t € L(A).
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(<) Let p : dom(t) - Q be an accepting run of A on t. We obtain a run y
on (¢(a")), as follows. Let 7 € A(a") be a vertex with successors (o, ..., {x_,

and suppose that p(u~'(%)) = pand p(u~({;)) = qi- We set
x(n) :=(5,2) where s;:=(p,Q2(qi),qi), foralli<k.

xisarunon a". Since p is accepting it follows that IT(y) = {q, }. Hence, ¢(t) €
P.

(=) Since ¢(t) € P there is some run y on a" with II(x) = {go}. Let w €
dom(¢) and suppose that y(u(w)) = (5, @). There are states p,go,q;,--- € Q
such thats; = (p, Q(q;), q;)- We set

p(wn):=p.
Then p is a run of A on . It is accepting by choice of . O
The proof of the converse result is split into several lemmas.

Lemma 4.4. Let & = (S, S,,) be a finite w-semigroup. For every u € S,,, there
exists an w-automaton A, recognising the language

L(A,) ={(an)n €S’ | n(ac,a,...)=u}.

Proof. Let (ay), € S be the input word. By the Theorem of Ramsey, we can find
an increasing sequence of indices k, < k; < --- < w such that

ag, ...k ag; ... ak foralli,j<w.

it1—1 41102

Hence, the automaton A, can check that n(a,, a,,...) = u by guessing two
elements s, e € S with se” = 1 and then checking that there are indices k, < k, <
-+ < w such that

Ao Ak, =S and ag,--ag =e, forali<w. O

i+171

Lemma 4.5. Let € be the path-hyperclone associated with a finite w-semigroup
(S,Sy) and let ¢ : Fy[Z] - € be a homomorphism. For every Q € S,,, there
exists an automaton Aq such that

((),Q)eq(t) iff teL(Aq), foralltreeste Fi[X].
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Proof. Lett € Fizy[2]beatreeandletv],..., Vi (n), D€ an enumeration from
left to right of all vertices v € dom(t) of length |v| = n. Setting a? := @(t(v!)) it
follows that

o(t)=n(a®a',...) where a":=sep(a®---®al ).

m(n)—1
As in the proof of Theorem 4.3 there is an isomorphism
y:A(a") > dom(t).
If y is a run on a", then we have

x(n) € 9(t(u(n))), forally.

Consequently, our automaton Aq can guess a run y by guessing a labelling y :
dom(t) — Cand checking that y(v) € ¢(#(v)), for all v € dom(¢). Having done
s0, it uses Lemma 4.4 to verify that

¢ II,(v) € Q, for all vertices v of y;
+ 7m,(B) € Q, for every infinite branch § of x;

o for every s € Q, there is some vertex v of y with s € IT,(v), or there is an
infinite branch f of y with 7, () =s. O

Theorem 4.6. Let € be a path-hyperclone associated with a finite w-semigroup.
For every homomorphism ¢ : §,[2] - € into € and for every subset P € Cp),
there exists an automaton A recognising the set

L(A) = ¢7'[P].

Proof. We use the automata A provided by the preceding lemma. Given an
input tree t, the automaton A guesses some a € P and checks that

o Aq accepts t, for every Q with (), Q) € a, and
¢ Aq does not accept ¢, for every Q with ((), Q) ¢ a. O
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5 PATH-CONTINUITY

In Theorem 4.3 and 4.6, we have characterised the regular tree languages as those
that are recognised by morphisms into path-hyperclones. This result is somewhat
unsatisfactory since the definition of a path-hyperclone is not ‘algebraic’ in the
sense that path-hyperclones are not closed under isomorphisms. In particular,
there is no known axiomatic characterisation of path-hyperclones, say, via a set
of equations. Therefore, we define a second class of w-hyperclones (this time
by axioms that are invariant under isomorphisms) and we show that these w-
hyperclones can also be used to characterise regular tree languages.

Our approach is as follows. We isolate several special properties of path-hyper-
clones and we show that these properties are sufficient for constructing an auto-
maton that evaluates infinite products. In the proof of Lemma 4.5 the main in-
gredient was the fact that an infinite product in a path-hyperclone basically re-
duces to a family of infinite products along branches of the term. Therefore, we
will consider w-hyperclones where we can evaluate an infinite product by con-
sidering each branch separately.

The idea is as follows. Given a sequence a" we would like to compute the
product 7(a") by guessing the values b" := z(a”, a™**,a"*?,...), forall n < w,
and then checking that our guess was correct. A necessary condition for (5") <,
are the equations b” = a”b"*". In general, this condition is not sufficient, even
for path-hyperclones. But adding an additional consistency condition on every
branch of a", we obtain a condition that is sufficient for path-hyperclones.

Definition 5.1. Let € be an w-hyperclone and J ¢ C a subset.

(a) A sequence (b"),<, Where b" € Cig g is locally consistent with a® if
b, = ayby.., for every n < w. We denote by LC;(a") the set of all locally consist-
ent sequences (b") <, with b" € J, for all n.

(b) Let a” be a sequence where a” has the decomposition a” = all&-- -Gaafn(n)_l,
let (b™), € LC;(a") be locally consistent with a”, and let 3 be a branch of a".
The trace of (b™), along f3 is the sequence ¢ with

" = sep(afy,y 1, b,

where
Lo [m(n+1)]~{B(n+1)} ifn+1edom(p),
" [m(n+1)] otherwise.
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We set
Trj(B) := { n(c®) | c” the trace of some (b"), € LC;(a") along B},
BT;(a") := { Tr;(B) | B a branch of A(a") } .

Remark. Let c” be the trace of (b"),, over a” along the branch ff and let m(n) be
the width of a”. Each element ¢" has width 1. Setting

o,:[m(n+1)]->[1]:x~ o,
T [1] = [m(n)]: 0~ B(n),

we have

n(c”) = ﬂ(To(ﬂO 1,0, 1), 1@t 6 b%), .. )
7om((a° 1.0, 0')T0r (" 10, b))

Ton(ao i, bl oatg bz,...).

1

n+

In particular, for the special case that b = n(a”, a"*",a"**,...), we have

n(c®) = 1om(a").

Note that, for ] = C, there is at least one sequence (b"), € LC;(a"): the
sequence with b" = n(a”, a"*', a"*?,...). Unfortunately, in most cases this ‘real’
sequence is not the only one. Let us mention two simple cases, where we always
have a unique locally consistent sequence.

+ Every sequence a" in the free w-hyperclone §,[ 2] has this property.

+ A sequence a" in an arbitrary w-hyperclone has this property if the branch
tree A(a") is finite. (Hence, the product 7(a") is not truly infinite.)

In the general case, we thus face the problem of singling out the ‘real’ sequence
from among the sequences in LC;(a"). We will introduce a class of w-hyper-
clones, where this can be done by checking the branches separately. To obtain
the precise definitions we will first take a look at path-hyperclones. We start with
collecting some technical results on infinite products in path-hyperclones.

Definition 5.2. Let € be a path-hyperclone. An element a € C, of width 1 is
subminimal if |a] < 1. An elementa = a, ® --- ® a,_, € C; of width n > 11is
subminimal if every component a; is subminimal. Finally, we call a sequence a”
of elements subminimal if every a” is subminimal.
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Lemma 5.3. Let € be a path-hyperclone and a° a subminimal sequence where

a° has width 1, and let (b"), € LC;(a"), where ] is the set of all subminimal
elements.

(a) There is at most one run on av.
(b) [m(a")| <.
(c) There exists a run on a= if, and only if, n(a") * @.

(d) If O is the trace of (b"),, over a° along some branch B then & is also sub-
minimal.

(e) IfbS # @ and if ¢ is the trace of (b"), over a” along some branch p, then
() + @.

Proof. (a) holds since |a}| <1, for all n and k.

(b),(c) By (a), there is at most one run y on (a"),,. Consequently, #(a°, a',...)
is either empty or m(a°, a*,...) = {({), II(x))} is a singleton.

(d) follows by the definition of a trace.

(e) Let I := po[A(a")] where yo : A(a") — w x w is the function from
Definition 3.1. We claim that

al,bl,cl+@, forall(n,i)el.

We start by proving, by induction on #, that b # &. For n = o, we have b # &,
by assumption. Hence, suppose that #n > o. Let # € A(a") be an element with
to(#) = (n, i) and let 1, be the predecessor of 7. Then u,(7,) = (n — 1, k), for
some k. By induction hypothesis, we have b7~ # @. Hence, b}~ = a}™* - b"
implies b} # &, as desired.

The two remaining claims follow. For af, note that

b!+@ and b=al-b"" implies al +@.

It follows that ¢ = sep(a” 31, b"*') # @, for (n, i) € I. Consequently, 7(¢°) #
. g

One important property of path-hyperclones is the fact that the traces of sub-
minimal sequences uniquely determine the value of an infinite product.

Lemma 5.4. Let € be a path-hyperclone, ] ¢ C the set of all subminimal elements,
and a" a subminimal sequence where a° has width 1.
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(a) m(a") e Try(B), for every branch f.

(b) Suppose that w(a") = {({), P)}. For every s € P, there exists some branch f3
of A(a") such that s € Q, for every set Q with {({), Q) } € Tr;(B).

(c) Ifn(a") = @, there exists a branch 8 of A(a®) such that Tr;(B) = {2}
(d) The value of the product m(a) is uniquely determined by the set BT;(a").

Proof. (a) Let b" = m(a", a"*,...). By Lemma 5.3 (b), we have b" € J. Hence,
("), € LC;(a") and m(a") = b° € Try(B).
(b) By Lemma 5.3 (c), there is a unique run y on (a"),. Note that

P=1I(x) = JII,(n) u{my(B) | B an infinite branch } .
n

First, suppose that s € IT,(#), for some 1 € A(a®) of length k. Let 8 be a
branch of A(a"™) containing 4. We claim that f3 has the desired properties. Let
{({), Q)} € Trj(B). There exists a sequence (b"), € LC;(a") such that (") =
{({), Q)}, where ¢" is the trace of (b"), along . By Lemma 5.3 (), there is a
unique run y’ on ¢%. Since IT, (1) < IT,/(o*), it follows that

7(é?) = {({,R)} where se (J I.(0)cR.

{eA(eD)

It remains to consider the case that s = 77, (), for some infinite branch . We
claim that § has the desired properties. Let {({), Q)} € Tr;(f3). There exists a
sequence (b"), € LC;(a") such that 7(é%) = {({), Q) }, where ¢ is the trace of
(b"), along B. By Lemma 5.3 (c), there is a unique run y’ on ¢°. For the unique
infinite branch y = 0® of y/, we obtain

s=my(B) = my(y) e II(X').

(c) Let y : A(a”) — C be the function from Definition 3.1. If 7(a") = &, there
exists a vertex 17 € A(a") such that

u(n)=@ and u({)+a, forall{<y.

Let 8 be a branch containing #. For every (b"),, € LC;(a") with trace ¢ along j3,
it follows that 7(¢”) = @. Hence, Tr;(B) = {@}.
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(d) If m(a") = o, then (c) implies that there is some branch 8 with Tr;(f) =
{@}. Conversely, if m(a") = {((), P)}, then (a) implies that {({), P)} € Tr;(f),
for every branch f. Therefore, we have

n(a”")=@ iff thereis some branch f with Tr;(B) = {@}
if {@}eBTy(a").

Suppose that 7(a") = {({), P)} # @. For a branch f3 of A(a"), we set
F(B)={Q[{((),Q)} ¢ Tr;(B) }-
We claim that

P=J{NF(B)|Pabranch}.

By (a), we have {({(), P)} € Tr;(f), for every f3, i.e., P € F(f3). Consequently,
we have P 2 N F(), for every 8, which implies that P 2 Ug N F(f).

Conversely, it follows by (b) that, for every s € P, there is some branch f with
s € NF(B). Hence, P < Ug N F(). O

By the preceding lemma we know how to compute the product of a submin-
imal sequence. In the next lemma we reduce the computation of arbitrary prod-
ucts to this special case.

Lemma 5.5. Let € be the path-hyperclone associated with an w-semigroup (S, S, ),
and let a® be a sequence in separation normal form. Then

m(a”) = sup { n(b") | b7 < a" is subminimal } .
Proof. Given arun y on a”, we define a sequence E? < a" such that

n(b7) = {(( ()}

Since each a@" is in separation normal form, it follows by induction on n < w that,
for all k < w, there is at most one element 7 € A(a") such that

[7|=n+1 and #5(n)=k.

If such an element exists, we denote it by 7. Let

X a otherwise.

(b")y, = {{x(m’i)} if 7 exists,
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Then fa? < a" is subminimal and y is a run on 1_9?. By Lemma 5.3 (a), it follows
that

n(67) = {((, (1)} € n(a”).

Conversely, since every element of 7(a") is of the form (), IT()), for some
run y, it follows that 7(a") is covered by the sets 7(b7) corresponding to these
runs. (]

We use the two properties of path-hyperclones isolated in Lemmas 5.4 and 5.5
to define a subclass of w-hyperclones that are sufficiently similar to path-hyper-
clones for our characterisation results to go through.

Definition 5.6. Let € be an w-hyperclone.

(a) An ideal of € is a sub-w-hyperclone J ¢ € where each domain J; is down-
ward closed, i.e., J is a substructure of € that is an w-hyperclone such that a <
b e J; implies a € J;.

(b) An w-hyperclone € is path-continuous if there exists an ideal J such that

o for every sequence a" in separation normal form, we have

m(a”) = sup { m(b") | b° < a” a sequenceinJ },

+ and the product 7(a"”) of a sequence a" in J is uniquely determined by
the set BT;(a").
Proposition 5.7. Every finitary path-hyperclone is path-continuous.

Proof. By Lemmas 5.4 and 5.5, we can take for J the set of all subminimal ele-
ments. m

Example. Let us give an example of an w-hyperclone that is not path-continuous.
We set

C;:=[4]", foreach sort i of width n := |i].
®, o and A, are defined canonically:

a®b=ab, o=(), As(a)=a’.
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The substitution operation :1,, is defined as follows. For a € C(, of width 1 and
be C;, we set

a1 b:=max({a}u{b;|ielnsupp(u)}).
For a sequence a” where a° has width 1, we define the infinite product by
n(a”) = max({x} u{u(n) | neA(a™)}),

where x € [4] is defined as follows. Let us call a branch 8 of A(a”) heavy if B is
infinite and, for every prefix 7 < f3, there is some > n with p({) > 0. We set

3 if A(a") has infinitely many heavy branches,
x:=42 if A(a") has heavy branches, but only finitely many,
o if A(a") does not have heavy branches.

We equip € with the natural order o < 1 < 2 < 3. We claim that there is no
ideal (J;); with respect to which € is path-continuous.

For a proof, we distinguish two cases. First, suppose that1 ¢ ], ;). Then ], ) =
{o}. Consider the sequences a2 and bZ where a” = (o,0) and b" = (1,1), are
both elements of Cy, ,),(0,1)- Let @~ and b" be their respective unravellings. Since

n(b7) = (3,3) > (0, 0) = m(a),
it follows that
n(b7) #sup {7 |x" <a”inJ}.
It remains to consider the case that 1 € /i, ,). Let 4 be the sequence where
dg=0€Cly and dg =(0,1,0) € Cio,),(2,2),(2,2) > forn>o,
and let bY be the sequence where

Z)g =0¢€ C(o,1) ,
1_7; = <O, O) € C(o,l),(z,3) N

[)Z = (0, 0,1, 0) € C<0’1>’<1’2>,<3,3>,<3,3> N forn>1.

Again, let @ and b° be the unravellings of these sequences.

35

Then
(@) =2 and m(b”)=3,

but BT, (a%) = {{2,3}, {1,2,3}} = BT;(8").

From the results of the previous section it follows that we can describe each
regular tree language via a morphism to some finitary path-continuous w-hyper-
clone. To complete the picture it remains to prove the converse.

Theorem 5.8. Let ¢ : §,[2] — € be a morphism into a finitary path-continuous
w-hyperclone &. Every set recognised by ¢ is regular.

Proof. Let t € Fig)[Z]. We fix enumerations v(, ..., Von(n)— Of all vertices v €
dom(t) of length |v| = # from left to right. Setting a” := sep(al &--- & a:’n(n)_l)
with al := ¢(t(v!")), it follows that

¢(t) =m(a").
Note that there is an isomorphism
p:A(a”) > dom(t).

Using this isomorphism we can encode a sequence 4" < a", a sequence (b"), €
LC;(a"), and abranch f3 as a labelling of dom(t). We will denote such labellings
as tuples (t, a®), (t,a", B), or (¢, a", B, (b™),), etc.

We construct an automaton recognising ¢ [ P] in several steps. Let ] be the
ideal of € witnessing path-continuity.

(1) For every element ¢ € C of width 1, we first construct an automaton B,
accepting those tuples (¢, 4", 8, (b"),,) such that

e 3" <aisin J;
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¢ Bisabranch of A(a");
o (b™), € LC;(a");
o the product of the trace of (b"), along f evaluates to c.

Clearly, the first three conditions are strictly local and can be checked by an auto-
maton. For the last one, we can use the automaton A,, from Lemma 4.4.

(2) For every set Q € C of elements of width 1, we construct an automaton Cq
accepting those triples (t, @7, 8) such that

e 4% <a%isinJ;
¢ Bisabranch of A(a");
* Tr;(B) = Q
Using the automata B, from (1), the automaton Cq checks that

o for every ¢ € Q, there is some (b™),, such that B, accepts (¢, a7, 8, (b")4),
o forevery c ¢ Q, thereis no (b"), such that B, accepts (t, a", 8, (b"),).

(3) Having constructed the automata C; we can build an automaton D, for
¢ € C, that accepts those pairs (¢, 4") such that

¢ 49 < g isasequencein J;
e n(a%) =c.
Since € is path-continuous, there exists a set F. € (£(C)) such that
n(a")=c iff BT;(a")€F,.
Hence, D, can guess some set H € F and check that

o for every branch 8 of A(a"), there is some Q € H such that Cq accepts
(t.a% B),
o for every Q € H, there is some branch f of A(a") such that Cq accepts

(t,a% B).

(4) After these preparations we can construct an automaton &, for ¢ € C,
accepting all trees ¢ such that ¢(t) = c. The automaton &, has to check that

o forevery sequence 4" < a" in J, there is some ¢, < ¢ such that D, accepts
(t,a%),
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o for every ¢, with ¢ £ ¢,, there is some ¢, £ ¢, and a sequence 4" < a" in J
such that D, accepts (¢, a").

(5) Finally, the desired automaton accepting ¢ ~'[P] guesses some ¢ € P and
checks that ¢ € L(E,). O

Combining Theorems 4.3 and 5.8 and Proposition 5.7, we obtain one of the
main theorems of this article.

Theorem 5.9. Let L € TO[X]. The following statements are equivalent:
(1) L is regular.

(2) L is recognised by a morphism ¢ : §,[2] — € into a path-hyperclone €
associated with a finite w-semigroup.

(3) L is recognised by a morphism ¢ : §,[2] — € into a finitary path-continu-
ous w-hyperclone €.

6 CLOSURE PROPERTIES

In this section we study closure properties of the class of path-continuous w-
hyperclones and of the class of languages recognised by them. We start with
products.

Definition 6.1. Let ¢("), i € I, bea family of w-hyperclones. The product [T;¢; €(")
is the w-hyperclone ® where the domain of sort i is

Dy = H Cél) ,
iel
and where all operations are defined component-wise.

Lemma 6.2. The product of w-hyperclones is an w-hyperclone.

Proof. Except for axiom (s4), all of the w-hyperclone axioms are either equations
or implications between inequalities. Such axioms are preserved by products.
Axiom (s4) states that operations p, : C; — Cy(5) are bijective. This condition
is also preserved by products since we can turn it into an equation by adding the
inverse function p,’ to the structure. O
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Lemma 6.3. The product [1;c; € of path-continuous w-hyperclones €1) is path-
continuous.

Proof. Suppose that each ¢ is path-continuous and let J; be the corresponding
ideal of €(), To see that D := []; €(") is path-continuous, we check that the ideal
$) :=[1;e; Ji satisfies the two conditions of Definition 5.6.

First, consider a sequence a" in D in separation normal form where a” =
(al)ier € Dy, Then

n(a") = (T[(a\ij))iel = (sup { 7(b7) | b <ainJ; })id
=sup{m(b”) | b7 <a"inH}.

The second condition we have to check is that, for a sequence a” in H, the
product 7z(a") is uniquely determined by the set BT;(a").

Note that, for i € I, the components 77(a?’) are determined by BT;(a?). Hence,
it is sufficient to show that the set BT;(a") determines all sets BT;(a?), i € I.
The claim follows since BT;(aP) = p;(BT;(a")) where p; is the projection to
the i-th component. O

The closure of the class of path-continuous w-hyperclones under products im-
plies that the languages recognised by them are closed under boolean operations.

Theorem 6.4. The class of languages recognised by finitary path-continuous w-
hyperclones is closed under boolean operations.

Proof. If L and L' are recognised by, respectively, € and €’, then the complement
of L is also recognised by €, while LnL" and L u L’ are recognised by €x ¢’. [J

Next we turn to closure under projections.

Definition 6.5. Let € be an w-hyperclone. We define an w-hyperclone P(€) as
follows. The domain of sort & = (ug, ..., Uy_,) is

P(Cuy) x - xF(Cu,,) -

(For n = o, we take the empty product {() }.) To simplify notation we will identify
anelementa = a,®: - -®a,,, € C; of width m with the m-tuple a = (ao, ..., am-,),
and we write d € A, for a € C; and A € Dy, if we have a; € A;, for all i. For A of
width m and B of width n, we define the operations of the free monoid structure
by

A®B:=AB, o:=(), and 1,(A):=A".
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For elements A is separation normal form, we define the substitution operation
by

Ay,B:=D, where D; :={a:,b|acA;, beB}.
If A is not in separation normal form, say, A = p,(sep(A)), we set
Ao Bi=sep(A) i,y BT
Similarly, we first define the infinite product for sequences A in separation nor-
mal by
n(A”):=B, where B;:={n(a®a',a>...)|a°eA?and
a"eA", forn>o}.

For arbitrary sequences A", we then set 7(A®) := 1(BY), where B is the separ-
ation normal form of AP. Finally, the ordering is defined by

A<B :iff there exist injections ¢; : A; — B; such that
a<¢i(a), forallacA;.
Lemma 6.6. P(C) is an w-hyperclone.

The proof is straightforward but tedious: axioms (m1)-(M5) and (s2), (s3) fol-
low immediately from the definitions; each of the remaining axioms requires
some small amount of calculations.

Proposition 6.7. If € is path-continuous then so is P ().

Proof. Let J be the ideal witnessing that € is path-continuous. We claim that
H:={@}u{{a}|ae]}isawitness of the path-continuity of ® := P(&). We
have to check two conditions.

First, consider a sequence A in D in separation normal form. We claim that

n(A%) =sup{n(B”) | B°<A"inH}.

W.Lo.g. assume that A° = A° has width 1. Continuing our abuse of notation we
write {a} for the tuple ({ao}, ..., {an_1}). We have

(A% = J{ {n(a%)} | a" e A7)
=UJ{{sup{m(d") | 6" <" inJ}}|a" e A"}
=J{sup{m({6°},{b"},...) |b" <ain] }|a" e A"}
=U{sup{n(B”) |B" < ({a"})ninH}|a" e A"}
=sup{n(B”) |B"<A"inH}.
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The second condition we have to check is that, for a sequence A" in H, the
product (A") is uniquely determined by the set BT (A"). W.lo.g. we may as-
sume that A" is in separation normal form and that A° has width 1. If A7 = g,
for some n, i, then 7(A”) = @ and BTy (A") = {{@}}. Hence, we may assume
that A? # @, for all n, i. Since A" is in H, it follows that A} = {a!'}, for suitable
a € C. Let B be a branch and (B"), € LCy(A"). If BS = @, the trace of (B"),
along 8 evaluates to &. Otherwise, all BY are nonempty and there are b? € C
such that B? = {b?}. If C" is the trace of (B"), along f3 then C" € H, for all n.
Hence, C7 = {c"} and &7 is the trace of (b"), along f. It follows that

Tra(B) = {2} u{{c}|ceTr(B)}.

Since this set uniquely determines Tr;(B), the product 7(A") = {n(a")} is
uniquely determined by

{ Tru(B) | Ba branch} = BT(AP).
This implies the claim. O

It follows that the class of recognisable languages is closed under projections.

Theorem 6.8. Let p : X — I be a surjective, arity preserving function between func-
tional signatures. If L € Fg[X] is recognised by a path-continuous w-hyperclone ¢
then p[L] € Fig)[I'] is recognised by P(C&).

Proof. Let ¢ : §y[Z] - € recognise L and set P := ¢[L]. We claim that the
function v : §,[I'] > P(€) with

y(8) = (pop™)(f)
recognises p[L]. More precisely, setting Q := { A | An P # &} we claim that
plL] =y[Q]

(c) Let ¢ € p[L]. Then there is some s € L such that t = p(s). Since ¢(s) € P
and s € p7'(¢) it follows that ¢(s) € P n ¢[p~*(¢)]. Hence, y(¢) n P + @ and
y(t) € Q.

(2) Let w(t) € Q. Then { ¢(s) | s € p7*(t) } n P = w(t) n P # @. Hence, there
is some s € p7*(t) with ¢(s) € P. Consequently, s € L and p(s) = ¢. It follows
that t € p[L]. O

Together the closure properties established in this section imply that recognis-
ability by finitary path-continuous w-hyperclones is equivalent to axiomatisab-
ility in monadic second-order logic and, hence, to regularity. In particular, this
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yields an alternative proof of Theorem 5.9, a proof that does not make use of
automata.

For the following theorem, we use the variant of monadic second-order lo-
gic (MSO) without first-order variables. The atomic formulae of this variant are
of the form X ¢ Y and RZ, for set variables X, Y, Z,, Z,, ... and relation sym-
bols R. An atom of the form RZ is true if, and only if, there is some tuple a € R
with a; € Z;, for all i. We regard a X-term ¢ as a structure [¢] := (T, <, (Pf) fex)
where the universe T := dom(¢) consists of all vertices of ¢, < is the tree order-
ing and, for every function symbol f € X, we have a unary relation Py contain-
ing all vertices of T labelled by f. Since in the inductive step below we will be
dealing with formulae y(X) with free set variables X, we also have to consider
expansions ([ ], Q) := (T, <, (Pf) fes» Q) of such trees by additional unary pre-
dicates Q providing values for the variables X. If X = (X,, ..., X,_,), we can
encode such an expansion as a term ¢ over the signature

Zn::{f”fez,l}e{o,l}”}

where, for v € dom(t), we set

1 ifveQ;,

ta(v)=f; with f:=t(v) and b;:= {o v eQ;.

In this way, we can associate with every MSO-formula y(X) the language

LX = { tQ € F(Q)[Zn] | {t] = X(Q) } .
Languages of this form are called MSO-axiomatisable.

Theorem 6.9. Let X be a finite signature. A set L € Fg[X] of trees is recognised
by a finitary path-continuous w-hyperclone if, and only if, it is MSO-axiomatisable.

Proof. (=) Let ¢ : §,[2] - € be a homomorphism into a finitary path-contin-
uous w-hyperclone and let J be the ideal witnessing that € is path-continuous.
For every ¢ € C(g), we will construct a formula . such that

[t]=x. iff o(t)=c,  forallt.

n

m(n)— D€ an enumeration of all vertices v € dom(¢t) oflength

Givent,letvy,...,v

|v| = n, and set
th=t(v!), t":=sep(ta® Dt )

m(n)—1

aj =g¢(t;), a":=sep(ag® - ®ay,)_,)=e(t").
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Then ¢ = 7(t7) and ¢(t) = n(a").

The formula y, has to check that 7(a") = c. To do so it has to consider a
sequence a < a" in J and a sequence (b"), € LC;(al). We can encode such
sequences a tuples A and B of set variables as follows. Let m be the maximal arity
of a function in ¥ and set

Fo:={aeCla<o(f)forsomefeX},
Fl = C(Q) UC(@,Q) U"'UCgm .

Note that the sets F, and F, are finite. To encode a sequence a5 where a/ =
sep((ay)o ® -+ ® (@) m(n)-1) We use a tuple (A, ) cr, of set variables where

Ay :={uedom(t)|(al); =xforiand nwithu=v}},

and we encode (b") <, where b" = sep(bl @ --- @ b:‘n(n)_l) by the set variables
(Bx)xer, Where

B, :={uedom(t)| bl =xforiand nwithu=v!}.

Using this encoding, we can write down MSO-formulae expressing the follow-
ing facts:

* 9<(A):“al <a"isin J”

o 9(A,B): ("), € 1Cy(a2)”

¢ Abranch(Z): “Z is a branch in dom(t)”

* 9{(A, B, Z): “The product of the trace of B along Z equals ¢’

For every set Q € Cg), we set

92 (A, Z) := /}2 3B[9c(A, B) A 95,(A, B, 2)]
AVB[9c(A B) > \/ 9:(4,B,2)].
ceQ

Then we have

[t 92%(A,Z) iff Try(B)=Q wherefis the branch encoded in Z.
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For every ¢ € Cg), there exists a set S, € £(£(C(g))), such that
n(al)=c iff BT;(a)eS,.
It follows that the formula

95(A) = V [ A 3Z[%rancn (Z2) A 9% (4, 2)]

UeS, QeU
A VZ[Sbranch(Z) - \/ S'IQR(A’ Z)]]
QeU

satisfies
[t]=95(A) iff  m(al)=c,
for all sequences aj in J. Setting

97°(4) = V 97(4)

d<c

we obtain the desired formula

Xe = VA[9<(A) = 85°(A)] A /\ 3A[0<(A) A -95%(a)].
d¥c

(<=) For simplicity, we will call a language L recognisable if it is recognisable
by a finitary path-continuous w-hyperclone. We will show that L, is recognis-
able by induction on the MSO-formula y. By Theorems 6.4 and 6.8, the class of
recognisable languages is closed under boolean operations and projections. It
is therefore sufficient to show that every language L, axiomatised by an atomic
MSO-formula y is recognisable.

First, we consider a formula of the form y = X; ¢ X;. Note that L, = Fig[I]
where

FZZ{fBGZn|b,‘Sbk}.

We have seen in Lemma 3.5, that the set F([I'] is recognisable. Furthermore, the
w-hyperclone used in the proof of that lemma is finitary and path-continuous.
Next, suppose that y = PX;. In this case we have L, = Fiz)[ 2, ] \ Fg)[I'] for

I={g;eZ,|g+forbj=o0}.

44



As above Fg[I'] is recognisable. The claim follows since the recognisable lan-
guages are closed under complement.

It remains to consider formulae of the form y = X; < Xj. We use the path-
hyperclone € associated with the w-semigroup (S, S,,) where S := {0,1}*> U {0}
and S, := {1, *, T}. Intuitively, a pair (b, c) € S records whether the correspond-
ing term contains a vertex in X; (in this case b = 1) or a vertex in Xy (in this case
¢ =1). The element o € S indicates a term containing vertices u < v with u € X;
and v € Xj. Similarly, | € S, represents a term without any vertex in X, * € S,
represents a term with some vertex in Xy, and T € S, represents a term with
vertices u < v with u € X; and v € X. The multiplication of (S, S,,) is defined as
follows

0-X=0=X-0, forallx € S,

(,b) (e, ') = {

(max{b,c}, max{b’,c'}) otherwise,

ifb=1and ¢’ =1,

x-T=T forxeS,

o-u=T forues,,
(0,0)-u=u forues,,
(by1) - u=x forue{l,*},

*

(1

(1,0

: >

T
1

—
1]

)
- — — —

The infinite product 72(s,, s, S5, . . . ) is defined as follows. If there is some m < w
with s, = o, or there are I < m < w with s; = (1,b) and s,,, = (¢, 1), then

(805 81582-..) = T.

Otherwise, if there is some m < w with s, = (b,1) then
TT(S05 81582500 ) = *.

Finally, if s,,, € {{0, 0), (1,0)} for all m, then we set
7T(S0581582-++) = L.

We define the homomorphism ¢ : §,[Z,] - € as follows. For a function
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symbol f € X of arity m and b € {0,1}", we set

| {(em @)} if b = by =1,
o(fi) = {{((bi,bk)m,g)} otherwise.
It follows that
Ly=¢'[P] where P:={{{{),X)}€Cy|TeX}. O

7 CONCLUSIONS

In this article we have developed the beginnings of a theory of recognisability
for infinite trees, but there remains much to do. First of all, we do not believe
that the framework we have set up is in its final form. The algebras we use (path-
continuous w-hyperclones) are far too complicated. In particular,

+ we use infinitely many sorts,
+ there are too many operations (in particular :; ,), and
+ the definition of path-continuity is too complex.

Apart from simplifying the algebraic framework the logically next step con-
sists in finding the right notion of a Wilke algebra. Our hope is that such algeb-
ras can be used in conjunction with Theorem 6.9 to give an alternative proof of
Rabins Tree Theorem. Finding such a proof has been an open problem for 30
years. The main missing ingredient seems to be the lack of a suitable Ramseyan
factorisation theorem for infinite trees. It is even unclear what exactly such a the-
orem should state. Since the search for a Wilke algebra for w-hyperclones seems
to require exactly such a factorisation theorem, we hope that we can make some
headway by approaching the problem from this direction.

Finally, a longterm goal would be the development of a theory of pseudo-
varieties of path-continuous w-hyperclones and a corresponding structure the-
ory. But, before embarking upon such a project, it seems advisable to wait until
we have found the ‘right’ definition for our algebras.
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