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1 Introduction

This thesis considers the expressive power of weak monadic second-order logic (WMSO)
over infinitely branching trees. To this end we mainly use alternating automata. Basically,
automata are used to specify and verify properties of structures. They have various ap-
plications in software verification, model checking, language processing, complexity theory
and decidability theory.

The connection between automata and logic has been known since the 1960s. First of
all came Biichi’s theorem [Biic60] stating that monadic second-order logic (MSO) with one
successor (S1S) is decidable and that finite automata on w-words and MSO have the same
expressive power. He also showed that the transformation from automata to formulae and
vice versa is effective.

Later, automata on binary trees as a model for MSO with two successors (S2S) were
considered. Rabin obtained some remarkable results in that field. He showed that it is nec-
cessary to use Muller acceptance when considering automata on trees [Rab69]. Then the
correspondance between automata and MSO-formulae could be lifted from w-words to the
domain of infinite binary trees. It has also been extended to k-ary trees. Another theorem
of Rabin, called Rabin Basis Theorem [Rab72], shows the decidability of the emptyness
problem T,,(A) = (7 for the set of trees recognized by a Muller automaton A. Rabin’s
Tree Theorem [Rab69] shows that the family of finitely branching trees recognizable by a
Muller automaton is closed under complement.

Considering infinitely branching trees, Muchnik’s Theorem ([BBO01]) is a generalisation
of Rabin’s Tree Theorem and thus one of the strongest decidability results known for MSO.
Given a structure 2, one can construct its iteration 20* which is a tree whose vertices are
finite sequences of elements of 2. Muchnik’s Theorem says that model checking is decidable
for 2 if and only if it is decidable for A*.

The equivalenvce of MSO and automata was subsequently studied for other logics, like
WMSO. In the 70s, Rabin considered WMSO on binary trees. He showed that a tree
language L is definable in WMSO if and only if L and its complement L are recognizable
by a nondeterministic Biichi automaton [Rab70]. Muller, Schupp and Shelah [MSS92]
introduced weak alternating automata and showed their equivalence to WMSO on finitely
branching trees. McNaughton showed in [McN66] that nondeterministic automata can be
effectively transormed into deterministic ones. This has important consequences. One of
them is that MSO and WMSO are equivalent on w-words. So far WMSO has only been
considered over finitely branching trees.
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Figure 1.1: The hirachy of languages of infinitely branching trees

In this thesis we investigate to which extent these results generalise to infinitely branch-
ing trees. Our motivation stems from an attempt to prove Muchnik’s Theorem for WMSO.
But since automata and logic do not match in this case, the proof for MSO can not be
transfered to WMSO.

The thesis is organized as follows. In the second chapter we give the basic definitions
and introduce some proof techniques like games on trees and back-and-forth strategies for
WMSO.

Chapter 3 presents the transformation form WMSO-formulae ¢ defining a class of trees
to weak alternating parity automata A, recognizing these trees. Since these automata
run on infinitely branching trees, we define their transition functions via WMSO in the
style of the MSO-automata introduced by Walukiewicz [Wal02].

In Chapter 4, we show that WMSO cannot distinguish between a tree with an infinite
path and a tree with infinitely many finite paths which implies that alternating automata
are stronger than WMSO on infinitely branching trees.

In Chapter 5 we show that weak alternating automata on infinitely branching trees can
be converted into Biichi automata.

Chapter 6 contains a presentation of Rabin’s result [Rab70] on finitely branching trees.
It says that a tree language L is WMSO-definiable if and only if L and its complement L
can be recognised by a Biichi automaton.

The last chapter considers the question of on which trees MSO and WMSO are equival-
ent. Therefore, we define a topological rank for a tree that counts the nesting of infinite
branches. First, we show for infinitely branching tress that MSO and WMSO are not
equivalent, even for Cantor-Bendixon rank 1. Then we show that MSO and WMSO are
equivalent on finitely branching trees of finite Cantor-Bendixon rank.



2 Preliminaries

Let us start with giving some definitions that will be used for this thesis. We define
trees first and then specify the logic to talk about them. Further we introduce parity
automata, as well as acceptance via games and some graph theory. The last part deals
with Ehrenfeucht-Fraissé techniques. The reader should be familiar with the basics of
fist-order logic and some basic automata theory.

2.1 Trees

By P(A) we denote the power set of the set A. The natural numbers are denoted by N
and contain 0.

Definition 1. Let A be a not neccessarily finite set. The set of finite sequences or finite
words is denoted by A* and the set of infinite words over A is denoted by A¥. Let ¢ € A*
be the empty word and let A® = A* U A“. For two words u,v € A* the prefix order < is
defined by

u < v if and only if there exists w € A* such that v = uw.

A subset of A* is said to be prefiz-closed if it contains the prefixes of all of its elements.

Definition 2. Let X be a non-empty finite alphabet whose elements are called labels and
let A be a set. A Y-labelled tree over A is a map

t:dom(t) — %,

where dom(t) is a nonempty subset of A* which is closed under the prefix order. We
denote by T4 5; the set of all Y-trees over A. If the context is clear, we write 1.

The elements of dom(t) are called the vertices or nodes of t. If x € dom(t) is a vertex,
any vertex of the form zy for y € dom(t) is called a successor of x. The set of successors
of a vertex z is Suc(x).

A tree is said to be finite if its domain is a finite set. If there exists a vertex with
infinitely many successors, the tree is called infinitely branching.

This thesis deals with infinitely branching labeled trees that have finite sets of labels.
The corresponding relational structure is of the form

T = (dom(t), Root”, <7, (PT)qex).



These relations have the following meaning. Root’ = {e} only contains the root of T', %
is the prefix order on dom(t) and P! contains all v € dom(t) where #(v) = a holds.

Definition 3. Let X and A be two alphabets and let 17 : 3 — A be a map. It induces a
map, also denoted by 7, from Tp 5, into Tp A defined by ¢ — not. Such a map is called
a projection and 7 ot denotes the result of replacing the label of each vertex of ¢ by its
image under 7.

2.2 Automata on Trees

2.2.1 Weak Monadic Second-Order Logic on Trees

Definition 4. Weak monadic second-order logic, in short WMSOQ, is an extension of first-
order logic. It allows us to quantify over set variables that range over finite sets, denoted
by capital letters X,Y,....

Atomic formulae of WMSO(o) are of the form

(i) t1 = to for terms t1,to ,
(ii) R(t,...,t,) for terms t1,...,t, and R € o ,
(iii) € X where x is an individual and X a set variable.

Further, the set of WMSO(o)-formulae is closed under the usual connectives V, -, and
under first-order and set quantifiers.

The quantifier rank of a formula is the maximal number of nested first- and second-order
quantifiers in that formula.

In general, WMSO-formulae can contain first-order and set variables. But it is possible
to transform every WMSO-formula into a formula containing only set variables. Following
Thomas [Tho97] we call that version of weak monadic second-order logic WMSOg and use
it throughout this thesis. Most of the time we drop the subscript 0. This translation
results in new atomic formulae

XQY, DIS.](X7Y)7 R<X177X'n)

where the first says that X is a subset of Y and Disj(X,Y) means that X and Y are
disjoint. Formulae of the form R(Xj,...,X,) are satisfied if there exist elements z1 €
X1,...,x, € X, such that (z1,...,2,) € R.

The set of all trees where ¢ holds is denoted by L(y) and is called the tree language
defined by ¢.

For the transition functions that are defined in the following subsection, it suffices to
use positive WMSO.



Definition 5. Let o be a signature. Positive weak monadic second-order logic (WMSO™)
over o consists of those formulae ¢ € WMSO(o), where all predicates R € o occur under
an even number of negations.

2.2.2 Tree Automata

We introduce several kinds of tree automata which vary according to the allowed trans-
itions and acceptance conditions. They are all special cases of parity automata. The
acceptance condition of a parity automaton is defined by a priority function, assigning
a priority to every state and a parity condition saying that the least priority of states
occuring infinitely often has to be even.

Definition 6. An alternating parity tree automaton over the alphabet ¥ is a tuple
A=(Q,%,6,q1,),
where @ is a finite set of states, g; the initial state,
§:Qx % — WMSOT({P, | ¢ € Q})

is the transition function that determines the successor states for a given input tuple

(g,a) €Q x X

and
Q:Q—N

is a priority function. We say that a sequence of states (¢, )n<w satisfies the parity condition
Q if and only if

liminf Q(g,) is even.
n—oo

A parity automaton is called

— weak alternating, if there exists a preorder C on ) such that ¢ C p, for every p
appearing in d(q,a), and p C g and ¢ C p implies Q(p) = Q(q);

— Biichi, if Q: Q — {0,1};

— co-Biichi, if Q: Q — {1,2}.

A run of the automaton A on a tree t is a map
r:dom(t) — P(Q x Q)

that satisfies the following conditions:



(i) r(e) ={(ar,an)};

(ii) for v € dom(t) and p € @) we define a structure
Dy p i= (Suc(v), (Py)eeq), where Py := {d € Suc(v) | (p,q) € r(d)}.
Every (p,q) € r(v) has to satisfy Dy, , = d(q,t(v)).

A run of A on t is successful if for every path (w,)np<w € dom(t) and every sequence
(Gn)n<w € Q¥ such that g9 = ¢r and (¢n, gn+1) € 7(wWn+1), the sequence (g, )n<y satisfies
the parity condition. We say that a parity automaton A accepts a tree t, if there exists
an accepting run r on t. The set of all A-runs on ¢t is Run(.A,t). The collection of trees
defined by A is denoted by L(.A).

A nondeterministic automaton is an automaton as above where a run is a map
r:dom(t) — Q.
For every w € dom(t), we define the structure

Dy = (Suc(w), (Pg)geq);
where
P, :={d € Suc(w) | r(d) = q}.
A run has to satisfy
D E(r(w), t(w))

for every w € dom(t).
A run of a nondeterministic automaton is accepting, if r(¢) = ¢; and for every branch
7 of t the sequence 7(w)ywer satisfies the parity condition.

2.2.3 Games on Trees

We introduce a game played on trees which simulates the possible runs of an automaton
on the tree.

Definition 7. A parity game is a game G played on a graph in which the winning condition
is a parity condition. Formally, the game is defined as

G=(V=ViUWEQ:V>N),

where V' is the set of vertices, F the edge relation and €2 a priority function. Vj are the
game positions of Player I and V5 are those of Player II. The game starts at the initial
position vg € V. Each player chooses in turn a successor of the current vertex. The game
position v has the successor v’ if and only if (v,v") € E. If the current position is in V5,



then it is Player II’s turn to make a move, otherwise Player I makes a move. This leads
to an infinite path of game postitions.

Such a path (v, )n<w is called a play and it is winning, if it satisfies the parity condition.
That is, if liminf Q(v,) is even. In this case, Player I wins the play, otherwise Player 11

n— 00
wins.

A strategy for player I is a function
f:V'Vi =V

from the set of words into V' such that f(w) is a successor of w in G. Player I has followed
the strategy f in the play (v, )n<y if, for all n < w,

v, € V1 implies  f(vo...vn) = Upy1.

A strategy for player Il is, in a dual way, f: V*Vo — V.

If the strategy depends only on the last vertex of the path vg ... vy, it is called a memory-
less strategy.

A strategy f is called winning for player I if he wins all plays in which he follows f.

In [PP04, Tho97] we find this theorem:

Theorem 8. In each vertex of a parity game, one of the players has a memoryless winning
strategy.

We can define acceptance of tree automata in terms of parity games.

Definition 9. Let A = (Q,q,%,6,Q) be an automaton and 7' € T(D, ) a tree. We
define the parity game for alternating automata G(A,t) as follows. The sets of vertices are

Vi=Q x dom(t) and Vp = {((Sd)dESuc(w)vw) ’ Se CQ,w e dom(t)}

Let
gw((sd)dESuc(w)) = (Suc(w), (PQ)CIGQ)

such that
P, ={d € Suc(w) | ¢ € S4}.

(i) A vertex (p,w) € V1 has the successor ((Sa)gesuc(w), w) if and only if
Duw((Sa)desuc(w)) FE I(p, t(w));

(ii) a vertex ((Sa)desuc(w),w) € Va has the successors (g, d) for each d € Suc(w) with
q € Sq;

(iii) the initial position is (gr,€).



Let (o, wn)n<w be a play. Let I C w be the set of indices n such that (ay,, wy,) € V1. The
play is winning if (a)ner satisfies the parity condition.

Now we can formulate in terms of games what acceptance of a tree by an automaton
means. The proof is formulated for alternating automata but it can be adapted easily for
nondeterministic automata.

Lemma 10. Let A be a parity automaton and t a tree. A accepts t if and only if Player
I has a winning strategy for the game G(A,t).

Proof. (=) Let r be an accepting run of A on t. We define a memoryless strategy f :
Vi — Vs for Player I for every (¢, w) € V4 by

f(Qaw) = ((Sg)dESuc(w)aw)v

where
Si={d €Q|(¢,d)er(d}.

Let (o, W )n<w be a play in G(A,t) where Player I followed f. We want to show that it is
a winning play. Consider the subseqence where (cw;, we;) = (g2i, wo;) € V4. For every i, the
position (goj+2, wai+2) arises from the set ((Sg)deslm(wﬂ), wa;) which is chosen according to
r as a successor of (go;, we;). Thus, since (¢ )n<w With (gn, gnt1) € r(d) satisfies the parity
condition, every (g, Wn)n<w does this, too. Therefore, the play (amn,wy)n<y 1S winning
for Player 1.

(<) Let f : Vi — V5 be a memoryless winning strategy for Player Iin G(A,t). We define
arun 7 : dom(t) — P(Q x Q) by setting r(¢) = {(qr,49r)}. For every other w € dom(t)
suppose that f(g,w) = ((S])aecsuc(w), w) for each ¢ € Q. We define

r(d) = | J{(a.q) | ¢ € 5%},
qe@
for d € Suc(w).
To prove that r is successful, let (wy, )n<. be a path of ¢ with wy = € and a corresponding
sequence (gn)n<w such that (gn, ¢nt1) € r(wp+1). By the choice of r which is according to
the winning strategy f, every (q,,w,) appears also in the play (ay,,w,) and satisfies the

parity condition. Therefore, r is successful.
O

2.3 Back-And-Forth Arguments

This section provides some technical preparations which are needed in Chapter 4 to prove
the equivalence of tree structures of different size.

After recalling some definitions and results, we present two operations to split trees,
firstly at the root, secondly at an arbitrary vertex and prove the compatibility with WMSO.



2.3.1 WMSO,,-Equivalence of Structures

Definition 11. Let WMSO™ be the set of WMSO-formulae with quantifier rank < m.
free(y) is the set of free variables of ¢ € WMSO.
For a structure 2,

Thy, () := {p € WMSO™ | A = ¢, free(p) = 0}

is called the m-theory of 2. Two structures 2, B are said to be m-equivalent, A =, B, if
and only if
Th,,, () = Th,,, (B).

Two structures 2, B of signature o with universes A, B are isomorphic, denoted by 2 = 953,
if and only if there exists a bijection ¢ : A — B preserving relations and constants in o,
i.e.

(i) for n-ary R € o and ay,...,a, € A:
R*ay...a,) ifandonlyif R®(u(ar)...u(an));

(ii) for ¢ € o we have (c¥) = c®.

Lemma 12. For stuctures 2,8 the following are equivalent:
(7/) Q[ =m+1 %

(ii) for every finite subset P C A there exists a finite set Q C B such that (A, P) =,
(B,Q) and
for every finite subset QQ C B there exists a finite set P C A such that (A, P) =,
(B,Q).

Proof. (i)=(ii): Let P C A be finite and set ¢ := A Th,,(2, P). Then 2 = 3X¢ and
by assumption also B = 3X . Consequently, there exists a finite set @ C B such that
B = p(Q). Hence, (B, Q) =, (A, P). The other direction follows by symmetry of =,,.
(ii)=(i): Since every formula in WMSO}**! is a boolean combination of formulae of the
form 3X ¢ with ¢ € WMSO™, it is sufficient to prove that 2 = IX¢p = B E IXp, for
v € WMSO™. Let ¢ € WMSOg® and 2 = 3X¢. Choose a set P C A with A = ¢(P).
There exists @ C B such that (2, P) =, (B,Q). Hence, A = ¢(P) implies B = ¢(Q).
Therefore, B = IX¢(X). O

Corollary 13. There is a one-to-one correspondence between m-theories Thy, (1) and sets
of the form {Th,,_1(2A, P) | P C A}.

Lemma 14. The number of WMSO,,, -theories for a fixed finite signature T is finite.
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Proof. For a t-structure 2, we inductively define sets of theories
Thy(2A) := The(A) and  Thl,,(A) := {Th],(A, P) | P C A finite}.

By Corollary 13, Th,,, (2!) is uniquely determined by Th/, (2(). Now we can see that Th/, ()
is finite, because in every iteration step the set is included in the power set of the set before
and Thg(2l) is finite due to finite signature. O

2.3.2 Composition of Trees and their Theories

Now we present some lemmas showing the preservation of m-equivalence for three com-
position operations on trees.

In [EF95, p.39] we find the first one:

Lemma 15. The disjoint union preserves WMSO™-egivalence, i.e. for trees S and T
S=,T17.5=,T = SUS=,TUT.

In the remainder of the chapter, we present operations to split trees into their subtrees
such that the theories of the subtrees are preserved. Therefore we first introduce the
definition of an interpretation that translates between two structures.

Definition 16. Let 7 and 0 = {Ry,..., Ry} be two vocabularies with p(R;) the arity of
R;.

A definition scheme ® = (¢, 91,...¢y) is a list of formulae of WMSO(7) such that
¢ has exactly one free first order variable and each v; has p(R;) distinct free first order
variables.

Given a list ® as above, the interpretation ®* is a partial function from 7-structures to
o-stuctures and is defined by ®*(2() = Ap where

(i) the universe of g is the set
Ap ={ac A: A ¢(a)},
(ii) the interpretation of R; in Ag is the set
Ao (R;) = {a € AL A = i)}

The image ®*(2A) is defined, if the universe A, is nonempty.

The syntactic interpretation of ® is a function ® : WMSO(7) — WMSO(s) from
WMSO(7)-formulae to WMSO(o)-formulae, inductively defined by the following proper-
ties:

11



(i) For R; € 0 and 0 = R;(z1,...,%m), we put

®4(0) = (w1, ..., Tm) A /\(b(ari).

For equality and a set variable Z we have

and

O (Z(x)) = Z(z) A ¢(2).

(ii) For the boolean connectives, let 6; and 62 be a WMSO(7)-formulae.
a) 40y V Oy) = BE(6;) v DE(H,).
b) ®f(=0;) = ~d%(6,).

(iii) For existential quantification of FO-variables, we put
®*(3y0) = Iy(o(y) A ¥(0))-
(iv) For second order quantification

¥ (3UG,) = IUVu(U(v) = d(v)) A D4(6;)].

Lemma 17. Let ® be an interpretation in WMSO.
(i) If & € WMSO, then ®(0) is in WMSO.

(ii) If ® is of quantifier rank q and 0 is a formula of quantifier rank r, then the quantifier
rank of ®#(0) is bounded by r - q.

Proof. (i) follows form property (v) of Definition 16 and (ii) follows by Definition of ®¢. [

Without further assumptions we obtain the fundamental property of the connection
between ®* and ®.

Theorem 18. Let & = (¢, 91,...,%m) be an interpretation in WMSO form T to o.
Then semantic and syntactic interpretation, ®* and ®F, are linked as follows: Given a
T-structure A such that ®*(A) is defined and an WMSO(o)-formula 0, then

A= 0HO) iff D*(A) E=6.
Theorem 18 together with Lemma 17 gives us what is needed here:

Lemma 19. Let ® be an interpretation of quantifier rank q and let A be a T-structure.
Then ThYMSO(®*(21)) depends only on ThX.I;/ISO(Ql).

12



In the remainder of this chapter we present various operations to divide trees that are
compatible with the theories of the respective subtrees.

First, we describe an operation on trees that takes the disjoint union of two trees and
fuses their roots.

Definition 20. For two trees T', S define
T & S = (Vres, RootT®S T99)
where
(i) Vres := (Vo — Root™) U (Vg — Root®) U {r}
(ii) RootT®% := {r}
(iii) <79%:=<T U <% U{(r,v) | v € Vpas}

Lemma 21.
T=,T ,65=,58 = ToS=,T a5

Proof. S®T = fuseroot(T'US) is build up from the disjoint union of the two structures and
then fusing their roots. Both the disjoint union and the fusion operation are compatible
with the WMSO-theory, cf. Lemma 15 and [Mak04]. O

The next operation takes the disjoint union of the trees and fuses them at a distinguished
vertex.

Definition 22. For 7-trees S, T and a vertex [ € S, we define the operation
S @ T = (Vsgyr, Root ™7, 5517,
such that
(i) Vsarr := Vs UVy — Root?

(i) Root*®i” := Root?

(i) <88 T:=<x5 U <" U{(x,y) |z <5 Lye T}
Lemma 23. Th,,(S ®; T) is uniquely determined by Thy,(T) and Th,,((S,1)).
Proof. Note that S @] T = ®*((S,1) UT) where

(ORES <¢, T,Z)Root (l‘), w# (.CL', y)>7

13



where

¢s := S(x) vV (T(z) A = Root(z))
YRoot () := S(x) A Root(x)
Ui(zy) =z <yV(S@)AT(y) Az <)

Lemma 19 then implies that Th,, (®*(({S,{) UT)) depends only on Th,,((S,l) UT'), which,
by Lemma 15, only depends on Th,,((S,{)) and Th,,(T). O

14



3 Translating Formulae into Automata

Following the previous chapter, we use the signature o = (Root, ¥, (P,)qex) for formulae
over trees. Let ¢ be a WMSO(o)-formula. The goal of this section is to show that for
every WMSO-definable tree language L, we can construct a weak alternating automaton
recognizing that language.

Theorem 24. For every formula ¢ € WMSO(o) there exists a weak alternating auto-
maton A, such that

L(Ap) = L(gp).

The proof is by induction on the structure of . For the inductive step we have to define
L(y) for formulae with free variables. Let o(X1,...,X,) € WMSO(o) with free variables
X1,...,X, and t : dom(t) — X be a tree. To specify the values of Xi,..., X, € dom(t),
we use an extended alphabet

Sp =3 x P(V,),

where ¥ is the set of labels of ¢ : dom(t) — ¥ and V,, is the set of free variables of ¢.
Thereby we can represent (P, ..., P,) by the new labelling

tp:dom(t) = Xp
such that for a vertex x € dom(?),
tp(x) = (t(x),V), where V ={X, |z e P}.
With the above notations we get

Lemma 25. Let T = (dom(t),Root, <, (P,)aex). For every atomic ¢ € WMSO there
exists a weak alternating automaton A, such that

T E=@(P,...,P,) if and only if tp € L(Ay).
Proof. For atomic ¢, we build A, = (Q, %, 6,2) as follows.
X CY : For every vertex x € dom(¢) it has to be true that x € X — x € Y. Let

Q= {q}-

VePy(z) fX¢VorY eV,
1 else

6(g, (a,V)) = {
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For the time A, stays in qp, X C Y is true and A is accepting. Thus the parity
condition is ©(go) = 0.

Disj(X,Y) : The automaton has to check if x ¢ X or x ¢ Y for every z € T. Let the
state set be Q := {go} and £(go) = 0.

VaPy(z) fY ¢VorX¢V
1 else

0(g, (a,V)) = {

Root(X) : This automaton accepts or rejects immediately after reading the first letter of
t(z). There is one state ¢ with Q(q) = 1.

T £ XeV
1 else

3(q, (a,V)) = {

Suc(X,Y) : In this case A, has to verify for some € X whether some successor of z is
also in Y. This requires two states, therefore Q@ = {qo, q1}

o ={I O
5(q1, (a, V) = {I ;flsle” eV,

We define Q(q) =1 for all ¢ € Q. A, stops accepting or rejecting if it ends with T
or L, respectively.

P.(X) : The automaton has to check if z is in X and #(z) = ¢ for ¢ € ¥. Thus, we need
Q to be {qo}.

T fa=cAnX eV

o, (a. V) = {Eia:P (x) else

Obviously, gy is not accepting this time, thus Q(gp) = 1.

O]

To prove closure under boolean connectives we need automata that recognize those
classes of trees that came up from the negation of a formula

L) ={T €T | T E ~¢} = L(p)
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and the disjunction of two formulas

LeVvy)={T €Tz | T ¢V} = L(p) U L().

Therefore we introduce an automaton recognizing the complement of a tree language and
one recognizing the sum of two tree languages.
For these two cases the proof is analogous to the proof already done for MSO in [BB01].

Definition 26. The sum of two weak alternating automata A; = (Q1, %, 01, qﬂ Q) and
Az = (Q% Zﬁz,qé, Qg) is the automaton

Al +-/42 = (Ql UQQ U {QI},Z,A,(S,QI,Q),

where
6i ; if g € 2y
5+(q,a)={ (@) , . e ¢
0(qr,a) = d01(qy,a) V 02(q3,a) if ¢ =qr,
and Q: Q1 UQ2U{qr} — N, such that Q(q) = Q;(q) if ¢ € Q.

Lemma 27. The class of tree languages recognised by weak alternating tree automata is
closed under union.

Proof. A+ As satisfies the requirements of a weak alternating tree automaton since there
is a preorder on the state set as follows.

aCp for every p € Q1 U Q2;
pCq ifpCqorpC@gq

Let f1, f2 be winning strategies for player I in G(A;,t) and G(Asz,t), respectively. In the
game G(A; + As,t), player I can choose from the initial state g; whether to play in A; or
As. Thus if player I follows f1, he wins G(A; + Ao, t) as well as if he follows f,.

Vice versa, a winning strategy for G(A; 4+ Az, t) is still a successful strategy on G(Ay,t)
or G(Az,t) depending which subtree player I chooses in his first move.

Thus, for the resulting automaton A; + A, we have that L(A; + A2) = L(A;) U
L(A3). O

The automaton recognizing trees described by —¢ is defined by dualisation of acceptance
condition and transition function.

The construction of the dual automaton and the proof of Lemma 30 are adapted from
[Wal02].

Definition 28. The complement of A = (Q, %, 9, qr,) is the automaton
“Zl = (Q7 2757 (_H,Q).

0(q,a) = 6(q,a) is the dual of d(q,a), where V and A, as well as existential and universal
quantification are exchanged. The dual acceptance condition is Q(q) = Q(q) + 1.
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Lemma 29. Let ¢ € WMSCﬁ({Pq lqeQ}). If (D, (Pq)qu) = ¢ and (D, (Pc;)QEQ) = o,
then there are d € D and q € Q) such that d € Py N Pé.

Proof. Set
"o /
P/:=D\P,.

Then (D, (P))4eq) F ¢ implies (D, (P )4eq) | —w. Since ¢ is monotone, it follows that
there is some ¢ € Q such that
P, ¢ P

Hence, there is some element d € P, \ P/ = P, N P,. O

Consider a play p in the game G(A,t) and a play p in G(A,t). Note that the game
positions V; of player I in G(A,t) are the same as those in V; of G(A,t). The game
positions of player II, V5 and V5 are of the form ((Sa)desuc(w), w) or ((Sd)dGSuC(w),w),
respectively, such that the sets Sy (respectively S;) contain successor states for vertex
w € t. Since S = {q € Q | d € P,}, we obtain the next statement direclty from Lemma
29.

Lemma 30. Let A be an automaton and A its complement. For every X-labelled tree t
we have

te L(A) if and only if t ¢ L(A).

Proof. To prove the implication from left to the right, assume ¢t € L(.A). This means that
there is a winning strategy f for player I in the game G(A,t). We will show how to use
this strategy to construct a winning strategy for player II in G(A,t). This implies that
player I does not have a winning stragtegy in G(A,t), hence t is not accepted by A.

We construct the winning strategy for player IT in G(A,t) by induction on the length
of the play. The initial postition in both plays is (g7, ). Our induction hypothesis is that
we have two finite plays p = vg ... vy, in G(A,t) and p = 0g...0,_1 in G(A,t) that are of
length n, such that the subsequences of p and p in Vi are the same. The play p followed
strategy f. Let (q,w) be the last position in p as well as in p. Now player I chooses in
G(A, t) the successors ((Sa)aesuc(w) w) of (¢, w). We are going to consult the strategy f
to find an appropriate answer for player II.

As p was obtained using strategy f we know hat f(p) is defined. Hence, let

f(p) = ((Sa) desuc(w)> W)-
By Lemma 29, we know that there exists d € Suc(w) such that
SanSq#0.
Choose ¢ € S;N Sy. Player IT in G(A,t) plays (¢, d). So we put

f(ﬁ(%w)((Sd)dESuc(w)aw)) = (qlv d)
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This is also a possible choice for player I in G(A,t). The initial parts of the two plays
become

p(Q? w)((Sd)dGSuC(w)7 w)(q/7 d) and p(Q? w)((gd)dGSuc(w)7 w)(q/7 d)

From this point we can repeat the argument.

Whenever p is a play in G(A, t) according to the strategy described above then we have
a play in G(A,t) such that the projections of p and p on V; are the same. We know that p
is winning for player I in G(.A,t) because p was played to the winning strategy f. Hence,
by the definition of Q, play p is winning for player II in G(A, ).

The other direction follows by symmetry. O

Corollary 31. The class of languages recognized by weak alternating tree automata is
closed under complementation.

The last thing to show is closure under finite projection that corresponds to the exist-
ential quantifier. Since we are dealing with alternating automata, the proof is not as easy
as for nondeterministic automata. [MSS92| proved the result for WMSO on k-ary trees.

In the previous chapter, we have already defined the projection of a tree language. In
the remainder of the current chapter, we prove that the classes of trees recognizable by
weak alternating automata are closed under finite projection, according to the following
definition.

Definition 32. Let ¥ C A be finite alphabet and 1 be a projection map from A to X,
such that 7 = id for every a € ¥. Let L be a language of A-trees. The language 1¢(L)
over the alphabet ¥ is called the finite projection of L and is defined by

t' € ng(L)
if and only if there exists a tree
tc Ty suchthat t =not

and ¢ has only finitely many vertices labelled from A \ X.

Now we have
LEXe(X)) ={T € Ty | T = 3X (X))} = ns(L).

Lemma 33. Let ¥ C A be alphabets and let ny be the finite projection to ¥.. For every
automaton A, there exists an automaton A’ such that

L(A) = ns(L(A)).
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Proof. Let A= (Q,A,d,qo, ) be a weak alternating automaton recognizing L. The goal
is to find an automaton A’ recognizing the finite projection 7y(L), that is constructed as
follows. A’ has two modes, the nondeterministic mode and the alternating mode. The
nondeterministic mode simulates a nondeterministic automaton on the vertices labelled
from A\ X. It keeps track of all the possible states of A at a given vertex, therefore we
use the power set P(Q) as state set of the nondeterministic mode of A’. The alternating
mode simulates the original automaton A, running on a copy of @ that is disjoint from
P(Q). The transition function § starts in {go} in the nondeterministic mode and in state
S € P(Q) at a vertex with label a € %, A’ guesses a preimage b € n;l(a) and collects
every possible successor state of ¢ arising from §(q, b), for every ¢ € S. A’ changes in the
alternating mode if it hopes not to meet any more vertices whose preimage is in A \ ¥ in
the subtree below the current vertex. We define the automaton

A, = (P(Q) U Q, A; 5/7 {q0}7 Q/)7

where
§(P(Q)UQ) x ¥ — WMSOT(P(Q) U Q);
8(¢,a) =d(g,a)  for geQ,aeX
§'(S,a)=\/ N6 (qgb) for SePQ),

ben—1(a)geS

where

5(a:5) = 3X[5(@,0)p vV (X A \/ 8)/plpeql-
S:peS
We set

Y(q) =Q(q) forgeq
QS)=1 for S € P(Q).

It remains to show that t € L(A) if and only if ns(t) C L(A’). Firstly, let ¢t € L(A) and
A’ running on ' € 7¢(t). Then there exists a memoryless winning strategy f for player
Iin G(A,t). We construct a winning strategy f’ for player I in G(A’,t') by induction on
the length of the play. Our induction hypothesis is that we have finite plays (p?), and p/
satisfying the following conditions:

— Let p/ =vjy... v, ;. If v, = (S,w) € P(Q) x dom(t), then, for every q € S, there

exisits a play p? = of ... 0¥ _, that follows strategy f. If v],_; = (¢, w) € Q x dom(¢),
q

there exisits a play p? = v{...v._; that follows strategy f;

— the projections on the second component of v; and v}, i € {1,...,n — 1} coincide;
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— for every uneven i < n — 1 (these are the game positions of player II) either v, = v;
or v; = (p,w) and v, = (S,w) for p € S.

We start with the plays p’ = ({qo},¢) and p? = (qo,¢). To define the strategy f'(v],_;),
we first consider the case where v/, _; € @ x dom(¢). Then player I plays according to the
strategy f, which is defined for all (¢, w) € @ x dom(¢). In this case, we set

vn = vy = f'(v5, 1) = f(on-1).
In the second case, v/, _; = (S,w) € P(Q) x dom(t). Let
I :={d € Suc(w) | there exists v = d such that t(v) € A\ X}.

For d € I, we set

sa=1{Js1

q€eS
and, for d ¢ I, we set
Sy =Jss.

qes
Further, we set
U7/1 = f,(v;z—l) = ((Sél)dESuc(w)aw)‘

In both cases, this implies that (Suc(w), (S})desuc(w)) F 0'(S,ny(t)(w)). For the play that
follows strategy f, we define

Up = f(vp—1).

Then, it is player II’s turn and he chooses d € Suc(w) and some state in S),. If d € I, then

Vo= (S d), it Sh={S',

and we set

vl 1= (q,d), forevery ge S’
Ifd¢l,

v, 1 :=(g,d), for some q € Sy,
and we set

vaH = (q,d).

We continue this process and obtain infinite plays P and P’. The play P’ of G(A',t)
that is played according to f’ is accepting, since it is the same as the infinite play P in
G(A,t) that is played according to strategy f, except for finitely many positions. It follows
that Player I wins the game G(A',t).
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For the converse direction, let ¢’ € L(A"). We show that this implies ¢t € L(.A) for some
t € Ta with n¢(t) =t'. Let f’ be a winning strategy for player I in G(A’,t"). We construct
t and a winning strategy f for player I in G(A,t) by induction.

As induction hypothesis, suppose that we have constructed a finite tree ¢y of depth n
such that 7y(ty) =t} < ' and two finite plays p’ and p satisfying the following conditions.

— P =v)...v,_1, p=10...v,—1 and p’ follows strategy f’;

— the projections on the second component of v; and v}, i € {1,...,n — 1} coincide;
— for every uneven i <n — 1, v; = (¢, w) implies (¢, w) = v, or, v; = (S,w) for ¢ € S.

We start with the plays p = (go,€) and p’ = ({qo}, ). For the inductive step, let v,—1 =
(¢, w) be the last position of p. To find the next move f(g,w) for player I, we consider
f'(v],_1). The last position v],_; of p’ can be of two kinds. The first one is that v,_1 =
(¢, w) € Q x dom(t). Then we set

vn = f(g,w) := f'(q,w) = v,
and we choose
t(w) == t'(w).

If the last position of p’ contains a set state such that v/,_; = (S, w), we consider f/(S’, w)
which is of the form

f/(S/7 w) = ((Sél)dGSuc(w)v UJ)

For every d € Suc(w), S/ contains those set states that are possible successor states of
every q € S’. Since

(Suc(w), (Ph)geq) ES (S ') =\ /\(b),

ben—1(t(w))qeS’

where P}, := {d € Suc(w) | ¢’ € S}}, there exists b € n~1(#'(w)) such that, for every
qe s,
(Suc(w), (Pé,)q/EQ/) E 0%(q,b).
But this implies that
(Suc(w), (Py)eeq) = (g, 0),

for every ¢ € S', where P, := J{Pg, | ¢ € S"} U P,. We guess the preimage t(w) := b and
choose (S9)aesuc(w) such that

Si:={peQ|deP,}
for some ¢ € S’ and set

Un = f(Q7 U)) = ((Sg)dESuc(w)7w) and U;L = f(v’;lfl)'
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Now it is player II’s turn and he chooses

Un+1 = (qad)7
where ¢ € SJ. We assume that the choice of player IT in G(A', ') is

Yoy = (S,d) i S) = {S} S P(Q).
Vo = (q.d) iS4 CQ.

We continue this procedure to infinity and obtain infinite plays P’ in G(A’,t'), P in
G(A,t) and a tree t : dom(t) — A with finitely many vertices labelled from A\ 3. The
play P satisfies the parity condition of A since the projection 7y (¢) is finite and the infinite
play P" in G(A’,ns(t)) that follows f is winning. This means that game positions that
contain set states occur only finitely many times in P’ and the remaining positions are of
the form (q,w,) for infinitely many n < w. But P coincides with P’ up to finitely many
exceptions and thus satisfies the parity condition, too.

Hence, we showed that ¢ € L(A) if and only if ns(t) € L(A'). O

Corollary 34. The class of languages recognized by weak alternating tree automata is
closed under finite projection.
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4 Limits of WMSO

In the previous section we showed that for every WMSO-formula there is a weak al-
ternating automaton that recognizes the correponding tree language. Here we present a
counterexample showing that the converse statement is false. The example is based on the
fact that WMSO cannot distinguish between infinitely branching trees with and without
an infinite branch. Since weak alternating automata can distinguish between such trees,
it follows that they are strictly stronger than WMSO on infinitely branching trees.

4.1 T, versus T,

Let us introduce the trees our counterexample is based on. The result of the whole section
is shown in two steps: first, we prove the m-equivalence of a tree of finite depth (which
depends on m) and a tree of depth w. Another proof for this can be found in [Kus08].

Definition 35. For n € N define the tree
T, = {((ao,i0) ... (ak,ix))|aj,i; € Nyn > ag > a1 > ... > aj and arbitrary i, ...}
The tree T,, = J,,cy T is the union of all Tj,.

Lemma 36. Fix m € N. There exists an ng € N such that, for every n € N, there is an
index k < ng such that T,, =, T}.

Proof. Consider the sequence Th,,(Tp), Thy,(71),.... Since the number of m-theories is
finite, choose ng such that every theory has occured at least once in (Thy, (T),))n<n,- O

Lemma 37. (i) T, 2Ty ® T, for all k,n € NU{w}, k <n.
(ii) For a finite subset P C T, we can find n € N and a subset P' C T, such that
(T, P) = (T,,, P") & (T, 0).
Proof. by definiton of 7,, and T,,. O
Lemma 38. For every natural number m there exists a natural number ng such that

T, =m T, foralln > nyg.
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Proof. We prove the claim by induction on m. For m = 0 the claim is trivial.

For the inductive step assume T,, =, T, for n > n;. We claim that T,, =,,+1 1, for
n > max{ng,ni} where ng is the constant from Lemma 36. We use Lemma 12 to prove
the claim. Let P C T,, be finite. Then

(Tn, P) = (T, 0) @ (Tyn, P) =M (T0,,0) & (T, P) = (T, P).

To prove the other direction, select a finite set @ C T,,. By Lemma 37(b), there exists
l € Nand Q' C T; such that (T, Q) = (1o, 0)®(1;, Q). Ifl < ng, we set (T, P) :== (1}, Q’).
If I > ng, by Lemma 36 there exists k& < ng such that 7; has the same (m + 1)-theory
as Ty. By Lemma 12, {Th,,(T;,P) | P C T;} = {Th,,,(T}, Q") | Q@ C T}. Hence, select
P C T}, with Th,, (7}, Q") = Thy, (T, P). Now we have

(T, 0) =m (T3, 0)

by induction hypothesis; and also (7}, Q') =, (T, P). Then by Lemma 21 and Lemma
37(a)
(T, Q) = (T, 0) ® (T3, Q") = (T, 0) © (Ty, P) = (T, P).

4.2 T, versus T,
Definition 39. Let oo ¢ N be a new symbol. Then
Tro = {ocfw | k € Nyw € T}

is a tree with an infinite path.

By defnition of &/, we get
Observation 40. Let x = 0o be a vertex on the infinite path of Tso. Then

Too = (T, 2) @, T,
where TT = {y € T | 0co*! A y}. We also have
T ~T,.
Now we can prove that

Lemma 41. For every m € N, we have Too =, T, .
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Proof. We prove the claim by induction on m. For m = 0 there is nothing to show. For
the inductive step assume T, =, T,,. First, let P be a finite subset of T,,. Then there
exists P’ C T such that (T, P') = (T, 0) @ (T.,, P). We have by induction hypothesis
and Lemma 21

(Teo, P') = (T, 0) @® (T, P) = (T,,0) @ (Toy, P) = (T, P).

Conversely, let P C T,. Let [ be the maximal distance from the root to an element of
P. Now choose the vertex v := oo!. We divide T, here and obtain by Observation 40 a
tree T such that

(T, P) = (T, v, P) &), (T, 0).

By Observation 40, there exists 2’ € T,, such that
(T, 2') = (T, ),
which implies that there exists @Q C T;, such that
(T, 2", Q) = (T, v, P).
Together with Lemma 23 and the induction hypothesis we obtain
(Tos, P) = (T, 0, P) @), (T, 0) = (T, 2", Q) @ (0, 0) = (T, Q).

Lemma 12 gives us now T =m+1 10-

Now put Lemma 38 and Lemma 41 together and obtain the desired result:

Theorem 42. For every m € N there exists N € N such that
Too =m T, for alln > N.

In terms of automata this yields the following result.

Theorem 43. On infinitely branching trees, weak alternating automata are strictly stronger
than weak monadic second order logic.

Proof. For any alphabet ¥ and @ = {q}, let Ag, := (Q,3,q,9) be a a tree automaton
with transition function
4(q,a) = Ve Py(x)

and parity condition (q) = 1.
This automaton recognizes only trees with finite branches, since every infinite run pro-
duces a sequence of states that violates the parity condition. O
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5 Conversion into Buchi Automata

In this chapter we show how to convert weak alternating automata on infinitely branching
trees into Biichi automata.

In [MSS92] the same result was shown, but for weak alternating automata on infinite
k-ary trees (k € N). Earlier, Rabin had shown in [Rab70] that a language L of binary
infinte trees is definable in WMSO if and only if L and its complement L are recognised
by Biichi-automata. It follows that WMSO is expressively equivalent to weak alternating
automata on k-ary infinite trees.

Recall that an automaton A is a Biichi automaton, if the acceptance condition uses only
priorities 0,1 and a co-Biichi automaton uses priorities 1,2. Note that we will not add
+1 every time we take the complement of a Co-Biichi automaton; if Q(Q) € {1, 2}, then
Q(Q) € {0,1}. A Biichi-automaton A accepts a tree t, if there exists a run r : dom(t) —
P(Q x Q) such that for every path (wy)n<w of t and every sequence (¢n)n<w € Q% such
that g0 = ¢qr and (gn, gnt1) € r(w'), the sequence (2(gn))n<w meets 0 infinitely often.
Formally, for every i < w, there exists j < w such that j > i and €(g;) is even. Co-Biichi
automata employ the dual condition that (Q(gy))n<, meets 2 finitely many times. That
is, for every j < w, there exists ¢ < w such that j > ¢ and Q(g;) is not even. This proves
the following lemma.

Lemma 44. The complement of a Biichi automaton is a Co-Biichi automaton and vice

versa.

Languages accepted by Biichi Automata are not closed under complement in general,
cf. [Tho97, Example 6.2.].

Theorem 45. For every weak alternating automaton A, there exists a non-deterministic
Biichi automaton A’ such that L(A) = L(A").

Proof. Our proof follows that of [MSS92]. Let A = (Q, %, 9, qr, Q) be a weak alternating
automaton. A non-deterministic Biichi automaton A" = (Q', %, ¢, ¢), ') recognizing the
same language as A can be constructed as follows.

Let F' = (Q1,...,Q,) be the list of all strongly connected components in the transition
graph of A that contain states of uneven priority. The states of A’ are 3-tuples (5,i,T")
where

— the set S € P(Q) keeps track of the copies of A running at a time;
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— the index ¢ € {0,...,r — 1} indicates the strongly connected component of A in
which A’ is looking for rejecting subsets meeting the current state S;

— the set T contains the copies of A’ in Q;.

The initial state is ¢ = ({qr},0,0). Let Suc(w) be the successor set of a vertex w. To
keep track of all copies of A running at a time, we have to collect the parallel successor
states of every p € S in a set P} such that, for every p € S and a € %,

gw((PCIl))dGSuc(w)) ): 5(]?, a)'

Sq = UPC];

peS

Then we have

and
T, = U PPN Q;
peT
for every successor d € Suc(w) and index i. T only uses states which were already in T’
and still belong to S;. Thus, the transition function of A’ is

8 (P(Q) x Zr x P(Q)) x & — WMSOT(P(Q) x Z x P(Q))

such that
§'((S,4,7),a) = \6*(g,a
qeS
where
6(q,a)[00(p)/plpeq  HqgT AT #0
§*(q,a) = { 6(q,a)[1(p) /Dlpeq T =0
(g, a)02(p)/plpeq ifqeT,
\/ P(S’,i,T/)(x)a
S’:pesS’
T'CQ;

Psrivirny (@) ifp ¢ Qi
S":peS’
91(17) _ JT'CQin1

V' Pivimy(z)  ifp € Qiya,
S’:pesS’
T :peT’

V. Pi(@)ifp ¢ Qi
S’:pesS’
Oa(p) = ¢ 7D

(

P(S’,i,T’)(x) if p e Q;.
S':pes’
T :peT’
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The priority function ' : Q" — {0,1} is defined by

0 ifandonlyif T =10

1 else.

(S,i,T) = {

It remains to show that A’ recognizes the same language as A does. First, we prove
L(A) C L(A"). Let r: dom(t) — P(Q x Q) be an accepting run of A on t. We construct
arun 7’ : dom(t) — Q" of A" on ¢ from r by induction. Let 7/(¢) = ({go},0,0). Suppose as
induction hypothesis that " is defined up to vertex w and let r'(w) = (S,4,T). For every
successor w’ € Suc(w), we construct r'(w') = (5,4, T") from r(w). For every ¢ € S we
define

Sq=Ad" | (¢.¢) € r(w")}

S = US:];

and set

qeS
y i+1 ifT =0
1 =
) else;

T :={¢ | (¢.¢) er(w),q e T,q € Qs}.

If we continue this process to infinity, we obtain a run of A’ on t. Suppose that there
exists a branch 7 C ¢ such that r/(7) does not satisfy the parity condition. This means that
there exists a sequence (S, in, Tn)n<w With T, # 0, for almost every n. Then there exists
no and ¢* such that i, = i* for every n > ng and a sequence (¢, )n<w such that (¢,—1,¢,) €
r(w) and ¢, € Qi+ for n < ng. Therefore, (¢,)n<w violates the parity condition, which
contradicts our assumption that r is a successful run on ¢. Hence, A’ accepts t and we
have shown that L(A) C L(A").

Now we show L(A’) C L(A) by constructing a run of A on ¢ from a given run of A’
on t. Let ' : dom(t) — @ be an accepting run of A’ on t. The run of A starts in
r(e) = {(q0,q0)}. Assume as induction hypothesis that the run r is already defined on w
and furthermore that

r(w) €{(¢,d) | ¢ € S},

where (S,4,T) = ’(w). Let w’ be a successor of w and assume that r'(w’) = (5,7, T").
We set

r(w") :={(¢,q¢") | ¢ € S,¢" € S’ and ¢” is needed by §(¢, t(w)) at w'},
where we can say that ¢” is needed by § at w’ if it satisfies the following condition. Since

(Suc(w), (Py)geq) = 8'((S,i,T), t(w)),
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where
P, = {d € Suc(w) | ¢ € Sy},

it follows that, for every ¢’ € S,
(Suc(w), (F))geqr) F 5°(d st w)).
But this implies
(Suc(w), (Py)qeq) = 6(¢',t(w)), where P, = {d € Suc(w) | d € P(’S%T) for ¢ € S}.

If w' € Py, we say that ¢” is needed by 6(¢’, (t(w))) at vertex w'.

If we continue according to this constuction, D7, , = (g, t(w)), for every ¢ € @ and
w € t which confirms that r is a run of A on ¢. Since r’ is an accepting run on ¢, we know
that for every infinite branch = € t, r(7) satisfies the parity condition Q', because r'(r)
contains no infinite sequence of states of uneven parity. This implies that for every m € t,
r(m) also satisfies the parity condition w. Thus, L(A") C L(A). O

From the above proof follows that

Corollary 46. The class of languages of infinitely branching trees recognized by weak
alternating automata is contained in the class of languages of infinitely branching trees
recognized by Biichi and Co-Biichi automata.

From Lemma 45 and Lemma 24 we obtain

Corollary 47. For every formula ¢ € WMSO there exists a Biichi automaton and a
Co-Biichi automaton recognizing L(p).

Proof. Let ¢ € WMSO define the language of infinitely branching trees L,. Then —¢
defines L,. By Lemma 44 and Theorem 45, both L, and L, are recognizable by a Biichi
automaton. O
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6 Translating Automata to
WMSO-Formulae on Finitely Branching
Trees

In [Rab70], Michael O. Rabin published the proof of the equivalence between weak monadic
second-order logic over binary trees and finite non-deterministic Blichi automata. In this
chapter we present the proof of the direction from automata to WMSO for arbitray finitely
branching trees. The construction considers infinite trees as a limit of finite prefix trees,
which is of course not possible for infinitely branching trees.

In this chapter, we use only trees where every node has a finite number of successors.

Definition 48. Let ¢ be a finitely branching labelled tree. A frontier in t is a set G C
dom(¢) such that |G N 7| = 1, for every branch © C dom(¢). Obviously, if G is a frontier
in ¢, then G is finite. For two frontiers G1, Gy C dom(t), we say that Gg is bigger than G
(G2 > Gh) if for every y € Go there exists © € G such that z < y.

A prefix E of t is a set E = {z|x < y for some y € G} where G is a fixed frontier in ¢.
We write F C ¢t if E is a prefix of t. For E as above, GG is called the frontier of F and
denoted by Ft(E).

For a tree t, let t, C t be the subtree with root x.

Definition 49. Let A be a non-deterministic Biichi automaton. The set of states with
priority 0 is denoted by F' = {¢ € Q | Q(¢) = 0} and is also called the set of accepting
states.

Let r € Run(A,t). If we restrict the domain of r to a prefix £ C dom(t), we obtain a
partial run r [ E. The set of partial runs of A on ¢ is denoted by pRun(.A,t).

Lemma 50. For every finitely branching tree t that is recognized by a non-deterministic
Biichi automaton, there exists a sequence of prefizes E, T t such that Ft(E,) C F and
Ft(E,) < Ft(En41) for every n < w.

Proof. Let A be a non-deterministic automaton and ¢ € L(A). Fix an accepting run
r € Run(A,t). Then for every m C dom(t), (r(w))wer visits states of priority 0 infinitely
often. Let

Gp :={x €t | there exists a path such that x is the n-th vertex with Q(x) = 0}.

Let E,, be the prefix of ¢ with frontier G,,. O
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We want to show that a tree language L is definable in WMSO provided that both L and
its complement L are recognized by non-deterministic Biichi automata. To get closer to
our result, we need to study the question of when L(.A) N L(B) # ), for non-deterministic
Bichi automata A and B.

Let A = (Q,%,6,q1,Q), B = (Q,%,¢,q¢;,). If t € L(A) N L(B), then there are
two accepting runs r € Run(A,t) and v’ € Run(B,t). Hence there exists a finite prefix
E C dom(t) and two frontiers in ¢, G and G’, such that G,G" < Ft(F),r(G) C F and
r(G') C F’, where F and F’, respectively, are the sets of accepting states. For every
z € Ft(E) there exists a finite subtree E; C t,, frontiers G; and G} of ¢, such that
G1,G) < Ft(E1), r(G1) C F and 7/(G}) C F’. And so on, for the nodes x € Ft(E}).

These considerations motivate the following construction of a sequence of subsets of

Qx Q.
— Define Hy = Q x Q'.

— Define H;;1 inductively on i by (q,¢') € H;41 if and only if (¢,¢') € H; and there
exists a finite X-tree e : E — X, where dom(F) # {¢}, frontiers G, G’ < Ft(FE), and
partial runs r € pRun(A, e) and ' € pRun(B, e) such that :

(i) r(e) = q,7"(e) = ¢;
(ii) 7(G) C F, (G C F;
(iii) for every x € Ft(F) we have (r(z),r(z")) € H;.

Also, if H; = H;11, then H; = H;y, for every k < w. Since H;y1 C H;, it follows that if
Q] - |Q'| = m, then certainly H,, = Hp,+ for k < w. With the above notations we have
the following.

Lemma 51. Let t be a X-tree, A and B nondeterministic Biichi automata and runs
r € Run(A,t) and ' € Run(B,t). If there exists a strictly increasing sequence (E;)i<m
of finite prefizes of t, where Eg = {e} and, for each i < m, there are two frontiers (of t)
Gi, G} satisfying

Ft(EZ) < Gl < Ft(EH_l), T‘(GZ) - F
and

Ft(EZ) < G; < Ft(EiJrl), T/(G;) - F/,
then (qr,4q;) € Hy,.
Proof. We claim that (r(x),r'(x)) € Hy for every x € Ft(E;) with i < m — k. We prove
this by induction on k£ < m.

The base case is trivial, since Hy = Q x @', (r(z),r'(x)) € Hy for every z € t.
/

As induction hypothesis, assume k < m—1 and (r(z),7'(x)) € Hy, for every x € Ft(E;),
1< m—k.
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Figure 6.1: The construction of finte prefixes with accepting frontiers of Lemma 51.

Now let k + 1 < m and therefore i < m — (k+ 1) and x € Ft(E;). Consider the finite
tree E = t, N E;j+1. Note that Ft(E) = t, N Ft(E;4+1) and that G; Nt and G, Nt, are
frontiers in F (and in t,). Now r | E and v/ [ E are, respectively, partial A- and B-runs on
t. Also, r(G; Nt,) C F and (G} Nt,) C F'. By induction hypothesis, 7((y),'(y)) € Hg
for every x € Ft(E;), i < k. Thus, (r(z),r'(z)) satifies the criteria to be in Hy41. Since
e € Ft(Ep) we have, in particular, (q7,q7) = (r(€),r'(¢)) € Hp,. O

Theorem 52. L(A) N L(B) # 0 if and only if (41,497) € Hm, for m =1|Q|-|Q’| .

Proof. (=) Assume t € L(A) N L(B). There exist runs r € Run(A4,t) and ' € Run(B, 1)
such that r(¢) = g7, 1'(¢) = ¢} and for every branch m € dom(t), r(7) and 7’'(7) satisfy
the parity condition. By Lemma 50, this implies the existence of two strictly increasing
sequences (G;)i<m and (G)i<m of frontiers in ¢t such that r(G;) C F and r'(G}) C F'.
Define i : N — N increasing and E; C t as follows. Let Ey = () and if F,, is already defined,
choose p(n) minimal such that Ft(Ey,) < G y(n), Gy and Epy1 such that G, G;L(n) <
Ft(E,+1). The construction satisfies the requirements of Lemma 51. Hence, we have
(ar, q/I) € Hp,.

(<) To prove the converse assertion, let (qr,q}) € Hy,. Because Hy,, = Hpy1, we have
for every (¢,q') € Hp, a finite X-tree e(q,q’), where dom(e) = E(q,q') # {e}, partial
runs r(q,q') € pRun(A,e(q,q")) and r'(¢,q') € pRun(B,e(q,q')) and frontiers G,G" <
Ft(E(q,q')) satisfying

(i) r(q,q)(e) = ¢,7"(q,4)(e) = ¢';
(ii) 7(¢,¢")(G) C F, '(q,¢)(G") C F';
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(iii) = € Ft(E(q,q")) implies (r(q,q')(x),r'(¢,¢')(x)) € Hy,.

To get accepting runs of A and B on an infinite tree, we construct a sequence of fused
finite trees and runs as follows. Start with e(qr,¢}) and define a partial A-run r(z) =
r(qr,q7)(x), € E(qr,qr). Note that for z € Ft(E(qr, ¢})), (ri(z), () € Hp,.

Denote e(qr, ¢7) = e1. Now fuse Ej and E(r(z),r](z)) at every z € Ft(E}) to obtain

By=FE U |J zE(r(z),ri(z)).
:EGFt(E1)

Let e3 : Ey — X, where ez(z) = e1(z) for x € E; and ea(z) = e(q,¢')(y) for y = az,
where z € Ft(E1),z € E(q,q') and ¢ = r1(x) and ¢ = r{(x). Since es(z) = ei(x) for
z € Ft(E1), ea extends e;. Extend r and 7] to partial runs 7o € pRun(A, Es) and
rh, € pRun(B, E») as follows. If y € (Ey — E1) UFt(E) then there is a unique x € Ft(Ey)
such that y € xFE(q,q'), where r1(x) = ¢ and rj(x) = ¢’. Assume y = zz,z € F(q,¢)
and set r2(y) = 7(q,¢)(2), rh(y) = r'(¢,4')(z). Note that for y € Ft(E;), we have
r1(y) = r2(y), " (y) = r5(y). Thus ro and 74 indeed extend 71 and 7, respectively. Also,
for x € Ft(F2) we have (ra(x),75(x)) € Hp,. Thus this process can be continued to infinity
which results in a sequence of partial X-trees (e;)i<. and of runs (;)i<, and (7])i<,. Let
t=1im; 00 €55 ¥ = im0 1y ; 7’ = im0 ;. Then r € Run(A, t), v’ € Run(B,t), r(e) =
q1, 7' () = ¢}. Our construction implies that for every x € Ft(E;), r [ (dom(t;)NE;4+1) and
" | (dom(ty) N E;+1) coincide with some (g, ¢’) and 7/(q, ¢’), respectively. This entails the
existence of two frontiers G;, G} of t with Ft(E;) < G; < Ft(Eit+1), Ft(E;) < G; < Ft(Ejiy1)
such that r(G;) C F,r'(G};) C F'. Thus r is a successful A-run for ¢ and 7’ is a successful
B-run for ¢t. Hence t € L(A) N L(B). O

Let ¢ be a labelled tree accepted by A. We want to express this fact by certain statements
that are WMSO-definable in the structure t = (dom(t),<,Root, P). On t there exists
a run r € Run(A,t) and an infinite sequence of prefixes (G;)i<, such that r(e) = ¢y,
r(Ft(G;)) C F, i < w. This implies that for every finite subtree £ C dom(¢) there exists a
subtree g : G — ¥ such that E C G C dom(¢) and a partial run ’ € Run(A4, g) such that
r'(e) = q1, ¥'(Ft(G)) C F. Namely, G = G; for an appropriate i, and ' = r | G. This r’/
has the property that for every = € Ft(G), there exists a finite tree G’ C dom(¢,) and a
run € Run(A, ¢) for a labelled tree ¢’ : G’ — X such that 7 (¢) = q;, " (Ft(G')) C F.
Namely, G’ = G; N dom(t,) for an appropriate j >4 and r’ = r [ G’. And so on. These
facts can now be formalized by an inductive definition. Let ¢ : dom(t) — X be a X-tree.

— Define Ky(t) = @ x dom(t).

— Let ¢ € Q, x € dom(t), t a X-tree. (q,x) € K;+1(¢t) if and only if

(i) for every finite subtree E C dom(t,), there exists a finite subtree G such that
EFECGCt
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(ii) for g : G — X there exists a run r € pRun(A,¢) such that r(z) = ¢ and
r(Ft(G)) C F,

(iii) for all y € Ft(G), (r(y),y) € K;(t).
For every fixed i < w and fixed g € Q let K}(t) := {z € dom(¢t) | (¢,z) € K;(t)}.

Lemma 53. K} (t) is WMSO-definable, i.e. there exists ¢ € WMSO such that

tE= p(z) iff v € K1),
where t is the tree structure encoding t.

Proof. We check definability in WMSO for each point of the above definition of K.
Ad (i). The finite trees G, E are represented by finite sets. The tree ¢, can be defined
by
Hzx,v) =z =xv

and the prefix relation is defined by
AC B :=VaVy(A(y) Nz Sy = A(z)) AVz(A(x) — B(z)).
The formula ¢; says that, if E is a finite subtree of t,, we have £ C G C t;
v1(E,G):=FECt, > ECGLCH{,.

Ad (ii). Let r : dom(t) — @ be a run of a Biichi automaton on ¢. A run r is represented
via finite sets (S4)qeq, where S; = {x € dom(¢t) | r(x) = ¢}. We are able to interpret
(Dw, (Py)qeq) in T. Let the definition scheme be

D, = (¢wa (¢Pq)q€Q)7

where
¢w(x) := Suc(w, z)
and
Yp,(x) = Sy().
By theorem 18, we have that
T | %, (0 4wy i and only if @ (T) |= 5,

for every w € dom(t) and ¢ € Q.
F is a frontier of G if and only if

Vaedy(G(z) = F(y) Nx < y) AV (F(x) — G(x)) A =FzTy(F(z) AG(y) Ax < y).
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The formula ¢ (S, G) says “(S,)q encodes a partial run r such that r(z) = ¢ and 7(Ft(G)) C
7

w2(S,G) = /\Vx(G(J:) N Sq(z) — @i(é’(q,t(x))) N Sq(z) ANV2[Ft(G)(2) — \/ Sq(2)].
q€Q qer

Ad (iii). We define op3(G, S) saying that, for all y € Ft(G), (r(y),y) € Ki—1(t),

3(G,S) = Vy(Fe(@)(y) = /\ [Sp(y) = K (),

PeEQ

where we asssume that we have already defined a formula for K” | by induction. Thus
we obtain the formula

Hence, z € K}(t) if and only if t = . O

Theorem 54. Let L be a language of finitely branching trees. If L and its complement L
are recognizable by non-deterministic Bilichi automata, then L is WMSO-definable.

Proof. Let L be recognized by A = (Q,%,0,q7,9) and let B = (Q',%,¢,¢;,Q) be the
automaton recognizing L. Let |Q|-|Q’'| = m. Thus L(A) N L(B) = . We claim that
t € L(A), if and only if (gr,e) € K,(t). Since this last relation is definable in WMSO,
this will prove our theorem.

(=) If t € L(A) and r an accepting run, then (r(x),z) € K;(t) for every i < w,
x € dom(t), by the remarks preceding the definition of K;. Hence, (qr,¢) € Ky (1).

(<) Assume by way of contradiction that (gr,e) € K, (t) for t : dom(t) — X but
t ¢ L(A), ie. t € L(B). Let ' € Run(B,t) be an accepting run of B on t. We show by
induction on 0 < k < m — 1 that there exists a sequence of trees and runs of A that satisfy
the conditions of Lemma 51. Define Ey = {e} and let Gf, be a frontier of ¢ such that
7'(Go) C F'. Since (qr,e) € K, (t), there exsits a finite tree Gy and an A-run rg : Gp — Q
on go : Go — X such that 7(¢) = ¢; and, for Gy = Ft(Gy),

(1) ro(Go) C F and
(2) (ro(z),x) € Kp—1(t) for all x € Gy.

For some 1 < k < m — 2, assume as induction hypothesis that there exists finite trees
Ej and Gy such that Ex C dom(t) and Ex C Gy, the labelled tree gi : Gx — ¥ and an
A-run 7 on Gy such that, for Gj, = Ft(G},)

(1) rx(Gg) C F and

(2) (ri(z),2) € Ky (g1 (t) for all z € Gy.

36



Now let Ej1; C dom(t) a finite tree such that Gy, G), < Ft(Eg41). There exists a
frontier G, of ¢ such that Ft(FE,1) C F'. Applying the above statement (2) to each
x € G} and the finite subtree dom(t;) N Ej41 of t5, we get the existence of a finite tree
Eri1 € Gry1 and an extension 141 : Ggr1 — Q of 7 such that 7,1 is an A-run on
Gk+1 : Gry1 — ¥ and, for Giy1 = Ft(Gry1),

(1) 7r41(Gry1) € F and
(2) (ri(2),2) € Kpogpa(t) for all 2 € Gy

Extend the run ry,—1 : G—1 — @ in some way to a run r € Run(A,t). Then (E;)i<m,
r and 1’ satisfy the conditions of Corollary 51. Hence L(A) N L(B) # 0, a contradiction.
Thus (qr,¢) € K (t) if and only if ¢t € L(A). O
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7 Equivalence of MSO and WMSO on Trees
of Finite Cantor-Bendixon Rank

In this chapter we consider the question for which kind of trees can we define MSO-
definable tree languages also in WMSO. To this end we need a topological characterisation
of infintely branching trees for which we can define the notion of a rank that depends on
the number of nested infinite branches in a tree. It was shown in [BIS13] that MSO-
definable languages of finitely branching thin trees are WMSO-definable if and only if the
rank is bouded by a natural number. First, we show that this result does not hold for
infinitely branching trees. Then we present a proof for finitely branching trees without
algebraic methods.

The notion of Cantor-Bendixon rank stems from a topological setting, cf. [Kec95]. Since
it is possible to think of a tree as the topological space of its infinite branches (consult
[PP04] for details), we have the following definition. For a given tree, delete those nodes
x whose subtree T, has only finitely many infinite branches. Repeat the procedure until
a tree without infinite branches is left. The least number of repetitions is the Cantor
Bendixon rank of the tree. Formally,

Definition 55. For a tree 1" define
T':=T\ {z € T : T} has finitely many infinite branches}.

For a € ORD, let

70 .= T,
Ta+1 — (Ta)/7

T = ﬂT“, if & is limit.
a<d

The Cantor-Bendixon rank is defined by
CB(T) = min{a | T has no infinite branches}.

In a tree T', we say that node x is of rank n if CB(T,;) = n for the subtree T}, C T
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7.1 Counterexample for Infinitely Branching Trees

The first lemma presents a couterexample to the equivalence of MSO and WMSO on trees
of Cantor Bendixon rank 1, which have finitely many infinite paths.

Lemma 56. There exist trees T and T" such that CB(T) = CB(T") = 1 and
T =wwmso T, but T #yso T

Proof. We consider two trees with one infinite branch together with a unary predicate P.
In one of the trees the infinite branch is colored by P and in the other tree it is not. More

precisely, we define
T :=(T,,0) ®({Teo, Too) = (Tro, P) and T :=(T,,,T,,) © (T, D) = (Tno, P'),

where T, and T are the trees defined in Chapter 4.
To prove that T Zyso 17, we can directly write an MSO-formula that distinguishes the
trees. Define

Branch(X) := (Vz € X)(Vy € X)(z g yVy < z)A—-TFz((Vr € X)(z <X 2)).

Then,
T = 3X (Branch(X) A X C P))

and
T’ ¥ 3X (Branch(X) A X C P)).

It remains to prove that T =wwmso 7”. By Lemma 41, we have
Tw =WMSO T<>07

which implies that
(T, 0) =wwmso (T, 0)

and
<Tw7 Tw) =WMSO <Too, Too>

Thus, we obtain
<TW7 ®> S <T007Too> =WMSO <Tw7Tw> @ <T007 ®>

by using the preservation of =wnmso under @ (Lemma 21).
Hence, T =wmso 1”. O
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7.2 A Proof for Finitely Branching Trees

The goal of the remainder of the chapter is to prove that for a finitely branching tree T" of
Cantor Bendixon rank n < w and a given MSO,,,-theory, we are able to define in WMSO
that ThMSO(T) = @ and CB(T) = n. The fact is stated in the following theorem.

Theorem 57. Let 6 be an MSO,,-theory and n < w. There exists a WMSO-formula
@y (x) such that T |= py(x) if and only if Thy,(Ti,) = 60, for every finitely branching tree
T of rank n and every x € T.

The first step is to show that CB(T') = n is definable in WMSO.

Lemma 58. There ezists a formula ¢, (x) € WMSO such that T' |= o, (x) if and only if
CB(T1z) < n, for every finitely branching tree T with vertex x € T

Proof. We prove the claim by induction on n.
Let n = 0. Finitely branching trees with CB(T") = 0 are finite. Then

po(r) := IXVy[(z S y) = (y € X)].

If T }= po(x), then every node below z is contained in a finite set, hence T}, is finite.
If Ty, C T is finite then there exists a finite set that contains every node of T},, thus

T |= po().
Assume that we have already defined the formula ¢,,. A WMSO-formula for n + 1 has
to say that there exists a finite antichain C such that

— every node of rank > n is comparable with C
— below every node of C' there is only one path whose nodes have rank > n.

This can be formalized in WMSO. We use the abbreviation for “C' is a finite antichain”
Antichain(C) := Vz € C)(My e C)((z s yVy<xx) > =1)
to obtain the formula

©n+1(z) :=3C[Antichain(C) A (Ve € C)(x < ¢)
AVzlx S 2N —pp(z) > (Fy e C)zxyVy < 2)]
AV € C)(VyVz)z S y Az S 2 A =0n(y) A —pn(2) = (Y <2V 2 <yl

Assume CB(T};) = n + 1 for T}, C T. By definition, the Cantor Bendixon derivative
(Tiz)"™ consists of finitely many infinite branches, where every node is of rank 1. For every
infinite branch g fix a vertex x € 8 such that no other infinite branch contains a vertex
y = x. Let C be the set of those vertices z. Then T' = ppi1(z).
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Now assume 7' = @p41(x). Then there exists a finite antichain C' such that for every
node y of rank > n there exists a path that contains y and a node of C. Any of these
paths do not branch anymore below C. Thus we have finitely many infinite branches that
contain only nodes of rank > n. Assume that these nodes were of rank > n + 1. Hence,
(T}2)™ has only finitely many infinite branches and (7};)" ! = 0. Thus CB(T},;) = n + 1.

O

To conclude the proof of Theorem 57, we need a few more steps. First, we show the
claim for trees that consist only of one branch of Cantor Bendixon rank n.
Assume that T has exactly one branch 7 whose nodes are of CB—rank n. Let

S(x) :=={y € T : Suc(z,y) A ~¢n-1(y)}

be the successor of x that is also in w. We define
A(r) = Tiz \ Tis(x)

and obtain the decomposition
T:= ZA(.%‘)
TET
Now we state a composition lemma that shows the conditions to preserve the MSO-
theory of a branch of T' from the MSO-theory in the interpreted labelled linear ordering.
Lemma 59. There exists a function f with the following property. Let T = > T, and

n<w

T = Y T] be trees and m < w. For every MSO,,-theory T, we define

n<w
H::={n€w:Thy(T,) =7} and H;:={n¢€w:Thy,(T,) ="}

Then

IN

(w, <, (Hr)7) EfM(iLO) (w, <, (H7)r)

T, =50 N Ty

n<w n<w

implies

Proof. Define the function f inductively by
f(0)=0, f(m+1)=f(m)+k,

where k is number of MSO,,1-theories. We apply Lemma 12 saying that

ST, M0 S

n<w n<w

if and only if
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— for every P there exists P’ such that (Y. T, P) =M59 (Y 17, P')

n<w n<w

— and for every P’ there exists P such that (Y. Ty,, P) =M5Q (S 17, P).

n<w n<w

By symmetry, it is sufficient to show that for every P C > T,,, we find P’ C > T/ such

n<w n<w

O T, P) =30 (DT, P).

n<w n<w

Assume (w, <, (Hr)7) =¢m) (W, <, (H})r). Adding P to ) T, we obtain a new labelling

nw
(Iy)o in (w, <, (H;);) where

that

I, ={necw| TiM(T,, P,) = o},

with P, = T,, N P, for each MSO,,,_1-theory o. Since (w, <, (H7)7) =pim) (W, <, (H.);),
we find for every I, C w a set I/ C w such that

(W, <, (HT)7'7 (IO')O') =f(m)—k (wv <, (Hﬂl')Tv (Ié)0)7

where k is the number of MSQO,,,_1-theories . Given n < w, fix o and 7 such that n € H,

and n € I,. Then there exists a fomula ¢, € T saying that there exists a predicate P such
that ThMSQ(T;,, P,) = 0. For every n < w, choose P} C T such that ThM3Q (17, P)) = o,,,
where o, is the MSO,,,_1-theory such that n € Ién. Then

:UP/

I<w

has the desired properties.

O
Corollary 60. For every MSO-formula ¢, there exists an MSO-formula ¢’ such that
S T, ifand only if (<, (Ho)s) o
n<w
Proof. By Lemma 59, there exists a function A mapping
Th}E9 (W, <, (Hy);)) to ThYSO(D )
n<w
Thus, we have
Y ThkEe iff @€ h(Thym((w, <, (H:)r)))
n<w
if  Thym (W, <, (Hr)r)) € ({0 | 6 MSO,, -theory, ¢ € 6})
iff (w, <, (H-)7) = \/{/\n | 1MSO () -theory, ¢ € h(n)} := ¢
O]
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The same idea of composing trees and describing their theory through a labelling of the
natural numbers is applied in the following lemma. This time we compose the trees at
their root and do not need an ordering on [n]. The definition of the function f as well as
the proof method is the same as in the proof of Lemma 60.

Lemma 61. Let n < w. For each MSO,,-theory n, we define unary predicates
Hy:={i€[n] | T =0} and H) = {i € [n] | T/ = n}.
There exists a function f such that

{[n), (Hy)n) =} ([0: (Hp)n)
implies

1<n i<n

Corollary 62. For every MSO-formula ¢, there exists an MSO-formula ¢’ such that
©Tukw, i andonly if {[n],(Hy)y)

To transform the result from Lemma 59 to Corollary 62 to WMSO, we need a theorem of
McNaughton that was first stated in terms of automata, but is equivalent to the following
formulation. Consider [PP04] for details.

Theorem 63 (McNaughton). For every ¢ € MSO there ezists a ¢’ € WMSO such that

(W, <, P)E¢ ifandonlyif (w,<,P)l¢

Lemma 64. Let 0 be an MSO,,-theory and n < w. For every tree T of rank n that is of
the form

Tip = > Aly) with CB(A(y)) <mn,

yem
<y
for some path w, there exists a WMSO-formula ¢} (x) such that
T = y(x) if and only if Thy,(T1,) = 0.

Proof. To prove the above lemma, we need to interpret the path 7 in the tree structure
T. Such a structure is given by (w, <, (H;).), where 7 stands for an MSO,,-theory and

H; :={z en:Thy(A(x)) =71}
For an MSO,,-theory T we set

() = pu(@) A \ T
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We define the interpretation
T:T— (w,<,(Hs)r)

by the definition scheme
<¢w7 ¢§a (¢H‘,—)T>a

where

gbw(x) = _“Pn—l(li)a
V<(z,y) =2 YA 2on_1(x) A =on—1(y),
b, (x) = (2 HA@) (),

where A(z,y) =z yAVzlz < 25y = —pn_1(2)].
Now we can create the formula that is needed to prove Lemma 64. We want ¢j(z) €
WMSO to say that

— CB(T};) =n and

— Tz = 0,
By Lemma 58, the first formula is already in WMSO. To define the second part, we know
that
Ty = ZA(Q)
yem
<y

We use Corollary 60 and McNaughton’s Theorem and obtain a formula 6?7 € WMSO such
that

(w, <, (H;);) E 0 if and only if ZA(y) = 6"

yem
<y

and use the interpretation Z to get that
T EZ(A") ifand only if (w,<,(H;);) E 0.
Thus we obtain the desired formula ¢} (x) = ¢ (x) AZ(6)). O

To prove Theorem 57, we introduce composition operations ¢; and &'. @; and & are
almost the same as @) and @& (that were presented in Chapter 2.3.2), they compose two
trees once at the root and once at a leaf [, but this time with a new edge between the
trees instead of fusing them.

Definition 65. Let S and T be trees. We define the composed structure S &' T by

S @/ T := <VS€B’T7 ];{OOtS@/T7 %S®/T>,
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where
Vagrr == Vs UV U{r}
Root*®7T := {r}
5T Sy LT U{(r,z) | x € Vp U Vs}.
The structure S @; T is defined as
SoT := <VS@ZT,ROOtS@lT, gSaTy,

where

Vsa,r :== Vs U Vp,
Root & T .= Root”,
<0 =25 U T U{(v,w) | v 1,we S}
Lemma 66. The MSO,,-theory of S @' T is uniquely determined by the MSO,,-theories

of S and T and the theory of S &; T is uniquely determined by the MSO,,-theories of S
and (T 1).

Proof. Let U be the singleton tree. We have S@'T = ®F,(SUT UU), where the definition
scheme &gy is

P(z) =T;
wRoot(x) = U($),
Y<(zy) =z <y VU(2).

Further, S @& T = ®F, (S U T), where the definition scheme ®g, is defined through

P'(x)=T,;
Phoot () = Root(z) A T(x);
Yo(zy) =z <y V(@< LAS(y)).

Like in the proof of Lemma 23 the claim follows from Lemma 19 and Lemma 15. O

Definition 67. Let x € {®, &', &, ®]}. We define the composition of theories
n % ¢ := ThMSO (9 « B)

for some structures 2, B with ThM5C(2A) = 5 and ThM5O(B) = ¢.
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Proof of Theorem 57. We prove the claim by induction on the Cantor-Bendixon rank of
T.

For CB(T') = 0, the tree is finite and the claim is trivial since for finite trees, we have
ThMSO(T) = ThWMSO(T'). The induction hypothesis is that for an MSO,,-theory  and
a fixed number n € N, there exists a WMSO-formula ¢j () such that T |= ¢j(z) if and
only if Th,,(7T;) = 6 and CB(T};) = n, for every finitely branching tree 7' of rank n.

To prove the claim for trees of rank n + 1, we need to define those vertices in 1" where
branches of rank n+1 are branching into further paths of rank n+1. We call those vertices
branching points and define them by the formula 9,,11(x) saying “z is a branching point
of rank n + 17.

Unt1(2) :==3y3z[~en () A —on(y) A —pn(z) A ((Suc(z, y) A Suc(z, 2) Ay # 2)
V (Suc(y, ) A Suc(y, z) Ay # x))] V Root(x).
Of course it happens that in such a branching point there are also successors of rank
< n -+ 1. To define those points y in relation to the respective branching point x, we have

the formula
Yn1(2,y) =2 S Y Apn(y) A =32z <2 <y A —pp(2)].

To describe the theory of T" at the root, we guess a theory &, for every branching point
x, that is composed of the theories of the subtrees of T},. We start this composition of
theories at the biggest branching points with respect to < and proceed up to the root of
T.

The WMSO-formula guesses the predicates

P;:={z T | ThYSO(1},) = ¢}.

During this process we encounter three diffrent types of branching points with different
kinds of composed subtrees.

(i) The first one is the easiest case, where the branching point x is on a unique branch
of T". By Lemma 64, the theory & of T is defined by ¢ (z).

X

Thus the formula defining this situation is

ol () == Tyl <y AW A \(9E(x) < Pe(z)).
¢
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(ii) The branching point z is of the second type, if x is followed by a single path of rank
< n + 1 that is followed by another branching point y. Let

A(w) = T[m \Try.

Then we have
Trw = T[y Dy A(JI),

where [ is the vertex such that T}, = Suc(l,y). This is defined in WMSO by
a(x) = Upp1(x) AJy(z < y AVz(x < 2 A0py1(2) = ¥y < 2) Apt1(y)).
The WMSO-formula defining ThMS© (Ti) is

o () = a(z) A\ [Prac(@) A Pyly) A (o)A,
(n,¢)

(iii) The branching point x can also be of a third type, where x has more than one
successor o, - . ., yx of CB-rank n + 1. Then

Tz = Ty © ... © Tyy,) ®z B(w),

where
B(z) = Ty \ U{T[y | Suc(z,y) A _‘(Pn(y)}’

Yo Y1 Y2
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This is defined by the formula

B(x) := Jy13yalyr # y2 A Suc(z,y1) A Suc(z,y2) A =2¢n(y1) A ~en(y2)]-

Let Ty =Ty, @ ... ® T} We define the interpretation

Yk—1"

Z:Th —([n], (Hy)p)

by the definition scheme
(Pn)s (WVm, )n)s

where

¢[n] (JI, y) = Suc(a:, y) A ﬂ@n(y)v
Y, (y) = Py(y)-

Let x¢ := A (. By Corollary 62 we know that for x¢, there exists X,C € MSO such
that

B TiFExc ifandonlyif ([n], (Hy)y) b= Xc-
Since [n] is finite, X/C is also in WMSO. By the interpretation Z we obtain that
([n], (Hy)y) E X/g if and only if T | I(Xlg)'

The formula to define the m-theory of T',, if () holds, is then

p*(x) == B(x) A \/ [Prec(x) AZ(XE) A (00) PO ().
n,¢)

Now, the WMSO-formula to describe the MSO,,,-theory at every branching point x € T
is
o5 (@) = I(PeelVy(Dnra(y) = 91 () V 0" (y) V (1)) A Pyz]Tie).
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