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1 Introduction

Algebraic language theory uses tools from algebra to study regular languages.
It has been particularly successful in deriving decidable characterisations for
various fragments of monadic second-order logic. For instance, a Theorem of
Schiitzenberger [9] states that a regular language is first-order definable if, and
only if; its syntactic monoid is aperiodic. The latter condition is decidable as we
can compute this syntactic monoid from an automaton for the language and then
check it for aperiodicity.

In recent years there has been an effort to extend this algebraic approach to
languages of infinite trees. Preliminary results were provided by the group of
Bojanczyk [5, 6] with one article considering languages of regular trees only, and
one considering languages of thin trees. The first complete framework that could
deal with arbitrary infinite trees was provided by Blumensath [2, 3]. Unfortunately,
it turned out to be too complicated and technical for applications.

An interesting new approach has recently been suggested by Blumensath,
Bojanczyk, and Klin [4]. They introduced the class of regular tree algebras and
showed that this class characterises the class of all regular languages of infinite
trees in the sense that a tree language is regular if, and only if, it is recognised by
such an algebra. Furthermore, they proved the existence of syntactic algebras and
showed that these algebras are regular. This is all that is required of a framework if
one wants to use it for obtaining decision procedures for subclasses of the regular
languages. From a theoretical perspective though, the notion of a regular tree
algebra has a serious drawback: the definition is circular in the sense that it is
based on the notion of a regular language. Hence, the framework cannot be used
as a replacement for other formalisms such as automata or logic, as at least one
them is required during the development of the theory of regular tree algebras. It
would be very desirable to have an alternative, purely algebraic definition of the
notion of a regular tree algebra. Unfortunately, none has been proposed so far.

In this article we introduce a new class of tree algebras, the so-called branch-
continuous tree algebras, that also characterises the class of regular tree languages.
The definition is purely algebraic and therefore does not suffer from the above
problems. In particular, branch-continuous algebras seem to be a suitable replace-
ment for automata and logic. On the downside, the new class does not have



the nice closure properties enjoyed by the regular tree algebras. In particular,
syntactic algebras are not necessarily branch-continuous. Consequently, regular
tree algebras seem to be more suited for practical applications, while the branch-
continuous one we consider in the present article appear to be more useful for
developing an algebraic theory of regular languages, in particular, as far as the
study of algebraic and combinatorical properties of such languages is concerned.

The outline of the article is as follows. We start in Section 2 with some basic
definitions including that of a tree algebra. And we begin to develop the algebraic
theory of such algebras by introducing some basic notations such as completeness
and continuity. In Section 3 we study two completion operations for tree algebras
based on the power-set construction. This will pay off later on by allowing several
proofs to be quite streamlined and concise.

The heart of this article is Section 4 where we introduce the central notion of a
branch-continuous tree algebra and we prove that they characterise the class of
regular languages. Finally, the last section studies finite representations of branch-
continuous tree algebras by introducing an analogue to Wilke algebras in our
setting.

Acknowledgements. Many of the central ideas of this article were developed

in discussions with Thomas Colcombet during a stay in Paris some years ago.
Without him the theory presented here would be much more convoluted.

2 Tree algebras

One problem with the old framework of Blumensath [2, 3] was the complicated
notation for the algebras used. In the meantime a very clean alternative has been
proposed which we will adopt for this article. This alternative is based on the
category-theoretical notion of a monad and an Eilenberg-Moore algebra. As an
example, let us show how define semigroups in this setting.

Given a semigroup G = (S, - ), we can extend the binary product - : §* - Stoa
product operation 77 : S* — S that takes an arbitrary finite sequence of semigroup
elements as argument. Hence, we can formalise semigroups as structures of the
form (S, ) where 7 : S* — § is an associative operation from the free semigroup
generated by S to S. Associativity in this context means that, given finite sequences
Wos ... s Wy_y € ST, we have

a(m(wo),...sm(wp_y)) =t(Wo ... Wyy).



Besides associativity we need one additional axiom, when using a variable-arity
product 7: we have to require that the product of a single element returns that
element.

n({a))=a, foraces.

Then it follows that every pair (S, ) satisfying these two axioms corresponds to
a semigroup (S, - ) and vice versa.

This point of view can easily be generalised to other kinds of associative algebras.
The only thing we need is the notion of a free algebra generated by some set X. So,
suppose we have a functor T mapping a set X to the free algebra TX generated
by X. Then we can define an algebra as a pair (A, ) consisting of a set A and a
product function 7 : TA — A. To express our two axioms for such an algebra,
we also need functions flat : TTA — TA and sing : A — TA that generalise the
concatenation and singleton operations

(8)F = ST (WoyevosWpy) > Wo Wy

S—>S*:am {(a)
in the semigroup case. Then we can write the associativity axiom as

TTA flat TA
_ >
moflat=moTrm,

mosing =id.
Tn T
The first of these equations is called the
associative law for m, the second one the TA—————> 4

unit law.

A pair (A, ) satisfying these two laws is called a T-algebra. For such a T-
algebra to be well-behaved, the operations T, flat, and sing should harmonise with
each other. As it turns out, three equations are sufficient.

Definition 2.1. Let C be a category. A triple (T, flat, sing) consisting of a functor
T : C - C and two natural transformations flat : T o T = T and sing : Id = T is
a monad if

flat o sing = id, flat o Tsing = id, flat o y = flat o Tflat.



sing Tsing flat

TX > TTX < TX TTTX — > TTX
flat
d id Tflat flat
TX TTX ———— - TX

at |

Note that the first and third equation above are just the associative and unit
laws for the algebra (TX, flat). This algebra is called the free algebra generated
by X.

In our framework, we will adopt this setting of monads and T-algebras. We will
use a functor T mapping a set A to the set of all A-labelled trees, and a flattening
operation flat : TTA — TA that takes a tree labelled by small trees and assembles
these into a single large one. Before giving the precise definitions, we need to set
up a few preliminaries.

First, we us introduce the category we will be working in. As we have chosen to
work with ranked trees and we will be working with ordered algebras, we use the
category of ordered and ranked sets.

Definition 2.2. (a) A ranked set is a sequence A = (A,)n<w Of sets A,. The
members of A, are called elements of arity n. We will tacitly identify such a
sequence with its disjoint union A = J,, A,,. This union is equipped with an arity
function ar : A - w mapping every element a € A, to its arity n.

(b) An ordered set (A, <) consists of a ranked set A and a partial order < on A
such that elements of different arities are incomparable. (Equivalently, we can
consider < as a sequence (<, ), where <, is a partial order on A,.) Usually, we
will omit the order < from the notation and denote an ordered set just by its
domain A.

a

Definition 2.3. Let A and B be ordered sets and f : A — B a partial function.
(a) The domain of f is the set

dom(f):={aeA| f(a)isdefined}.
(b) f is monotone if
a<b implies f(a)< f(b), foralla,bedom(f).

(¢) f is a partial function of ordered sets if it is monotone and it preserves arities.
If f is total, we call it a (total) function of ordered sets.



(d) pPos denotes the category of all partial functions of ordered sets and Pos
the subcategory of all total ones.

a

Remark. The categories pPos and Pos are complete and cocomplete, that is, they
have all small limits and colimits. For instance, in the category Pos the product
A x B of two ordered sets A and B is given by

(AxB),=A,x By

with the component-wise ordering. The coproduct A + B is given by the disjoint
union

(A+B),=A,+B,

where the ordering is induced by those of A and B with elements from different
sets being incomparable.

Our functor T will map a ranked set A to the set of all ranked trees labelled by
elements from A. In addition, we will allow leaves of such trees to be labelled with
variables x,, X,, X,, .. . instead. Let us start by defining what we mean by a tree.

Definition 2.4. Let D be a set (unranked).

(a) We denote by D<“ the set of all finite sequences of elements of D. D is the
set of all infinite sequences and D= := D<“ U D“. The empty sequence is ().

(b) The prefix ordering on D= is

x<y :iff y=xz forsomeze D=,

If y = xd for x € D°” and d € D, we say that y is an (immediate) successor of x
and x is an (immediate) predecessor of y.

(c) Let w € D=“. The length |w| of w is the ordinal a < w such that w € D*.
We write w | n for the prefix of w of length # and we denote the elements of the
sequence w by w,, or by w(n), for n < |w|. Thus,w | n+1=(w | n)w,.

a

Definition 2.5. Let A be a ranked set.
(a) A tree domain is a non-empty set D € w*“ such that, for all u € @< and
k < w,
¢ u e Dimpliesv e D, forall v < u,

¢ uk € D implies ui € D, forall i < k.



(b) An A-labelled tree is a function ¢t : dom(t) — A where dom(t) € w<*
is a tree domain and every vertex v € dom(¢) has exactly ar(¢(v)) immediate
successors. We call the number ar(v) := ar(¢(v)) the arity of the vertex v.

(c) A branch of a tree t is a sequence 8 € @ such that 8 | n € dom(¢), for all
finite n < |B|, and dom(¢) contains no successor of 8. Hence, a branch f is either
finite and 8 € dom(¢) is a leaf of ¢, or it is infinite and every proper prefix of /3
belongs to dom(t).

a

These preliminaries out of the way we can finally define our functor T.

Definition 2.6. Let A be an ordered set. For n < w, we denote by T, A the set of all
(Au{xo,...,x,_,})-labelled trees t where x,, ..., x,_, are new o-ary symbols
and, for every i < n, there is at most one vertex v € dom(t) labelled by x; and this
vertex is not the root of ¢. The union is TA := |J,, T, A.

Vertices labelled by a variable x; are called holes, or ports, with label i. For
t € T, A, we denote the unique vertex v € dom(t) with label x; by hole; (¢). If
there is no such vertex, we leave hole; (¢) undefined. The set of all holes is

Hole(t) := {v e dom(¢) | t(v) € {X0,---»Xnn} }-

To make T into a functor we also have to define the ordering on T A and we have
to define the operation of T on functions. The ordering is defined component-wise
and Tf applies the function f to all labels. The formal definitions are as follows.

a

Definition 2.7. (a) For a partial function f : A — B of ordered sets, we denote by
Tf:TA-TB

the function that, given a tree ¢ € T, A, returns the tree ¢’ € T, B obtained from ¢
by applying f to each label, that is, dom(#") = dom(¢) and

¢ = {f(t(V)) if1(v) € A,

for all v e dom(¢) .
t(v) if v € Hole(t), orall v ¢ dom(?)

We let T f(t) be undefined, if there is some vertex v ¢ Hole(t) such that f(#(v))
is undefined.

(b) Two trees s € TA and t € TB have the same shape if they have the same
domains and the same holes (with the same numbering). We denote this relation
by s ~¢, t. We can formally define it by setting

s~gp t :iff  thereissome u € TC and functions p: C > A, q: C > B
such that Tp(u) = sand Tq(u) = ¢.



(c) For a binary relation 0 € A x B and two trees s € TA and ¢ € TB, we write
sOTt iff  s~gt and s(v) 0 t(v) forallvedom(s) \ Hole(s).
(d) We consider TA as an ordered set with order <™ where < is the order of A.

Below we will use relations of the form 7 mostly for the ordering 0 = < and
the membership relation 0 = €. Thus, <" is the componentwise ordering of two

trees and €” checks that each label of the first tree is an element of the set labelling
the corresponding vertex of the second tree.

Lemma 2.8. The operation T is a functor pPos — pPos. Its restriction to Pos is a
functor Pos — Pos.

Having found a suitable functor T, we next show that it forms a monad by
providing flattening and singleton functions.

Definition 2.9. Let A be an ordered set and t € TTA a tree.
(a) The flattening function

flat, : TTA - TA
maps a tree ¢ to the tree flat4 (¢) : D - A with domain
D:= {vo e VW | there is z € dom(¢) such that |z| = n,
w e dom(t(z)) ~ Hole(#(z)) and
v; = hole,(;)(t(z | i)) for i < n}
and labelling
flata(t)(vo ... vaw) :=t(z)(w), forze dom(t) asabove.
(b) The singleton function
sing, : A—-TA
maps an element a € A, to the tree t € T,, A with domain
dom(t) = {(), (0),...,(n 1)}
and labelling

a
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Proposition 2.10. The functor T : pPos — pPos together with the natural trans-
formations flat : T o T = T and sing : Id = T forms a monad. Its restriction to
Pos also forms a monad.

Proof. We have to show that flat and sing are natural transformations satisfying
the equations

flat o sing = id, flat o flat = flat o Tflat.
flat o Tsing = id,

sing Tsing flat
TA > TTA < TA TTTA—— TTA
flat
W d Tflat flat
TA TTA ——— X > TA
flat

Each of these equations can be established by a straightforward but tedious
calculation. O

After having chosen our monad T, we can introduce the corresponding algebras.
For technical reasons, we not only define algebras where the product function is
total, but also ones where the product is only pratially defined.

Definition 2.11. (a) A partial tree algebra is a T-algebra where we consider T as
a functor on pPos. A (total) tree algebra is a T-algebra where we consider T as
a functor on Pos. We use the notation 2 = (A, 7, <) for (partial) tree algebras
where the ranked set A is the universe of 2 and m its product function.

(b) A morphism f : A — ‘B of partial tree algebras is a total function f : A — B
of ordered sets that preserves the product, i.e.,

fom=moTf.

TB ——— > B
7T

If 2 and B are total, we call f a morphism of total tree algebras.
We denote the category of all partial tree algebras and their morphisms by
pAlg, and that of all total ones by Alg.

a



To write down finite trees we will use the usual term notation. For instance,
a(be,...,b,_,) denotes the tree with domain dom(t) = {(),(0),...,(n — 1)}
and labelling

ify=(),
TR H
b, ifv={(i).
In the motivating example above we have said that the functor T should map a
set to the free algebra generated by it. If T is a monad, this is automatically the

case.

Theorem 2.12. For each ranked set X, there exists a free tree algebra over X. It has
the form (TX, flat, <T).

Proof. The fact that flat : TTX — TX is the free T-algebra is a standard result
in category theory. As the functor T is a monad, it is left adjoint to the forgetful
functor U : Alg — Pos which maps a tree algebra 2l to its universe A (see, e.g.,
Proposition 4.1.4 of [7]). Consequently, there exists, for every tree algebra 2
and every function f : X — A, a unique morphism ¢ : TX — 2 such that

f = ¢osing. O

Example. Let X := {a, b} where a and b are both binary symbols. Suppose we
want to use a morphism ¢ : TX — 2 to recognise the set of all trees ¢t € TX that
contain the label a. To do so, we have to remember one bit of information for
every input tree ¢: whether or not ¢ contains an a. So we can attempt to define a
tree algebra 2 where for each arity n we have two elements: o, and 1,,. Then the
product of a tree s € T, A evaluates to 1, if at least one label in s equals 1,,, and
to o, otherwise.

Unfortunately, matters are not quite that simple since we have to take products
of terms with variables into account. For instance, when multiplying the tree
0,(x,,x,) € T;Awe cannot identify the result a := 7(0,(x,, x,)) with the value o,
since these two elements behave differently when multiplied:

71(05(10,00,00)) =1, and  7(a(10,00,00)) = 7(0,(00,00)) = 0o .

That means we have to remember more information about the input tree: which
variables is contains. Consequently, we can use for our algebra elements of the
form (b, u) where b € {0,1} encodes whether the tree ¢ in question contains an a
and u ¢ [n] is the set of variables of ¢. The product is then defined in the natural
way.

10



2.1 Completeness and continuity

Let us take a closer look at the interactions between the ordering of a tree algebra
and its product. In particular, we are interested in several notions of completeness
and continuity.

Definition 2.13. An ordered set A is complete if every subset X € A,, n < w, has
a supremum and an infimum (w.r.t. <). It is distributive if the supremum and
infimum operations satisfy the infinite distributive law:

inf sup a;x = sup 1nfa,,,(,) ,

i€l kek; nellier Ki 11
sup inf a;x = inf supa;,(;.
iel keK; nellier Ki jeg 1 J

Below we will frequently use morphisms to transfer desirable properties from
one tree algebra to another one. The next lemma is a simple example of this
technique.

Lemma 2.14. Let f : A — B be a surjective function of ordered sets that preserves
arbitrary joins.

(a) If A is complete, then so is B.
(b) If A is distributive and ¢ preserves meets, then B is also distributive.

Proof. (a)LetY < B,,. Setting X := f*[Y] it follows that f(sup X) = sup f[X] =
sup Y exists. Hence, every subset of B has a supremum. By a standard argument,
this implies that every set also has an infimum. (The infimum of a set is the
supremum of its lower bounds.)

(b) Consider elements b, € B, for i € I and k € K;. As ¢ is surjective, there are
elements a;; € 7' (b, ). Consequently,

inf sup b = 1nf sup o(air)
iel keK;

= ¢(inf sup a;i)

i€l jek,

(p( sup inf am(,))

1161_[ K iel
= sup mf(p(am(,)) = sup 1nfb,,1(,) .
nellier Ki nellier Ki

11



We introduce two notions of continuity: one based on joins and one on meets.
For the latter one, we also need a restricted version, where we require continuity
only for trees labelled by a given subset of the domain. The two definitions are
not entirely symmetric since we are dealing with partial algebras and we want to
interpret an undefined result as the least element.

Definition 2.15. Let 2 = (A, 7, <) be a partial tree algebra.
(a) A is join-continuous if we have

n(t) =sup{n(s) |s €' Sand n(s) is defined },
for all trees t € TA and S € T (A) such that
n(t) is defined and ¢ =Tsup(S).
(b) A set C C A is meet-continuously embedded in 2L if, for all S € T#(C),
n(Tinf(S)) = inf { 7(s) |s€* S},

where we require both sides of this equation to be defined for the same trees S
and we consider the right-hand side to be defined if every product 7(s) is defined
and the set of these values does have a infimum. The algebra 2 is meet-continuous
if its universe A is meet-continuously embedded in 2.

(c) We denote by CAlg the subcategory of Alg consisting of all complete, dis-
tributive, and join-continuous tree algebras and all morphisms between such
algebras that preserve arbitrary joins.

a

Again we collect a few technical lemmas that allow us to transfer continuity
from one algebra to another.

Lemma 2.16. Let ¢ : 2A — B be a surjective morphism of tree algebras that
preserves arbitrary joins. If 2 is complete, distributive, and join-continuous, then so
is °B.

Proof. We have already seen in Lemma 2.14 that the algebra B is complete and
distributive. For join-continuity, consider trees t € TB and S € T{(B) with
t = Tsup(S). We choose some tree S’ € T#(A) with S = To(S"). Setting ¢’ =
T sup(S’), we obtain

t(v) = sup S(v) = sup o[S'(v)] = p(sup S'(v)) = 9(¢'(v)),

12



for all v € dom(t). Therefore,

n(t) = n(To(#)) = p((t))
= p(sup{7(s") | s"€" $'})
=sup{p(n(s'))|s" € "}
=sup{ n(To(s")) |s' €' 8"} =sup{n(s)|se" S}.
O

Lemma 2.17. Let ¢ : 2A — B be a morphism of complete tree algebras that
preserves arbitrary meets. If C € A is meet-continuously embedded in 2, then
@[ C] is meet-continuously embedded in B.

Proof. Consider trees t € TB and S € T#(¢[C]) with ¢ = T inf(S). We choose
some tree S’ € TR (A) with S = Te(S"). Setting ¢’ = Tinf(S"), it follows as in the
proof of Lemma 2.16 that

t(v) = (t'(v)) and 7(t)=inf {7n(s)|se" S}. O

2.2 Join-generators

Below we will mostly consider tree algebras that are complete and join-continuous.
Many properties of such algebras can be reduced to corresponding properties of
a subalgebra whose elements generate the full algebra via joins.

Definition 2.18. Let A be an ordered set.
(a) For a subset S ¢ A, we set

|S:={aecA|a<sforsomeseS},

I1S:={aecA|a>sforsomeseS}.

For singletons S = {s}, we drop the brackets and simply write |}s and {s.
(b) A set B € A is a set of join-generators of A if, for every a € A, there is some
set C € Bwith a =supC. |
The next lemma summarises some basic properties of sets of join-generators.
Lemma 2.19. Let 2l be a partial tree algebra and C C A a set of join-generators.

(@ a<b iff c<a=>c<bforallceC.

13



(b) If ¢,y : A — *B are morphisms preserving arbitrary joins, then
ol C=y | C implies ¢=y.
(c) If Ais join-continuous, then
n(t) = sup{ﬂ(s) | seTC, s<" t, n(s) is deﬁned}, forallt e TA.

Proof. (a) If a < b,then ¢ < a implies ¢ < b, for all ¢ € A. Conversely, suppose that
c<a= c<b,forall c € C.As Cisaset of join generators, it follows that

a=sup{ceC|c<a}<sup{ceClc<b}=b.

(b) Consider an element a € A. Since C is a set of join-generators, we have
a = sup Bwhere B:= {c € C|c<a}. As ¢ and y preserve arbitrary joins, it
follows that

¢(a) = ¢(sup B) = sup ¢[B] = supy[B] = y(sup B) = y(a).

(c) As t(v) = sup{ce C|c<t(v)}, the claim follows immediately by join-
continuity.

The next remark can be used to simplify proofs that a given morphism preserves
meets. It is sufficient to show that it preserves meets of elements of a set of join-
generators.

Lemma 2.20. Let A and B be complete, distributive tree algebras and C € A a set
of join-generators of 2L. If a morphism ¢ : 2 — B preserves meets of elements of C
and arbitrary joins, it also preserves arbitrary meets.

Proof. Let (ax)kex be a family of elements of A. We write each ay = sup,.;, ci
as a join of elements ci; € C. By distributivity, it follows that

#(inf ax) = o(jnf sup ci;)
“ k)

= sup inf g(cxy())

1€l lkex Ik
- Infsupo(en) = fafo(supens) = fnf olao). 0

14



2.3 Subalgebras

Let us take a look at how a set of join-generators can be embedded in a tree
algebra. In particular, we are interested in the case where it induces a subalgebra.

Definition 2.21. Let 2 = (A, 7, <) be a partial tree algebra.
(a) A partial tree algebra B = (B, n, <) is a partial subalgebra of A if B< A
and 71" and <’ are the restrictions of, respectively, 7 and < to the set B, i.e.,

if B,
n'(t) = (1) ! n(t).e for t € TB,
undefined otherwise,
and a<'b iff a<b, fora,beB.

(b) The partial subalgebra induced by a subset C ¢ A is the partial tree al-
gebra 2| ¢ with domain C and product 7 | D where

D:={teTC|n(t)isdefinedand z(t) e C}.
(c) The subalgebra generated by C C A is the partial subalgebra with domain
(C):={m(t)|teTC, n(t)defined}.

(d) A tree algebra 2 is finitary if each domain A,, is finite and there exists a
finite set S € A such that (S) = A.

a

Unravelling the definitions we obtain the following criterion for a set inducing
a generated subalgebra.

Lemma 2.22. Let 2 be a partial tree algebra and C < A a set. The following
statements are equivalent:

(1) {C)=C
(2) Theinclusion map i : C — A is a morphism of partial tree algebras.
(3) n(t) e C, foreveryt e TC such that n(t) is defined.

Lemma 2.23. Let ¢ : A — B be a morphism of partial tree algebras and C C A a
set. Then

e[{C)] = {o[C]).

15



Proof. We have

o[(C)] = ¢[{n(t)| teTC, n(t) defined }]
={(n(t))|teTC, n(t) defined }
={n(Te(t)) |teTC, n(Tep(t)) defined }
={n(t)|teT(¢[C]), n(t) defined }
=(¢lC]). O

Lemma 2.24. Let f : A — ‘B be a surjective morphism of tree algebras that
preserves arbitrary joins. If C € A is a set of join-generators of 2, then ¢[C] isa
set of join-generators of ‘B.

Proof. Let b € B. Since ¢ is surjective, there is some a € A with ¢(a) = b. It
follows that

b>sup{deg[C]|d<b}
=sup {g(c)[ceC, o(c)<b}
=¢(sup{ceClo(c)<g(a)})
2g0(sup{c€C|c§a}):¢(a):b. O

3 Power-set algebras

Below we will frequently use tree algebras where the elements are subsets of some
other tree algebra. In this section we will study a general construction producing
such tree algebras. It can be seen as a completion operation for (partial) tree
algebras.

3.1 The power-set functor

We start by defining the power-set functor on pPos. Below we will then lift it to a
functor on pAlg. In fact, we will define two variant, one for downwards closed
sets and one for upwards closed ones.

Definition 3.1. Let A be an ordered set.
(a) The (downward) power set DA of A is the ordered set with domains

D,A:={IcA,|Iisdownwardsclosed}, forn<w,

16



and ordering
I<] :ifft IcJ, forl,JeD,A.

(b) For a partial function f : A - B of ordered sets, we define a function
Df : DA — DB by

Df(I) = |f[I], forIeDA.

(c) For each set A, we define a function dists : T(R(A)) — P(TA) that maps
a tree of sets to a set of trees. The formal definition is

disty(t) == {seTA|se" t}, forteT(P(A)).

a

First, let us note that it is straightforward to check that D forms a monad
on pPos.

Proposition 3.2. The functor D : pPos — pPos forms a monad where the mul-
tiplication union : DDA — DA : X — U X is given by taking the union and the
singleton function pt: A - DA : a — |[{a} is the principal ideal operation.

Example. For every ordered set A, there exists a partial D-algebra (A, sup), where
we consider the supremum function as a partial function sup : DA — A. A partial
function f : A — B preserves arbitrary joins if, and only if, it is a morphism
(A, sup) — (B, sup) of the corresponding D-algebras.

To show that D lifts to a monad on pAlg, we use a standard technique from
category theory based on distributive laws.

Definition 3.3. Let (S, y, €) and (T, v, 1) be monads. A natural transformation
A : ST = TS is a distributive law if

Aopu=TuoAoSA, Aoe =Te,
AoSv=voTAo], AoSy =17.
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SA A
SSTA—STSA—>TSSA TA

N

STA —Ab TSA STATbTSA
A TA
STTA—>TSTA—>TTSA SA
I D
STA —AP TSA STATPTSA

Lemma 3.4. The family dist = (dists) 4 forms a distributive law TD = DT.

Proof. First, note that dist, is a well-defined function TDA — DTA since

T T

s<'s' €'t implies se’ ¢,

by downwards closure of the sets #(v). Therefore, dist4 () is indeed a downwards
closed set of trees. Furthermore, dist4 is obviously monotone.

To see that dist is a natural transformation, let f : A — B be a partial function
of ordered sets. Then

DT f(dista(t)) =DTf{s|se" t}

={Tf(s)|s e’ t}

={s|s=mt, s(v)ef[t(v)]forallv}

= {s | s~n t, s(v) e If[t(v)] forallv}

= {s | s t, s(v) e Df(¢(v)) forallv}

={s|se" TDf(t) } = dists(TDf(1)).

It remains to check the axioms of a distributive law.
(dist o flat)(¢) = {s | s el flat(t) }

= { flat(s) | s~ t, s(v) €l t(v) for allv }
= U{ flat(s) | s~ t, s(v) €l t(v) forall v}
= |{flat(s) |s€" #'} wheret'(v)={r|re" t(v)}
=Dflato {s | s €" Tdist(t) }
= Dflat o dist o Tdist,
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(Note that the second step above relies on the fact that each hole appears at most
once in ¢. This is actually the only place where we need this assumption.)

(dist o Tunion)(t) = {s|s€" Tunion(t) }

= {s | s~ t, s(v) e Ut(v) forallv}
= U{s ‘ s~ t, s(v) e Ut(v) forallv}
= U{s | s~ t, s(v) € r(v) for some r(v) € t(v)}
=U{s|seTrforsomereTt}
=UMH{s|se®r}|re e}
=JW{dist(r) [ re" t}
=JDdist{ 7| r €" ¢} = union o Ddist o dist,

(dist o sing)(I) = {s| s €" sing(I) }
={sing(a) |ael}
= |{sing(a) | a eI} =Dsing(I),

(disto Tpt)(t) = {s|se" Tpt(t)}
={s|s~nt,s(v)elt(v)foralv}
={s|s<"t} = {t} =pt(t). O

We can use distributive laws to lift a monad from the base category to the
category of algebras. The following result can be found, e.g., in Section 9.2 of [1].

Theorem 3.5. Let (S, y,¢) and (T, v,n) be monads and A : ST = TS a dis-
tributive law.

(a) The composition TS forms a monad where multiplication and singleton
operation are given by the morphisms

voTTuoTA:TSTS =TS and #noe:1d=TS.

(b) One can lift T to a functor on S-algebras that maps an S-algebra w: SA - A
to the S-algebra Tmo A : STA — TA.

Using this theorem and the distributive law dist we can lift the functor D to a
functor on tree algebras.

19



Theorem 3.6. We can lift D : pPos — pPos to a functor pAlg — pAlg that maps
a partial T-algebra A = (A, ) to the total T-algebra DU with domain DA and
product

7(t) == (Do dist)(t)
= { acA ’ a < n(s) for some s € t such that n(s) is deﬁned} ,
fort e TDA.

Proof. We have seen in Lemma 3.4 that there is a distributive law dist : TD = DT.
Therefore, it follows by Theorem 3.5 that we can lift D to a functor on T-algebras
mapping 7 : TA — A to the T-algebra with product

(D odist)(t) = |{ n(s) | s e dist(t), m(s) defined }
= U{ 7(s) | sel t, n(s) deﬁned}
= { acA | a < 7(s) for some s € t with 7(s) deﬁned}.
O
Using the functor D we can give a concise definition of join-continuity.

Lemma 3.7. A tree algebra 2 = (A, nr) is join-continuous if, and only if, the su-
premum function sup : DA — 2 is a morphism of partial tree algebras.

Proof. Recall that the product of the algebra D% is given by D o dist. Hence,
sup is a morphism of partial tree algebras if, and only if,

7o Tsup = sup o (D7 o dist) .

Furthermore, as sup X = sup |}X; it is sufficient in the definition of join-con-
tinuity, to only consider trees S € TDA. Thus, 2 is join-continuous if, and only if,
for every S € TDA,

7(Tsup(S)) = sup { n(s) ‘ s’ Sand 7(s) is deﬁned} .
Since
(sup o D o dist)(S) = sup { n(s) ’ s e’ S and 7(s) is defined } ,

the claim follows. O
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All tree algebras of the form ID2( are complete, distributive, and join-continuous.

Proposition 3.8. D is a functor of the form pAlg — CAlg where the join and meet
in a T-algebra D take the form

supX = JX and infX=(X, forXcDA.

Proof. We start by proving that the order of D2l is complete and that the joins
and meets have the desired form. Let X ¢ DA. Clearly,

(XcIcJX, forallleX.
Furthermore, if
KcIcL, forallleX,

then Kc N X and U X ¢ L. Hence,N X and U X are the meet and join of X.
Since union and intersection satisfy the infinite distributive law, it further
follows that D2 is distributive.
Next, we check that every morphism of the form D¢ : D2( — DB preserves
joins. Let X ¢ DA.

De(UX)={beB|b<¢(a)forsomeacUX}
={beB|b<g(a)forsomeaclwithleX}=JDop(I).

IeX

It remains to check join-continuity of D2I. By Lemma 3.7, it is sufficient to
prove that sup : DD2( — D2( is a morphism of tree algebras, that is,

(D7 o dist) o Tsup = sup o (D(Dr o dist) o dist) .

Note that we have shown above that the supremum coincides with the union
operation union : DD = D, i.e., the multiplication of the monad ID. Consequently,
we have
sup o (D(Dr o dist) o dist) = union o DD7 o Ddist o dist
= D7 o union o Ddist o dist
= D7 o dist o Tunion = (D7 o dist) o Tsup,

where the second step follows from the fact that union is a natural transformation
and the third one from the axioms of a distributive law. O
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Corollary 3.9. If 2 € CAlg, then sup : D — U is a morphism of CAlg.

Proof. By Lemma 3.7, sup is a morphism of pAlg. As 2{ is complete, it is a total
function. To show that sup preserves joins, let S € D2(. Then

sup(supS) =supUS =sup{supX | X €S},
as desired. O

According to the next proposition, the unit map A - DA of the monad D can
be lifted to an embedding A — D2( of T-algebras. Hence, we can consider D2 as
a kind of completion of 2.

Definition 3.10. For a partial tree algebra 2( we define the canonical embedding
na A - DA by
na(a)=la, foracA.

a

Proposition 3.11. The canonical embedding ny : A — DU is a morphism of
partial tree algebras preserving meets. Furthermore, the family n = (ng)a is a
natural transformation n : 1d = D.

Proof. When considered as a family of morphisms of pPos, the family # is just
the singleton operation associated with the monad ID. In particular, it is a natural
transformation Id = . Therefore, it remains to prove that each function 7y is a
morphism of partial tree algebras that preserves meets.

We start by checking that 79 commutes with the product 7 of 2. By The-
orem 3.6, the product of D2 is the morphism D7 o dist. Hence, the required
equation is

Drodist)oDy=Dnon=nomn,
n n=n

where the first step follows from the axioms of a distributive law and the second
one from the fact that 7 is a natural transformation.
To see that 779 preserves meets, note that

na(infS) ={ceA|c<infS}=({lalaeS}={na(a)|acS}.
O
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3.2 Extension problems

We consider the problem of extending a partial morphism 2 — B to a total one.
If the domain of the given morphism is a set of join-generators C € A and the
tree algebra B is complete and join-continuous, this poses no problem. In fact,
this is equivalent to extend the morphism € — B to a morphism D& — 5.

Proposition 3.12. For every morphism ¢ : 20 — B from an arbitrary partial tree
algebra 2L into a complete, join-continuous tree algebra *B, the function

¢ = sup o Dy
is the unique morphism ¢ : DA — B of CAlg such that

DA
p=9onu. ;
S
A ——» B
¢
Proof. Note that, by definition of the canonical embedding #g, we have
(supony)(b) =supllb=b, forbeB.

Thus sup : DB — ‘B is a left inverse of 753 and

D
DY — > DB —= >3
quT TW%
A——>D

gony =supoDgorny =suponpop=g.

For uniqueness, suppose that y : D2l — B is another morphism of CAlg
satisfying y o 79 = ¢. Then

Yl mgny =¢=¢ rgny.
By Lemma 2.19 (b), this implies that y = ¢. O

In particular, this statement holds for the free algebra.
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Theorem 3.13. Let X be a ranked set, T the free algebra over X, and U € CAlg.
For every function f : X — A, there exists a unique morphism ¢ : DT — 2 of CAlg
such that

gonzosing=f.

Proof. The statement can be proved in exactly the same way as Theorem 2.12 by
simply replacing the functor T by ID o T. We give an alternative direct proof.

Since ¥ is the free algebra of Alg generated by X, there exists a unique morphism
@0 : T — A of Alg such that ¢, o sing = f. By Proposition 3.12, we can find a
unique morphism ¢ : DT — 2 such that ¢ o 3 = ¢,. Consequently,

@ ongosing=¢@,osing=f.

For uniqueness, suppose that ¢ : DT — 2 is another such morphism. By
uniqueness of ¢,,

yoynzosing=f implies yoyz =¢,.
By uniqueness of ¢, it therefore follows that y = ¢. O

Instead of extending morphisms, we can also consider the problem of extending
a partial product TB, — B, to a larger set B 2 B,. One way to do so is to use a
second tree algebra 2 and transfer its product via a given function A — B. This is
the content of the following lemma.

Lemma 3.14. Let 2 = (A, 7,<) be a tree algebraand f : A~ Bandn' : TB - B
functions of ordered sets such that f is surjective and

fom=n"oTf.
Then n' : TB — B is a T-algebra.
Proof. For associativity, note that

' oTrn oTTf=n"oTfoTn
=fomoTn
= fomoflat
=n'oTfoflat=7"oflato TTS.
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As f is surjective, so is TT f. Therefore, it follows that
n' o Ta' = 7' oflat.
For the unit law, note that
n'osingo f=n"oTfosing=fomosing=f=ido f.
By surjectivity of f, it follows that 7’ o sing = id. O

We aim at extending a product 7, : TC — C defined on a set C € A of
join-generators to a join-continuous product 7 : TA — A. Since the resulting
function 7 has to satisfy Lemma 2.19 (c) it follows that the given product 7, has
to satisfy the following condition.

Definition 3.15. Let C € A be ordered sets where A is complete. A monotone
function 71, : TC — C satisfies the join-extension condition if, for all trees S, S’ €
TDC,

Tsup(S) = Tsup(S')
implies

sup { 71,(s) | s€" S} =sup {mo(s') |s' € S’ }. |
We need one more technical definition.

Definition 3.16. A partial function f : A - B of ordered sets is an embedding of
ordered sets if it is total, injective, and it satisfies

a<b iff f(a)<f(b), foralla,beA.

a

Proposition 3.17. Let € = (C, m,,<) be a partial tree algebra and ¢ : C - A
an embedding of ordered sets such that D := rng ¢ is a set of join-generators of A.
The image of m, under @ satisfies the join-extension condition if, and only if, there
exists a unique join-continuous tree algebra A = (A, 7, <) such that ¢ : € > Aisa
morphism of tree algebras. Furthermore, in this case the product w: TA — A takes
the form

n(t) =sup{n(s)|seTD, s<"t}.
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Proof. (<) Let m, : TD — D be the image of 7, under ¢ and let 7: TA — A be
a join-continuous extension of 7. For S, §" € TDD with T sup(S) = Tsup(S’) it
follows by Lemma 2.19 (c) that

sup {7,(s) | s €’ §} = n(Tsup(S))
= (T sup(S’)) =sup {m,(s') | s €" §'}.

(=) We transfer the product of D€ to A. Let  : A — DC be the function
defined by

y(a)={ceClo(c)<a}.

Furthermore, we set

¢ :=supoDg, TDC DTA
fto := Do o dist, dist , Dr _
o o dist
mi=@od,oTy, Do
# = Do dist. DTC———+DC———+DA+——TD4A Ty
o m
n ) sup
¢
TC—> C ——> A +——T4
o

Note that, by Theorem 3.6, 7, : TDC — DC and 71 : TDA — DA are the products
of the corresponding power-set algebras.
Before proving that 7 : TA — A is the desired product, we first show that

¢ o 7ty o T(union o Dy) = ¢ o /1, o T(y o sup).
Given t € TDA, define

S(v):={¢g(c)|¢(c)<aforsomeact(v)},
8'(v) ={¢(c) | p(c) <supt(v) }.
As D is a set of join-generators, we have
supS(v) =sup| J{Dnla|act(v)}
= sup{ sup(Dn |a) | acet(v) }
=sup{a|act(v)}=supt(v)=sup(Dullt(v)) =supS'(v).
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Consequently, it follows from the join-extension condition that

(¢ o 7ty o T(union o Dy))(¢)
=sup { ¢(7o(s)) | s(v) € union(Dy(¢(v))) forall v }
=sup { (7o (s)) ’ s(v) e S(v) forall v }
=sup{ ¢(mo(s")) | s'(v) € $'(v) forall v }
=sup{ ¢(mo(s")) | ' € TC, (s’ (v)) < sup(t(v)) forall v }
=sup{ ¢(7o(s")) | s'(v) € y(sup(t(v))) forall v }
= (¢ oo o T(y o sup))(2).
To prove that 7: TA — A is a T-algebra, we apply Lemma 3.14. Thus, we have
to check that
noT¢=¢or,.
First, note that, for I € DC,

(union o D(y o ¢))(I) = U { y(¢p(a))[acl}
=UJH{ceClo(c)<g(a)}]acl}
:U{ceC|(p(c)s<p(a)forsomeael}
:U{CEC|c§aforsomeaeI}

=1.
Hence, union o D(y o ¢) = id and it follows that

noTd=¢od,oT(yo¢)
=@ o, o T(yosupoDg)
=@ o, o T(yosup) o TDg
= ¢ o 7, o T(union o Dy) o TDg
=@ o7ty o T(union o D(y o ¢))
:gf)of[o.

For join-continuity, it is sufficient by Lemma 3.7 to check that sup : DR — 2( is
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a morphism of tree-algebras.

sup o 77 = sup o D o dist
=sup o D(¢@ o 7, o Ty) o dist
= sup o D(sup o D) o D(Dr, o dist)) o DTy o dist
= sup o Dsup o DD (¢ o 7, ) o Ddist o dist o TDy
= sup o union o DID(¢ o 7, ) o Ddist o dist o TDy
= sup o D(¢ o 71,) o union o Ddist o dist o TDy
= ¢ o D7, o dist o Tunion o TDy
= ¢ o 7, o T(union o Dy)
=@ oty o T(wosup)
=g o Tsup,

where we have used the above claim, the fact that sup : DA — A is a morphism of
D-algebras, and that dist : TIDD = DT is a distributive law.

Finally, for uniqueness, suppose that there is another product n’ : TA - A
such that (A, 7/, <) is join-continuous and ¢ : € — 2[ a morphism. Then it follows
by Lemma 2.19 (¢) that

n'(t) =sup{n'(s)|seTD, s<" t}
=sup {7’ (Tg(s)) |s € TC, To(s) <7 t}
= sup { ¢(715(s)) ‘ seTC, To(s) <" t}
= sup { n(Te(s)) | seTC, To(s) <" t}
= sup { 7(s) |se']TD, s<’ t}
=n(t). O

3.3 Upwards closed sets

If we use upwards closed sets instead of downwards closed ones, we obtain a dual
version of the power-set operation. Actually, we will slightly break this duality by
changing the behaviour of the new functor on non-total functions. The reason
for this is the fact that we would like to treat undefined values as least elements.

Definition 3.18. Let 2( be a partial tree algebra.
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(a) The (upward) power-set algebra U of 2 has domains
U,A:={IcA,|Iisupwardsclosed}, forn<w,
ordering
I<] it I2], forl,JeU,A,
and product
n(t) = t{n(s) s t},

where 71(t) remains undefined if one of the products 7(s) is undefined.
(b) For a partial function f : A - B and a set I € UA, we define a function
Uf:UA - UBby

Uf(I) =10f[I], if f(a)isdefinedforallacl.
Otherwise, Uf(I) remains undefined.
On sets the functor U behaves dually to D in the sense that
UA = (D(A°F))°P,  for A € pPos,

where °P : pPos — pPos is the functor reversing the order of each set. But note
that the corresponding equation for functions does not hold. Still, using this
relationship most proofs and results for D transfer to U with minor changes. In
the following we will therefore omit most of the proofs and only point out the
differences.

Proposition 3.19. U : pAlg — Alg is a functor mapping partial tree algebras to
tree algebras that are complete, distributive, and meet-continuous, and mapping
morphisms to morphisms that preserve arbitrary meets. The join and meet of UL
are given by

supX =()X and infX=JX, forXcUA,
and the product is given by
n(t) = (Un o dist)(t) = {a €A | a > n(s) for somes €" t},

for t € TUA such that n(s) is defined for all s €* t.
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Proof. As above, the main part of the proof consists in showing that dist forms a
distributive law TU = UT. Most steps in the proof of Lemma 3.4 immediately
transfer to U. Let us take a closer look at two parts where we need adjustments.
First, to see that dist is a natural transformation, note that
UTf(dist4(¢)) is defined

iff  f(a)isdefined forall a € t(v) and v € dom(¢)

iff  Uf(t(v)) is defined for all v € dom(¢)

iff TUf(#(v)) is defined.

Furthermore, if these expressions are defined then
UT f(dista(t)) = UT f(dista(t)) = distg(TUf(¢)) = distg (TUf(t)).

It remains to check the axioms of a distributive law. Note that Uf (I) = (D f(I°F))°P,
provided that Uf(I) is defined. Once we have shown that the expressions on
both sides are defined on the same inputs, we can therefore use duality and the
equations for the functor ID to prove the corresponding axioms for U. Note that
the only functions the functor U is applied to in these axioms are flat, dist, and
sing, which are all total. Hence, both sides of the equations are defined for all
inputs. O

Lemma 3.20. Let 2 be a tree algebra. A subset C C A is meet-continuously em-
bedded in U if, and only if, the infimum function inf : UC — 2L is a morphism of
partial tree algebras.

Proof. As the product of the algebra Ul is given by U o dist, it follows that inf is
a morphism of partial tree algebras if, and only if,

7o Tinf = inf o (Um o dist) .

Again, in the definition of meet-continuity it is sufficient to only consider trees
S € TUC. Thus, C is meet-continuously embedded in 2 if, and only if, for every
S e TUC,

n(Tinf(S)) = inf { 7(s) |s€* S},

where we use the convention that the right-hand side is defined if, and only if,
7(s) is defined for all s € S. Since

(inf o Um0 dist)(S) = inf { 7(s) | s €* S}

(with the same convention), the claim follows. O
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Proposition 3.21. The canonical embedding
(o :A->TVA:a-fa
is a morphism of partial tree algebras that preserves joins.

Proposition 3.22. For every morphism ¢ : A — ‘B from an arbitrary partial tree
algebra 2 into a complete, meet-continuous tree algebra B, the function

¢ :=inf o Ugp
is the unique morphism ¢ : U — B such that  preserves meets and

U

q):(i)o{ﬁ_ A

A —— B

?

Definition 3.23. Let C € A be ordered sets where A is complete. A monotone
function 7, : TC — C satisfies the meet-extension condition if, for all trees
S,S" € TUC,

Tinf(S) = Tinf(S")
implies
inf { 7,(s) | s€" S} =inf { mo(s") | s' € S},

where we again regard each side of this equation to be defined if, and only if, the
products are defined for all trees s € S and s” € S, respectively.

a

Recall the definition of an embedding of ordered sets from Definition 3.16.

Proposition 3.24. Let € = (C,m,,<) be a partial tree algebra, ¢ : C - A an
embedding of ordered sets, and let B € A be the closure of D := rng ¢ under meets.
The image of 71, under @ satisfies the meet-extension condition if, and only if, there
exists a unique meet-continuous tree algebra B = (B, 7, <) such that ¢ : € - B
is a morphism of tree algebras. Furthermore, in this case the product w: TB - B
takes the form

n(t) =inf {7(s) |seTD, s>T t}.
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4 Branch-continuous algebras

4.1 Semigroup-like algebras and traces

Our next aim is to develop a structure theory for tree algebras that are generated
in a certain way by an w-semigroup. Such tree algebras will be the central notion
of our framework. In this section, we collect a bit of technical material needed
for this task. We start by noting that every tree algebra comes with canonical
embeddings A,, > A, for m < n.

Definition 4.1. Let 2 be a tree algebra and o : [m] — [#] an injective function
with m < n < w. The o-cylinder over an element a € A, is

CYo'(a) = a(xa(o)’ s >xa(m—1)) €A,.

1Y4(a),

a

In the special case where ar(a) = 1, we also use the short hand

cy,(a):=a(xk) =cy,(a), whereo:[1] > [n]:0~k.

a

A further tool we will need is the unravelling operation. To define it, we need
a notion of ‘which variables actually appear in a label a € A’ For this reason we
introduce what we call cylindrical structures.

Definition 4.2. Let A be an ordered set.

(a) A cylindrical structure of A is a function associating with every element
a € Aapair (a°, 0,) consisting of an element a° € A with ar(a®) < ar(a) and a
strictly increasing function o, : [ar(a®)] — [ar(a)]. We require that

e a<b = a°<b°ando, =0y,
¢ (a®°)°=a°and 0,0 =id.
(b) A cylindrical structure on A is compatible with a product 7 : TA - A if

a=cy, (a°), forallacA.
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(c) The unravelling of a tree t € TA with respect to a given cylindrical structure
on A is the tree

un(t) := flat(S),
where S ~g, t is defined by

S(V) = a°(xau(o), e ,xua(ar(ao)_l)) € Tar(a)A> for a := t(V) . ,

Note that, for trees, the unravelling operation is rather simple. It only reorders
the successors of the vertices and removes unreachable subtrees.

Lemma 4.3. un: TA — TA is an idempotent morphism of tree algebras.

Proof. Monotonicity of un follows from the first condition in the definition of a
cylindrical structure, and the fact that un(un(¢)) = un(¢) from the second one.
Hence it remains to prove that un commutes with the product flat of TA. Let
t e TTAandlet S € TTTA be a tree such that

un(#(v)) = flat(S(v)), forv e dom(t).
This implies that S” := flat(S) is the tree such that
un(flat(t)) = flat(S").
Consequently,
flat(Tun(t)) = flat(Tflat(S)) = flat(flat(S)) = un(flat(¢)). O

Lemma 4.4. Let 2L be a partial tree algebra whose universe A is equipped with
a cylindrical structure that is compatible with the product of 2 and such that all
cylinder maps cy , are defined.

n(un(t)) = n(t), foralltedom(n).
Proof. Note that (with the notation of the definition above)
t(v) = Vo, (t(v)°) =n(S(v)) implies t=Tnr(S).

Hence, 7(t) = n(Tr(S)) = n(flat(S)) = n(un(t)). O
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Corollary 4.5. Let 2 be a partial tree algebra whose universe A is equipped with
a cylindrical structure that is compatible with the product of 2 and such that
all cylinder maps cy , are defined and such that rngun ¢ dom 7. The function
71 := m o un is the unique total function TA — A that extends the product m of U
and such that 2 := (A, #) is a total tree algebra.

Proof. We set 7 := 7 o un. By the preceding lemma, this is the only possible
extension of 7. To see that it in fact defines a tree algebra, note that

fioflat = mounoflat = 7 o flat o Tun
=moTmoTun
=moTrn

CrounoTA=7m0Trm,

where the second but last step follows from (a). Since 7 is total, the two sides of
this inclusion are equal and 7 is the product of a tree algebra. O

Below we will be interested in ways an w-semigroup can sit inside a tree algebra
and in tree algebras generated by some w-semigroup they contain. The basic
building blocks we will use in this context are subalgebras of the following form.

Definition 4.6. A partial tree algebra 2 is semigroup-like if A = (A, U A,).

a

Note that, given a tree algebra 2, every subalgebra of the form (S), for a set
S € A, U A,, is semigroup-like. In order to study semigroup-like tree algebras
and to relate them to the tree algebras they are contained in, we introduce the
notion of a trace of a tree, which intuitively corresponds to the product of ¢ along
a single branch. A trace along a given branch 8 of ¢, is a path-shaped tree  whose
labels are point-wise greater or equal to the corresponding labels of the vertices
of 8. The formal definition is as follows.

Definition 4.7. Let 2 be a complete tree algebra, & ¢ 2 a semigroup-like subal-
gebra, t € T,, A a tree,and  a branch of ¢.

(a) We denote by cl(S) the closure of S under non-empty meets.

(b) An S-trace of t along fisatree u € T,,(S, U S,) such that

dom(u) = {o" [ n<w, n<|B|}

Yp(my(u(0")) 2 t(B I n), foralln<|B

>
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and u(o")>¢t(B), if n:=|p|is finite.

(c) An S-quasi-trace of t along f8 is a tree u € T,,, (S U {T}) such that t <" u
and, for every n < |8, either

u(Btn)=7 or u(fln)=cys,(a), forsomeacS,UsS,.

Note that the unravelling of a quasi-trace is a trace. By Lemma 4.4 it further
follows that every product in a semigroup-like tree algebra reduces to the product
along some branch. The following result collects this and a few other character-
isations of semigroup-like tree algebras.

Lemma 4.8. Let 2 be a partial tree algebra such that the domain dom(n) ¢ TA
of the product is closed under all cylinder maps cy , : T, A — T, A. The following
statements are equivalent.

(1) 2is semigroup-like.

(2) Every element a € A is of the form a = cy (b), for some b € A, U A, and
some injective function o.

(3) For every tree t € TA such that n(t) is defined, there exists a tree u €
T(A, U A,)) with (u) = n(t).

(4) Every tree t € dom(7r) has an A-trace u with n(u) = n(t).

Proof. (2) = (1) Leta € A. Then a = cy_(b),for some b € A, U A, and some 0.
Hence, a = cy_(b) € (A, UA,).

(1) = (3) n(t) € A = (A, U A,) implies that 7(¢) = m(u), for some tree
ueT(A,UA)).

(3) = (2) Givenan element a € A,,,we canuse (3) tofindatreeu € T,,(A,UA,)
such that a = n(sing(a)) = m(u). We distinguish two cases. If u does not contain
a variable, then u = cy_(u") for some u’ € To(Ao UA,) and o : @ - [n].
Consequently, we have 7(u) = n(cy, (u")) = cy, (m(u")). Since n(u") € Ao, the
claim follows.

If u does contain a variable xx, then u = cy_(u") where 0(0) = kand u’ €
T, (A, UA,) is the tree obtained from u by replacing xx by x,. As above, it follows
that 7(u) = cy, (m(u')) and m(u") € A,.

(4) = (3) is trivial since an A-trace is an element of T(A, U A,).

(2) = (4) Let u := un(t) with the cylindrical structure given by (2). Then u is
an A-trace of f and Lemma 4.4 implies that 7(¢) = 7(u). O
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In some cases, the product of a tree is determined by the products of its S-
traces, or its S-quasi-traces. We start by transforming traces into quasi-traces.

Lemma 4.9. Let 2 be a complete tree algebra, S ¢ 2 a semigroup-like subalgebra,
t € TA a tree, and 5 a branch of t. For every S-trace u of t along 3, there exists an
S-quasi-trace il of t along 8 with n(i1) = m(u).

Proof. Let u be an S-trace of t along 8. We define i ~, t by

T itv£p,
i(v) = cyﬁ(n)(u(o”)) ifv=B81tn<p,
u(olfl ifv=,.

Then i is an S-quasi-trace, un(il) = u, and it follows by Lemma 4.4 that 7(il) =
(u). O

Lemma 4.10. Let A be a complete tree algebra, S C A a semigroup-like subalgebra,
and t € TA.

n(t) < inf{ n(u) | u an S-quasi-trace oft}
<inf{n(u) | uanS-traceof t } .

Proof. The first inequality follows since we have t <" u, for every S-quasi-trace u.
The second inequality follows by Lemma 4.9. O

In the important special case of a meet-continuously embedded subalgebra,
the above inequalities become equalities.

Proposition 4.11. Let 2 be a tree algebra, S € U a semigroup-like subalgebra that
is meet-continuously embedded in 2, and set C := cl(S). For every tree t € TC,

n(t) = inf{ n(u) | u an S-quasi-trace oft}
= inf{ n(u) | u an S-trace oft} .
Proof. Let t € TC be a tree. We define a tree U € T ,£((S)) by
U~gpt and Uw):={ce(S)|c>t(v)}.

Since every element of C is a non-empty meet of elements of (S), we have ¢ =
Tinf(U). Hence, it follows by meet-continuous embeddedness that

n(t) =inf {7(s) |s€" U}.
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By Lemma 4.10, it is therefore sufficient to show that
{n(s)|se" U} c{n(u)|uanS-traceof t }.

Thus, consider a tree s €T U. We can use Lemma 4.8 to find an S-trace u of s such
that () = 7(s). Since t <7 s, it follows that u is also an S-trace of t. O

As a first application of traces, we show that the meet-closure of a semigroup-
like subalgebra is closed under products.

Proposition 4.12. Let 2 be a complete tree algebra and & c 21 a semigroup-like
subalgebra that is meet-continuously embedded in 2.

(a) cl(S) is meet-continuously embedded in 2.
(b) (cl(S)) = cI(S)

Proof. (a) Lett € TAand T € TR(cl(S)) be trees with ¢ = Tinf(T). For each
c e cl(S), we choose a set U, € S with ¢ = inf U, and we define trees R, U ~g, T

by
Uw):={U:|ceT(v)} and R(v):={JU(v).
Then inf R(v) = inf T'(v) = t(v) and it follows by meet-continuous embedded-
ness of S that
n(t) =inf {n(r) |re" R}
=inf { 7(r) | r €" uforsomeu €’ U}
=inf{inf{n(r)|re' u}|ue' U}
= inf { 7(Tinf(u)) | u e’ U} =inf{n(s) |s Ty,
where the last step follows from the fact that there is a bijective correspondence
between trees u €* U ands €’ T.
(b) Let t € T(cI(S)). By definition of cl(S), there is a tree T € T(£(S) ~ {@})
such that t = T'inf(T). We can use Lemma 4.8 to find, for every tree s el T,an

S-trace $ of s such that 7($) = n(s). Furthermore, § € TS implies that 7(s) =
7(8) € (S) = S. By meet-continuous embeddedness of S in 2, it follows that

n(t) =inf {7(s) |se’ T} =inf{m(s)|se T}

is a non-empty meet of elements in S. Thus, 7z(t) € cl(S). O
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4.2 w-semigroups

Before finally defining the class of algebras we are interested in, let us recall some
facts regarding w-semigroups. We use a definition that facilitates a comparison
with tree algebras.

Definition 4.13. (a) The word functor W : pPos — pPos is defined by
WoA = A° UAS“A,,
W,A = ATY,
W,A:=@, forn>1.

(b) An (ordered partial) w-semigroup S = (S, m) is a W-algebra 7 : WS — S.
We use the usual notation for products in w-semigroups. That is, for elements
a€S,and b € S, U S,, we write a - b, or just ab, instead of a(b). Similarly, we
write [];., a; instead of a, (... (a,—,)...).

We denote the category of all w-semigroups by SGrp.

(c) A partial w-semigroup & is meet-continuous if, for all sequences w € WS
and U € WR(S) with w = Winf(U), we have

n(w) =inf { m(u) |ue” U}.

(As usual, € denotes the component-wise element relation and we require that,
if one side of the equation is defined, so is the other.)

a

Since we can regard words as trees without branching, the word functor W
is some kind of subfunctor of the tree functor T. The lemma below makes this
relationship precise.

Definition 4.14. Let (T, o, &) and (T, y,, €;) be monads.
(a) A natural transformation ¢ : T, = T, is a morphism of monads if
&1=¢og and po(poTep)=9ou,.

In this case we say that T, is a reduct of T,.

(b) Let p : T, = T, be a morphism of monads and 2 = (A, 7, <) a T, -algebra.
The p-reduct of 2 is the T,-algebra (A, 70 p4, <). )
Lemma 4.15. There exists a morphism of monads p : W = T satisfying

distop=Dpodist and distop =Up odist

(depending on whether we consider dist as natural transformations TD = DT and
WD = DW, or as TU = UT and WU = UW).
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Proof. The function p4 : WA — TA maps a word w € WA to the tree t € TA
with domain

dom(t):={0" |n<|w|}
and labelling
t(o") :==w(n), forn<|w|.

It is straightforward to check that p is a morphism of monads. For the additional
equations, note that

dist(p(U)) = It ] £ €7 p(U) } = W p(u) |u € U} = Dp(dist(U)).
and similarly for the functor U. O
We can associate with every a tree algebra an w-semigroup as follows.

Definition 4.16. The w-semigroup SG(2l) associated with a partial tree algebra
is the w-semigroup with domains A, and A, whose product is inherited from
that of 2.

a

Lemma 4.17. SG: Alg — SGrp is a functor.

Conversely, we can associate with every w-semigroup & a semigroup-like
tree algebra TA(G) which consists of elements of the form a or a(x;), for an
w-semigroup element a and an optional variable x;.

Definition 4.18. (a) The tree algebra TA(&) associated with a partial w-semi-
group & has domains

TA,(S) :=So U (S, x[n]), forn<w,
and the ordering

x<y :iff x,yeS,andx<yinG, or
x=(a,i), y=(b,i)fora<bandi<n.

We will use the more suggestive notation a(xy ) for the elements of the form (a, k).
We define the product 7(¢) of a tree t € T(TA(S)) as the product of its
unravelling un(¢) (which is a tree with a single path) in the w-semigroup &. To
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make this precise, we need a bit of preparation. Let i : S — TA(S) be the natural
embedding where

(a) a ifaes$,,
i(a) =
a(x,) ifaes,.

We start by defining the cylinder maps cy, : TA,,(S) = TA,(S).

¢y (a) = a ifaes$,,
YA T  baoqy) ifa=b(xi) €S, x [m].

For the general case, consider a tree ¢ € T,,(TA(S)). We unravel t with respect
to the following cylindrical structure. Let a € A,,.

e Ifa=beS,,weseta®:=beAy,and g, : @~ [n].
o Ifa=b(x;)eS, x[n],weseta®:=b(x,) €A and o, :[1] > [n]:0~ k.

Note that the unravelling un(t) is of the form un(t) = cy,(s) for some s € rng p.
Fix the word u e WS with s = p(Wi(u)). (u is unique since p and i are injective.)
We set

n(t) = ey, (i(n(u))) .-

ws Vi IW(TA(S))i,'ﬂ‘(TA(s))&T(TA(S))&T(TA(S))

S » TA(S » TA(S
i () 5 ()

(b) For a morphism ¢ : & - T of w-semigroups, we define the function
TA(¢) : TA(6) — TA(%) by

_ q)(a) ifaESo,
TA(¢)(a) = {q)(b)(xk) ifa="b(xg)eS, x[n].

Proposition 4.19. Let & be an w-semigroup.

(a) TA(GS) is a semigroup-like tree algebra.
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(b) & is meet-continuous if, and only if, TA(S) is meet-continuous.
(c) TA :SGrp — Alg is a functor.

Proof. (c) follows from (a) and the definition of TA.
(a) For monotonicity, let ¢ < ¢’. Using the notation from the definition of the
product (with primes where appropriate), it follows that

un(f) <un(t’) = s<s' = u<d.
Consequently,

n(t) = ey, (i(n(u))) < ey, (i(n(w))) = n(t).

For the unit law, let a € TA(S) and ¢ := sing(a).If a € S,, then u = (a) and

(1) = ey, (i(n(w))) = cy,(i(a)) = a.
If a=b(xx) €S, x [m], then u = (b) and

n(t) = ey, (i(m(w))) = ¢y, (i(b)) = b(xx) = a.

It remains to check associativity. Let t € TT(TA(S)) and set ¢’ := Tn(t).
For every vertex v € dom(t), we fix a word u, and a function g, such that
n(t(v)) = cy,, (i(m(uy))). Let B be the branch of ¢’ corresponding to un(t')
and fix & and ¢ such that (") = ¢y, (i(7(i))). Finally, fix u* and ¢* such that
n(flat(t)) = cy, . (i(m(u*))). It follows that u* consists of the concatenation of
the u,, for v on (a prefix of) . Furthermore, each element of i corresponds to
the product 7(u, ) for a suitable vertex v. Since the product of an w-semigroup is
associative it therefore follows that 77(u*) = 7(#). This implies that

n(flat(t)) = ey, (i(n(u™))) = ey, (i(n(d))) = n(Tr (1)) .

(b) (=) Lett € T(TA(S)) and T € TU(TA(S)) be trees such that ¢ = T'inf(T).
Since every infimum inf T(v) is defined, it follows that either

o t(v)eS,and T(v) € S,,0r
o t(v)=a(xy)and T(v) ={b(xx) | b e P, } for some set P, C S,.
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Consequently, the unravellings of t and every s €* T have the same shape and
correspond to the same path in ¢. This implies that

un(¢) = Tinf(un(T)).

Let u € WS and U € WU(S) be the words corresponding to these two unravel-
lings. Then u = T inf U and meet-continuity of & implies that

n(u) =inf { 7(w) |we” U}.
Consequently,
n(t) =inf {7(s) |s€" T}.

(<) Let u € WS and U ¢ WUS be words with u = Winf(U). We set
t:=(poWi)(u)and T := U(p o Wi)(U). Then n(t) = i(n(u)) and n(T) =
Ui(r(U)). As TA(S) is meet-continuous, we furthermore have

n(t) =inf 7(T).
Applying i to this equation it follows that 7(u) = inf 7(U). O

Let us show that the functors TA : SGrp — Alg and SG : Alg — SGrp form an
adjunction TA + SG.

Proposition 4.20. Let & be an w-semigroup and 2 a tree algebra.

(a) For every morphism ¢ : & — SG(2) of w-semigroups, there exists a unique
morphism ¢ : TA(S) — U of tree algebras such that SG(§) = ¢.

(b) If ¢ is surjective, then rng ¢ = (A, U A,).
Proof. (a) Leta € TA,(&) =S, U (S, x [n]). We define ¢§(a) € A, by
. _ ¢(a) ifaeS,,
#(a) = {(go(b))(xi) ifa=b(x)eS x[n].

Then SG(¢) = ¢ and @ is clearly the only possible function with this property.
Hence, it remains to prove that ¢ is a morphism of tree algebras.
Let T := TA(G). We start by noting that

m(To(u)) = p(n(u)), fortreesueT(T,uT,).
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For the general case, consider a tree t € TT and set t' := T(¢). Using Lemma 4.8,
we can find a T-trace u of ¢ such that 7(u) = 7(¢). Let B ¢ 2 be the subalgebra
of 2 generated by A, U A,. Then B is semigroup-like and rng ¢ € B. Hence, we
can use Lemma 4.8 to find a B-trace v/ of T¢(t) such that n(v') = n(Te(t)).
Fixatreev € T(T, U T;) such that v/ = Te(v). As Te(u) is an B-trace of To(t)’
and v is a T-trace of ¢, it follows by Lemma 4.10 that

o(n(1)) = p(m(u)) = m(To(u))
2 1(To(t)) = n(+') = n(To(v)) = p(n(v))
> ¢(n(t)).

Consequently, (7(t)) = 7(To(t)).
(b) Let T := TA(S).If ¢ is surjective, then ¢[ T ] = A, and ¢[T,] = A,. Hence,

q’[(ToUTl)]:(¢[T0]U¢[Tl]):(AoUA1>- O

As an application, let us prove the following characterisation of semigroup-like
tree algebras.

Proposition 4.21. A tree algebra 2 is semigroup-like if, and only if, there exists a
surjective morphism ¢ : TA(&) — 2, for some w-semigroup .

Proof. (=) Applying Proposition 4.20 to the identity morphism v : SG(2) —
SG(21), we obtain a morphism § : TA(SG(21)) — A with rngy = (A, UA,) = A.
Hence, ¥ is surjective.

(«=) Suppose that ¢ : TA(S) — 2 is surjective and let T be the universe of
TA(S). Then

(AgUA,) = (¢[T0 U Tl]) = q’[(To uT)]=9[T]=A.

Hence, 2 is semigroup-like. O

4.3 Skeletons and branch-continuity

After these preparations we are finally able to define the class of tree algebras we
are interested in.

Definition 4.22. Let 2( be a tree algebra.
(a) A semigroup-like subalgebra & C A is a skeleton of 2 if
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¢ §is meet-continuously embedded in 2 and
o cl(S) is a set of join-generators of 2.

(b) A tree algebra 2 is branch-continuous if 2 € CAlg and it has a skeleton.
(c) We denote be BAlg the subcategory of CAlg consisting of all branch-con-
tinuous tree algebras and all morphisms that preserve meets and joins.

a

Let us start our investigation of branch-continuous tree algebras with a sum-
mary of how to compute products in them.

Lemma 4.23. Let 2 be a branch-continuous tree algebra, & ¢ 2 a skeleton of 2,
and C = cl(S).

(a) ﬂ(t):sup{n(s)|seTC,ngt}, forteTA,

(b) n(t)=inf{m(u)|uanS-traceoft},  forteTC.

Proof. (a) follows by Lemma 2.19 (c); and (b) by Proposition 4.11. O
Branch-continuity is preserved by certain morphisms.

Lemma 4.24. Let 2 be a branch-continuous tree algebra and ¢ : A - B a
surjective morphism that preserves meets and joins.

(a) If G is a skeleton of 2, then ¢[&] is one of B.
(b) B is branch-continuous.

Proof. (a) The image T := ¢[S] is a semigroup-like subalgebra of B that, accord-
ing to Lemma 2.17, is meet-continuously embedded in ‘B. Since ¢ is surjective
and it preserves meets and joins, it further follows that cl(T) = ¢[cl(S)] and that
this is a set of join-generators of ‘B.

(b) According to Lemma 2.16, *B is complete, distributive, and join-continuous.
Furthermore, we have seen in (a) that 28 has a skeleton. O

There are certain canonical branch-continuous tree algebras that are ‘freely’
generated by their skeleton. We will show below that every branch-continuous
tree algebra is a quotient of an algebra of this form.

Definition 4.25. Let G be an w-semigroup. The branch algebra of G is

Branch(&) = DU(TA(S)). )
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Our first aim is to show that Branch(&) is branch-continuous.

Theorem 4.26. The branch algebra Branch(&) associated with a meet-continuous
w-semigroup & is branch-continuous.

Proof. The fact that Branch(&) € CAlg follows by Propositions 4.19 and 3.8.
Hence, it remains to prove that it has a skeleton.

Let T be the image of the canonical embedding TA(&) — Branch(&) and
set C := cl(T). We claim that T is a skeleton of Branch(&). First, note that
UT = cl(T) = C since UT is meet-generated by T and closed under meets.
Furthermore, DUT = Branch(S) is the closure of C under joins. Hence, C is a set
of join generators of Branch(&).

To conclude the proof, it remains to prove that T is meet-continuously embed-
ded in Branch(&). We have seen in Propositions 3.11 and 3.19 that the embed-
ding 7 : UTA(S) — DUTA(S) preserves meets and that the algebra U(TA(&))
is meet-continuous. Hence, the image C of 7 is meet-continuously embedded in
Branch(&). In particular,sois T ¢ C. O

Proposition 4.27. Let 2 be a branch-continuous tree algebra with skeleton & and
let 31 be a meet-continuous w-semigroup.

(a) For every morphism ¢ : 4l — SG(&) of w-semigroups, there exists a unique
morphism ¢ : Branch(U) — 2 of tree algebras such that SG() extends ¢
and § preserves arbitrary joins and meets.

(b) If ¢ is surjective, so is .

Proof. (a) Let T := TA(L). By Proposition 4.20, there exists a unique morphism
9o : T = G extending ¢. By Proposition 3.22, we can extend ¢, to a unique
meet-preserving morphism ¢, : UT — 2 by setting

¢.(J) :==inf @,[J], forJeUZ.
Finally, we use Proposition 3.12 to extend ¢, to a unique join-preserving morph-
ism ¢ : DUT — 2 by setting
¢(I) :=supo,[I], forlIeDUZ.
Note that Lemma 2.20 implies that ¢ preserves arbitrary meets.
(b) If ¢ is surjective, so is the morphism ¢, : TA(4l) - & from the proof of (a),
ie., g, = S. As ¢, preserves arbitrary meets, its range includes the closure

C := cl(S). Similarly, the range of ¢ includes the closure of C under joins, which
is all of A. Thus, ¢ is surjective. O
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As promised above, we can show that, conversely, every branch-continuous
tree algebra is a quotient of an algebra of the form Branch(&).

Theorem 4.28. Let A be a branch-continuous tree algebra with skeleton &. There
exists a surjective morphism ¢ : Branch(SG(S)) — 2 that preserves joins and
meets.

Proof. Lety : SG(S) — SG(&) be the identity morphism. By Proposition 4.27,
there exists a unique extension ¢ : Branch(SG(&)) — 2 which preserves joins
and meets. O

Combining this theorem with Lemma 4.24, we obtain the following character-
isation of branch-continuous tree algebras as quotients of an algebra of the form
Branch(6).

Corollary 4.29. A tree algebra 2 is branch-continuous if, and only if, there exists
an w-semigroup S and a surjective morphism ¢ : Branch(&) — 2 that preserves
joins and meets.

4.4 Closure under products

Our next goal is to prove that the class of branch-continuous tree algebras is
closed under finite products.

Definition 4.30. Let 2’ = (A’, 7', <'), for i € I, be a family of tree algebras. The
product [];c; 2" is the tree algebra with domains

[]4,, forn<w,

iel
order

(ai)ier < (bi)ier  :iff  a; <" by, foralliel,
and product

(t) = (7' (Tpi(t))ier

where the function py : [];; A* - A projects a sequence (a;);c; to its k-th
component ay.

a

Lemma 4.31. Let A’ = (A%, n', <*), for i € I, be a family of tree algebras.
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(@) [Tie; 2 is a tree algebra.

(b) Each projection py. : T1;e; A" — AX is a morphism of tree algebras preserving
arbitrary joins and meets.

(c) If every A is complete, distributive, and join-continuous, then so is [];; A'.

Proof. (b) It follows immediately from the definitions that pj is monotone, that
it commutes with products, and that is preserves joins and meets.
(a) Clearly, the product 7 is monotone. Furthermore,

pi(n(sing(a))) = 7' (pi(sing(a)) = 7' (sing(pi())) = pi(a),
which implies that 7 o sing = id.
Hence, it remains to prove associativity. Let t € T,T([]; A’). Then

pi(n(flat(r))) = 7' (Tp;(flat(t)))
= ' (flat(Tp;(1)))
= 7' (Tn'(Tpi(1)))
= 7' (Tpi(Tn(1))) = pi(n(Tn(1))),

which implies that 7 o flat = 7 0 T1r.
(c) For completeness, let X € []; A'. As p; commutes with joins, we have

pi(sup X) = sup pi[ X],
which implies that sup X = (sup p;[X])ier. Similarly, it follows that inf X =
(inf pi[X])ier-

In the same way it follows that the product is distributive. For join-continuity,
let t = Tsup(S). Then

Tpi(t) = Tpi(Tsup(S)) = Tsup(Tpi(S))
which, by join-continuity of 2, implies that
7 (Tpi(1)) = sup{ 7' (5) | s ¥ Tpi($) }.
Consequently,
pi((t)) = 7 (Tpi(1))
= sup{ﬂi(s) | s el Tpi(S) }
= sup{ni('ﬂ“pi(s)) | sel S}
:sup{p,-(n(s))|seTS}:pi(sup{ﬂ(s)|seTS}). O
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Proposition 4.32. Let ¢’ : B — 2, i € I, be a family of tree algebra morphisms.
There exists a unique morphism y : B — [, A" such that

@' =pioy, foralliel.
Proof. The function y(b) := (¢’ (b));es has the desired properties. O

Theorem 4.33. If 2 and ‘B are branch-continuous tree algebras, so is their product
A x B,

Proof. We have seen in Lemma 4.31, that 2 x B is complete, distributive, and
join-continuous. Hence, it remains to find a skeleton of A x 8. Let G and ¥ be
skeletons of, respectively, 2 and B. We claim that & x ¥ is a one of the product.

Note that we have shown in Lemma 4.31 that the projections p, : AxB — g and
D1 : A x B — B preserve projections and arbitrary meets and joins. Consequently,
we have cl(S x T) = cl(S) x cl(T). Furthermore, the fact that c1(S) and cl(T) are
sets of join-generators implies that so is cl(S) x cl(T).

It remains to show that S x T is meet-continuously embedded in 2 x B. Let
t € T(Ax B) and U € TU(S x T) be trees with ¢t = Tinf(U). Applying the
projection p;, we obtain

m(Tpi(t)) = pi(n(2)) = pi(n(Tinf U)) = n(Tinf(Tp:(U))),

which implies that
n(Tp;(t)) = inf{ n(s) ’ sel Tp;(U) }

It follows that 72(¢) = inf { 7(s) | s €T U }. O

4.5 Regular languages and recognisability

Having introduced branch-continuous tree algebras we can use them to give a
characterisation of the class of regular languages. We will use the ordered version
of recognisability.

Definition 4.34. Let 2 be a tree algebra. A subset L ¢ A,, is recognised by a
morphism 7 : A - B if L = 57*[P] for some upwards closed subset P € B,,. We
say that L is recognised by *B if it is recognised by some morphism A — 8.

a
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We will show that a tree language is recognisable if, and only if, it is recognised by
a finitary, branch-continuous tree algebra. We start by showing that recognisable
languages are regular. When taking a closer look at what it means for a recognisable
language to be regular, we arrive at the following definition, which has recently
been introduced in [4].

Definition 4.35. A tree algebra 2( is regular if it is finitary and there exists a finite
set C C A of generators such that, for every element a € A, the preimage

7' (a) N TC is a regular language.

a

It is straightforward to check that the regular tree algebras recognise precisely
the regular tree languages.

Theorem 4.36 ([4]). A tree algebra 2 is regular if, and only if, every language
recognised by 2 is regular.

Of course, the definition of a regular algebra was specifically chosen to make this
theorem true. But because of its cyclic nature it does not further our understanding
of the regular tree languages. What is missing is a good algebraic characterisation
telling us how regular algebras look like. Branch-continuous algebras do have such
a characterisation and can therefore serve as an alternative approach to regularity.
We start by showing that every branch-continuous algebra is regular.

Proposition 4.37. Every finitary, branch-continuous tree algebra is regular.

Proof. Let 2 be finitary and branch-continuous, & a skeleton of 2, and set C :=
cl(S). Fix a finite set B C A of generators. W.l.o.g. we may assume that B =
Ay,U---UAg,, for some k < w. We will construct MSO-formulae ¢, defining the
languages

n'(a)nTB, foracA.

First, note that, given a tree t € T, B, we can encode an S-trace u of ¢ by a
family (U, ) .es of unary predicates such that the union U, U, contains the branch
corresponding to the S-trace u and the various predicates U, encode its labelling.
Since, in monadic second-order logic, we can compute infinite products in finite
w-semigroups, there are formulae 9, (Z), for a € A, that check whether 7(u) = a
when given a tree t € T,,(Bn C) and an S-trace u of ¢ that is encoded in Z.

For trees t € T, C, we have seen in Lemma 4.23 (b) that

n(t) = inf{ n(u) | u an S-trace oft}.
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Consequently, can use the formulae 9,(Z) to construct formulae v, that, given a
tree t € T(B n C), check whether 7(t) = a.
Finally, according to Lemma 4.23 (a), we have

n(t) :sup{n(s) | seT,C, s<’ t}, for all trees ¢ .

Therefore, we can use the above formulae y, to construct formulae ¢,, for a € A,
checking whether the product of a given tree t € T, B evaluates to a. O

It remains to prove the converse: given a regular language we have to find a
branch-continuous algebra recognising it. We start by fixing our terminology
regarding automata.

Definition 4.38. Let A = (Q,ZX, 4, q,,2) be a nondeterministic parity auto-
maton and set D := rng Q.

(a)LetteT,2Z.Arunof AonatreeteT,Xisatree p € T,Q with the same
domain as t that satisfies the following two conditions:

o for every vertex v € dom(t) \ Hole(t) with ar(#(v)) = n and immediate
SUCCESSOTS U, - - - » Uy,

(P(V)’ t(v),p(to), ... ’P(“n71)> €An;
+ for every infinite branch f of t,

limiﬁnfﬂ(p(v)) is even.

(b) The profile of arun p on a tree t € T, X is the pair

pf(p) = (p(()), i),
where

(d,p(v;)) ifv;:=hole;(t) is defined and
uj = d:=min{Q(p(z))|z=<v;},
L otherwise.

a

Definition 4.39. Let A = (Q,Z, 4, q,, Q) be a nondeterministic parity auto-
maton and set D := rng Q.
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(a) The automaton w-semigroup & 4 associated with A is the partial w-semi-
group with domains

So:=Q and S,:=QxDxQ.
The order is equality on S, and on §, it is given by
(p.k,q) <(p'.k'.q')y :iff p=p', qg=4q', and k c k" in the ordering
1C3C5C---E4C2C0.

(The closer a priority is to acceptance, the larger it is.) The product is determined
by the equations

, ifg=q',
(p.k.q)q ::{p =4

undefined otherwise,

undefined otherwise,

P Lq ifg=p’and ! := min{k,k'},
<p,k,q>~<p,k,q>:={“’ 1o el

Do if g, = pu+. for all nand
[1(Pn>kn>qn) = liminf,_, . k, is even,
e undefined otherwise.

(b) We define a morphism « 4 : T2 — Branch(& 4) as follows. Given a tree
teT,X, we set

aa(t) = W{n(p(p)) | parunont},

where 7 : U(TA(S 4)) — Branch(& 4) is the canonical embedding and, for a
run p with profile

pf(P) = (p’uo’-'-run—1>a

we have set
pf(p) = priion---Mi,_, € U(TA(SA))
with

11' = (p’ k’q>(xi) ifui = (k) Q),
T ifu; =1,

. ]p if t has an infinite branch or a leaf that is not a hole,
" |7 otherwise.
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Lemma 4.40. a4 : T — Branch(& 4) is a morphism of tree algebras recognising
L(A).

Proof. To see that a 4 recognises L(.A), let
P:={I1cU(TA(S4)) | 7(go) € I'and I is upwards closed w.r.t.  }
€ Branch(S4) .
For a tree t € T2, it follows that

teL(A) iff thereisarunp of.Aon tsuchthatp(()) =g,

iff  thereisarun p of Aon t such that pf(p) = g,

iff  7(q0) € aa(t)
iff  au(t)eP.

It remains to check that « 4 is a morphism. For a tree ¢ € T, TX, we have
m(Taq(t)) = {a | a<n(s), set Taq(t), n(s) deﬁned}
= {a | a<n(s), s~ t, n(s) defined,
s(v) e aq(t(v)), forallv }
= {a | a <n(s), s~ t, n(s) defined, for each v there is

arun p, on t(v) such that s(v) = 5(pf(py)) }.
We have to show that this set is equal to
aa(flat(t)) ={ala< n(pf(p)) for some run p on flat(t) }.

(2) Let p be a run on flat(t). For v € dom(t), let p, be the restriction of p to
the vertices in dom(¢(v)) and set s(v) := n(pf(py)). Then n(pf(p)) = n(s).

(€) Let s be a tree with s(v) = n(pf(p,)), for some run p, on ¢(v). Let p be the
run on flat(#) such that, for every v € dom(#), the restriction of p to the vertices
in dom(#(v)) coincides with p,. Then 5(pf(p)) = n(s). O

Lemma 4.41. The automaton w-semigroup S 4 is meet-continuous.

Proof. Let U € WP(S). We have to show that

n(Winf(U)) =inf { 7(u) |ue” U}.
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We distinguish several cases.

(1) First, suppose that Winf(U) is undefined. Then inf U(i) is undefined, for
some index i. This means that U(i) contains two incomparable elements. Fix
sequences u,u’ € U such that u(i) and u’(i) are incomparable and u(j) =
u'(j), for all j # i. If at least one of 7(u) and 7(u") is not defined, we are done.
Hence, suppose that both products are defined. We claim that their values are
incomparable and, thus, the infimum on the right-hand side of the above equation
is not defined. For the proof, we distinguish several cases.

(1 a) Suppose that U(i) has arity o. Then i is the last position. Let u(i) = p
and u'(i) = p'.1f i = o, then m(u) = p # p’ = n(u') are incomparable. Hence,
suppose that i > o and let u(i —1) = (g, k, r). By assumption, 7(u) and (1) are
both defined. This implies that p = r = p’. A contradiction.

(1b) Suppose that U(i) has arity 1. Let u(i) = (p, k, q) and v’ (i) = (p’, k', q').
Since these values are incomparable, we have p # p’ or q # q'.

First, suppose that p # p’. If i > o we can use the value of u(i — 1) to show that
p = p’ asin Case (1 a) above. A contradiction. Consequently, i = 0 and, depending
on the arity, we have either n(u) = p # p' = n(u") or

n(u) = (p.k,r) = (p', k', 1) = m(u'),

for suitable r, 7' € Q and k, k' < w.
Similarly, suppose that g # q'. Again, if i is not the last position, we get a
contradiction by considering the value u(i +1). It follows that

n(u) = (r.k,q) # (r', k', q') = n ('),

for suitable r, 7' € Q and k, k' < w.

(2) It remains to consider the case where Winf(U) is defined. For every posi-
tion i in the sequence U, it follows that either

U(i)c{pi}, for some state p; ,
or U(i)c{pi} xKix{qi}, for p;,gie Qand K; Cw.

Hence,
inf U(i) = (pi, ki qi) >

where k; := infc K is the C-least element of K;. We again distinguish several cases.
(2 a) Suppose that q; # p;4,, for some i. Then 7(u) is undefined, for all u VU,
and so is 7(Winf(U)). Hence, both sides of the equation are undefined.
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(2b) Suppose that g; = p;4,, for all i, and the sequence U is infinite. For
every u € U, we have u(i) = (p;, m;,q;), for some m; € K;. Consequently,
liminf; k; € liminf; m;.

If liminf; k; is even, so is lim inf; m;. This implies that all products 7(u) are
defined and so is 7(Winf(U)). Consequently, 7(u) = p, = 7(Winf(U)).

If lim inf; k; is odd, 7(W inf(U)) is undefined. Choosing u € U with u(i) =
(pi> ki, qi), it follows that 7(u) and, therefore, the infimum on the right-hand
side of the equation is also undefined.

(2 ¢) Suppose that g; = pi,, for all i, and the sequence U has length n < w. If
the last element of U has arity o, then 7(W inf(U)) = p, and 7(u) = p,, for all
u € U. Otherwise, we have 7(Winf(U)) = (po,inf; ki, g,_,) and, for u €” U
with u(i) = (p;, mi, qi), n(u) = (po, inf; m;, q,—,) where k; © m;. As above, we
can chose u € U with m; = k;. Consequently, the infimum on the right-hand
side also evaluates to (p,, inf; k;, g, ). O

Theorem 4.42. Let X be a finite alphabet and L ¢ T, X. The following statements
are equivalent.

(1) L is MSO-definable.
(2) L is recognised by some nondeterministic parity automaton.

(3) L is recognised by a morphism ¢ : TX — Branch(&) for some finite, meet-
continuous w-semigroup &.

(4) L is recognised by some morphism ¢ : TX — 2 to a finitary, branch-continu-
ous tree algebra .

Proof. (1) < (2) is standard; the implication (4) = (1) was proved in Proposi-
tion 4.37; and (3) = (4) holds by Theorem 4.26. Finally, the implication (2) = (3)
follows by Lemmas 4.40 and 4.41. O

5 RT-algebras

5.1 Regular trees and unravellings

When we want to compute tree algebras we have to represent them in a finite way.
Even for a finitary algebra, two problems arise: there are infinitely many sorts and
the product 77 : TA — A has an infinite domain. In this section, we look at finite
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representations of the product function. We start by looking at algebras where
the product is only defined for regular trees. Such algebras correspond to Wilke
algebras in the semigroup setting. For lack of a better name, we will call them
RT-algebras. (The term ‘regular tree algebra’ is unfortunately already taken.)

Definition 5.1. (a) We denote by T}, 8 A the subset of T, A consisting of all regular
trees.
(b) 2l = (A, 7, <) is an RT-algebra if w: T"8A — A is a T*¢-algebra.
(c) The regular restriction of a tree algebra 2 = (A, 7, <) is the corresponding
RT-algebra
A8 = (A, 7 | TBA, <).

a

Note that RT-algebras can be seen as a particular form of partial tree algebras.
Hence, many definitions and theorems about tree algebras apply. Furthermore,
properties of tree algebras that are defined solely in terms of the order and finite
products directly transfer from a tree algebra to the corresponding RT-algebra.
For examples, the algebras A and ™8 have the same cylinder maps and the same
sets of join-generators.

One way to define regular trees is as unravellings of finite graphs. As we are
dealing with trees where the successors are ordered from left-to-right, we need to
do the same in our graphs. For this reason we label the edges by natural numbers
to distinguish the successors of a vertex.

Definition 5.2. Let A be a ranked set.

(a) An A-labelled graph & = (V,E, A, 4, v,) consists of a directed graph (V, E)
with a distinguished root vertex v, € V and two labelling functions A : V. — A
and 5 : E - w such that every vertex v € V has exactly # := ar(A(v)) outgoing
edges e, ..., e,_; and their labels are 7(e;) = i, for i < n. We call the end vertex
of e; the i-th successor of v.

(b) The unravelling un(®) of an A-labelled graph & = (V, E, A, 4, v,) is the
A-labelled tree whose vertices are all paths of & that start at the root v, and each
such path is labelled by the label in & of its end vertex. For two graphs & and £,
we write & =, ) if they have the same unravelling.

(c) We denote by G, A the set of all finite graphs whose unravelling is a tree in
T,A.Letuny : GA — TA be the function mapping each graph to its unravelling
and let flat, : GGA — GA be the flattening function for graphs (which is defined
in the natural way).
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(d) For G, G’ € GA, we write G ~, G’ if these graphs only differ in the vertex
labelling with respect to A, i.e., they have the same sets of vertices and edges and
the same vertices are labelled by variables x;.

Remark. un(flat(G)) = flat(un(Gun(G))), forall Ge GGA.

a

GGA —Z™ +» GTA —2 + TTA
flat flat
GA — > TA

For most regular trees are the unravelling of several graphs. The following
technical results help us in choosing a convenient one.

Lemma 5.3. For all G € GoA and H € G,B, there exist graphs G’ € G,A and
H' € G, B such that

G2 G 2y H >y H.

Proof. The direct product K := G x H is a finite (A x B)-labelled graph. Let
G’ and H' be the graphs obtained from K by projecting the labels to their two
components. Then G ~,, G’ and H ~,, H'. Furthermore, G’ ~g, H'. O

Corollary 5.4. Let to,...,t, € TyBAwithm,n < w. If to =g -+ g ty, there
exist finite graphs G, ~g -+ ~sn Gy such that t; = un(G;), forall i < m.

Proof. As each tree t; contains only finitely many variables, we can decompose it
ast; = pi(si,...,s}) where p; is a finite tree and each s} either is a tree without
variables or sfc = sing(x;), for some variable x;. Since t, > -+ =4 ty, We can
choose these trees such that

Do sh ** ~h Pm  and  s{ ~gh o= sy, forallk <.

For those k where s;'( does not contain variables, we can use Lemma 5.3 to find
finite graphs

HY ~g, -~ HP' with un(H}) = ;.

For indices k with s} = sing(x;), we choose for H} the singleton graph whose
only vertex is labelled x;. Then the graphs G; := p;(H_, ..., H]) have the desired
property. O

56



5.2 Traces and regularisations

Our next goal is to prove that finitary, branch-continuous tree algebras are de-
termined by their regular restrictions. For the proof, we will use the representa-
tion of a branch-continuous tree algebra as a quotient of an algebra of the form
Branch(&) = DU(TA(S)). We start by recovering the w-semigroup & from 8.
In semigroup theory there is a standard way to expand a so-called Wilke algebra,
the analogue of an RT-algebra, to an w-semigroup.

Definition 5.5. (a) The functor W8 : pPos — pPos is defined by

WoBA:= ATYA, U {we A?Y | w ultimately periodic },
WA = ATY,
W, eA:=@, forn>1.
(b) An ordered Wilke algebra (A, m,<) is a W"8-algebra  : W™8A — A.

(c) Given an w-semigroup &, we denote by & the corresponding Wilke
algebra. ,

The following is a standard result in the theory of w-semigroups (see, e.g.,
Theorem II.5.1 of [8]).

Theorem 5.6. (a) For every finite Wilke algebra &, there exists a unique w-semi-
group & such that G™8 = &,,.

(b) Every morphism ¢ : &, — T, between finite Wilke algebras is also a morph-
ism ¢ : & — T between the corresponding w-semigroups.

We will use this theorem to recover the trace w-semigroup from a RT-algebra.

Definition 5.7. Let 2 be an RT-algebra.

(a) The Wilke algebra SG™8(2l) associated with 2 is the Wilke algebra with
domains A, and A, whose product is inherited from that of 2l.

(b) If 2 is finitary, we define the w-semigroup SG(2L) associated with 2 as the
unique w-semigroup whose associated Wilke algebra is equal to SG™8 ().

Proposition 5.8. Let 2L be a finitary tree algebra and S € A, U A,.
(a) SG(A) = SG(A™8).

(b) When computing (S) in A and A€, we obtain the same result.
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(c) *B is a semigroup-like subalgebra of A if, and only if, B °® is a semigroup-like
subalgebra of A8,

(d) For every finitary, semigroup-like RT-algebra B, there exists a unique semi-
group-like tree algebra B with B8 = B,.

Proof. (a) follows from the fact that both w-semigroups have the same associated
Wilke algebra.

(d) follows by Theorem 5.6 and the fact that every semigroup-like tree algebra B
is uniquely determined by its associated w-semigroup SG(B).

(c) follows by (b).

(b) Let C be the result when computing (S) in A8 and let D be the result
when computing it in 2(. Then

C=rmgn I TS and D=rngn | TS.

Since T*8S c TS, it follows that C € D.
For the converse, note that 77 induces an associative function

7:W(Do,uD,)— DouDy,

i.e., an w-semigroup D = (D, 7t) with D := D, U D,. In the same way, we obtain
a Wilke algebra €8 = (C’, 71, ) where C’ := C, U C, and 7, : W*8C’ — C'. Let
¢ = (C’, 71,) be the w-semigroup associated with €. As every element of C’ can
be written as a regular product of elements of S, it follows that €8 and, thus, € are
generated by S. In the same way, we see that © is generated by S. Consequently,
D’ = C’, which implies that D = C. O

Definition 5.9. Let2 bea finitary RT-algebra, S ¢ 2( a semigroup-like subalgebra,
and t € TA a tree.
(a) The trace set of t is
Trs(t) :== {{ m(u) | uan S-trace of ¢ } .
(b) An S-regularisation of t is a regular tree t, € T™8A such that

Trs(to) = Trs(f) N

and every label used by ¢, also occurs somewhere in .
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Remark. If the tree algebra 2 is branch-continuous with skeleton &, it follows by
Lemma 4.23 that

n(t) =inf Trg(t), forallteT(cl(S)).

As a first application of trace sets, we prove that every finitary RT-algebra can
be expanded to a branch-continuous tree algebra in at most one way.

Lemma 5.10. Let A and B be two finitary, branch-continuous tree algebras with
skeletons S € A and T € B. Then

A =B gnd S=T implies A=B.

Proof. Letm: TA — Abe the product of 2l and 7’ : TA — A the product of B. By
Proposition 5.8 (d), 7 and 7’ agree on trees in TS. As the orderings of 2( and of B
also coincide, it follows that the closure C := cl(S) is the same in both algebras.
Finally, note that the definition of Trg(#) only depends on 2("*8 = B¢, For a tree
t € TC, it therefore follows by Lemma 4.23 that

n(t) = inf Trg(¢t) = inf Trr(¢t) = 7'(t).
For an arbitrary term ¢ € TA, we then have
n(t) =sup{n(s)|seTC, s<" ¢}
=sup{7'(s)|seTC, s<" t} =7'(¢). O
To prove the existence of regularisations, we employ a result from [3] on additive
labellings.

Definition 5.11. (a) Let & = (V,E,v,) be a graph with a distinguished root
vertex v,,let L € V be the set of leaves of &, and let & be an w-semigroup. An
additive labelling of & is a function A : EU L — S mapping edges of & to unary
elements and leaves to o-ary elements.

(b) For an additive labelling A of & and a (finite or infinite) path 8 = (e, ),
of &, we define

A(B) =TT A(en)-

(If B =eo...ey is finite in the above definition, we allow the last element e,, to
be a leaf instead of an edge.) If & is a tree and x < y are vertices of &, we also
write

A(x,y) :==A(B), where fis the unique path from x to y.
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(b) The limit set of A is

lim A := { A(B) | B a maximal path of & starting at the root } .
The following has been proven in [3].

Theorem 5.12. Let A be an additive labelling of a tree t. There exists a finite graph G
and an additive labelling " of G such that

limA=1limA" and rng)’ crngl.
We also need a version for regular trees.

Theorem 5.13. Let A be an additive labelling of a regular tree t. There exists a finite
graph G and an additive labelling A" of G such that

limA=1limA’, rngA crngA, and un(G) g t.

Proof. (This proof uses terminology and notation from [3].) Let H be a finite
graph such that t = un(H) and let p : dom(¢) — dom(H) be the corresponding
graph homomorphism. We fix a bijection # : dom(H) — [#], for some n < w.
Given a Ramseyan split o of A, we define a function ¢’ by

o'(v)=n-o(v)+n(p(v)).

Since u =, v implies u c, v, it follows that ¢’ is also a Ramseyan split of A. Let
P c dom(t) be a set such that
lim A%, =limA.

We claim that the graph G := €7, (1) and the labelling \” := A2, have the desired
properties. The inclusion rng A’ € rng A holds by definition of ', and the equation
lim A’ = lim A by choice of P. For the second statement note that, by definition
of ¢’, there exists a graph homomorphism ¢ : dom(G) - dom(H) (ignoring
the labelling) which extends to the corresponding unravellings. Consequently,
un(G) ~g, un(H) = ¢. O

Remark. In both of the above theorems we can also bound the length of the
longest path contained in the graph G. This bound only depends on the size of
the w-semigroup used by A and, in the second statement, also on the size of the
graph H. It does not depend on ¢.
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We use these two theorems to prove the existence of regularisations. To do so,
we have to construct suitable additive labellings.

Lemma 5.14. Let 2 be a finitary RT-algebra, & c 2 a semigroup-like subalgebra,
and n < w. There exists a finite w-semigroup T and a partial function f : T —
$(A,) such that every tree t € T,,(cl(S)) has an additive labelling A; over T with

Trs(t) = f[limA,].

Proof. Set T := SG(&). The desired w-semigroup ¥ is derived from the tree
algebra UTA(T") as follows. The domains are

To:=UT,u((UT/u{1}) x[n]) and T,:=UT.
The product of ¥ extends that of UT’ by

I-(],k):=(I],k), forIeUT, and(J,k)e (UT u{1})x [n]
(where I -1:= I). We use the partial function f : T — £(A,,) defined by

f(n)=1, forIe UT, uUT,,
FUT k) = T(xx) for (J,k) e UT' x [n],
f({1,k)) is undefined.

Finally, given a tree ¢ € T, (cl(S)), we define the desired additive labelling A,
over T by

Ae(v,vk) =={ceSo US| cy (c)>t(v)},
for v e dom(t) and k < ar(¢(v)),
A(v):={ceSy|c>t(v)}, forleavesv e dom(t)\ Hole(t),
A(v) = (1, k), for holes v = holey (1).

Then it follows for an S-trace u of t along some branch f3 that

u(o")er (Bt n, B (n+1)).

Hence,

m(u) e U f(A:(B))-
Consequently, Trg(¢) = U f[lim A¢]. O
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Theorem 5.15. Let A be a finitary RT-algebra and & ¢ A a semigroup-like subal-
gebra.

(a) Everytreet € TA has an S-regularisation t, € T8 A.

(b) If there exists some function f : A — B such that Tf(t) is regular, then we
can choose the S-regularisation t, such that t, ~g, t.

Proof. Givenatree t € T, A, we use the labelling A, over the w-semigroup ¥ from
Lemma 5.14 to find an S-regularisation of t as follows. By Theorem 5.12, there
exists a finite graph G and an additive labelling A of G such thatlim A = lim A,
and rng A < rng A,. For (b), we can use Theorem 5.13 to ensure that un(G) =~, t.
Let t, € T, ®A be a regular tree such that ¢, ~y, un(G) and the labelling A,,
associated with ¢, coincides with the (unravelling of) A¢. Then

Trs(t) =J f[limA,] = J f[lim A, ] = Trs () -

Moreover, in case (b) we have t, ~g, un(G) ~g, t.

Hence, it remains to prove that every label used in ¢, also occurs in t. The
construction above does not yield this fact. We have to modify it slightly by
changing the labelling A such that the value A(x, y) also encodes the label #(x)
(say, by using a suitable w-semigroup with domain A x T and setting A} (x, y) :=
(#(x),A¢(x, ¥))). Then the claim follows from the condition that rngAg S rng ;.

O

Existence of regularisations can be strengthened in the following way.

Lemma 5.16. Let 2 and B be two finitary, branch-continuous tree algebras, & ¢ 2
and T € B corresponding skeletons, and 0 € A x B a binary relation. For every pair
of trees s € TA and t € TB with s 0" t, there are an S-regularisation s, of s and a
T-regularisation t, of t such that s, 0T t,.

Proof. s 6T t implies s ~, t. Hence, there exists a tree u € T(A x B) such that
s=Tp(u)and t = Tq(u), where p: Ax B - Aand q: A x B — B are the two
projection functions. By Theorem 4.33, the product 2 x %5 is finitary and branch-
continuous with skeleton & x ¥. Consequently, we can use Theorem 5.15 to find
an (S x T)-regularisation u, of u. Set s, := Tp(u,) and t, := Tq(uo). Then

Trs(so) = p[Trs(uo)] = p[Trs(u)] = Trs(s)
and  Trs(to) = q[Trs(uo)] = q[Trs(u)] = Trs(t) .
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Hence, s, is an S-regularisation of s and ¢, is a T-regularisation of ¢. Furthermore,
s(v) 6 t(v) implies u(v)e®, forallvedom(u).

As all labels used by u,, also appear in u, we have
uo(v) € 8, which implies that s,(v) 0 to(v), forallvedom(u).

Consequently, s, 67 ¢,. O

5.3 Expansion of the regular product

We have already shown in Lemma 5.10 that an RT-algebra can be expanded to at
most one full tree algebra. In general such an expansion does not need to exist,
but it does in the case of algebras that are finitary and branch-continuous. Let us
start by defining branch-continuity for RT-algebras.

Definition 5.17. A RT-algebra 2 is branch-continuous if it is complete, dis-
tributive, and it has a semigroup-like subalgebra & c 2( with the following
properties.

o C:=cl(S) is a set of join-generators of 2.
+ SG(G) is meet-continuous.

o For every tree U € TR(S),

sup{infTrs(s) | seTC, s ST']I‘inf(U)}:inf{infTrs(s) | sel U}.

¢ For every regular tree t € T™8A,

n(t) = sup { inf Trs(s) ‘ s € TC with s <" th.

o For arbitrary trees U, U’ € TDC with T sup(U) = T sup(U’),
sup {inf Trs(s) | s € U} =sup {inf Trs(s') |s" €' U'}.
¢ For arbitrary trees U, U’ € TUS with Tinf(U) = Tinf(U"),

inf {inf Trs(s) | s €' U} = inf {inf Trs(s') | s €" U }.
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Such a subalgebra & is called a skeleton of 2.

a

Lemmas.18. Let ¢ : A — *B be a surjective morphism of RT-algebras that preserves
arbitrary meets and joins.

(a) If G isa skeleton of 2, then ¢[S] is a one of B.
(b) If U is branch-continuous, then so is B.

Proof. (a) Let T := ¢[S] and D := ¢[C] where C := cl(S). All conditions in the
definition of a skeleton take the form of an equation between terms involving
meets, joins, and products. Every equation of this form is preserved by ¢.

(b) According to Lemma 2.14, B is complete and distributive. Hence, the claim
follows by (a). O

Lemma 5.19. Let 2 be a finitary, branch-continuous tree algebra and & a skeleton
of 2. Then A8 is branch-continuous and G&*°8 is a skeleton of A™®.

Proof. First note that 2A™# is complete and distributive since these two properties
are defined solely in terms of the ordering. Hence, it remains to prove that & is
a skeleton of 28, Clearly, the set C := cl(S) is a set of join-generators. Hence, it
remains to prove the following ones.

(a) TS(S) is meet-continuous.

(b) For every tree U € TR(S),

sup{infTrs(s) | seTC, s STTinf(U)}:inf{infTrs(s) | ser U}.

(c) For every regular tree t € T™8A,

n(t) = sup { inf Trs(s) | s e TC with s <" ¢ } .

(d) For arbitrary trees U, U’ € TDC with T sup(U) = Tsup(U’),
sup {inf Trg(s) | s €' U} =sup {inf Trs(s") | s €' U’ }.

(e) For arbitrary trees U, U’ € TUS with Tinf(U) = Tinf(U’),

inf {inf Trs(s) | s €" U} = inf {inf Trs(s") | s €" U’ }.
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(a) follows from Proposition 5.8 and the fact that & is meet-continuously
embedded in 2.
For (b),let U € TR(S). Since S is meet-continuously embedded in 2, we have

sup{infTrs(s) |seTC, SSTTinf(U)}
= 7(Tinf(U)) = inf { n(s) | s € U} = inf {inf Trg(s) | s " U}.

(c) follows from join-continuity of 2 and the fact that 7(s) = inf Trg(s), for
trees t € TC.

For (d), consider two trees U and U’ as above. Setting ¢ := T sup(U), it follows
by join-continuity that

sup {inf Trs(s) | s €" U} = n(t) = sup { inf Trs(s') | s €" U }.

(e) follows in the same way as (d) using the fact that S is meet-continuously
embedded in 2. O

We will expand a finitary, branch-continuous RT-algebra to a full tree algebra
in two steps. We first define the full product on the set cl(S); then we extend it to
the whole algebra.

Lemma 5.20. Let A, = (A, 7o, <) be a finitary, branch-continuous RT-algebra,
So = (S, 1o, <) a skeleton of U, and let C := cl(S). Define n: TC - C by

n(t) :=inf Trg(t), forteTC.

Then € := (C, m, <) is a tree algebra such that €6 C 2.

Proof. The function 7 extends 7, since, for a regular term t € T**¢C, we have
o (1) = sup{infTrs(s) | seTC, s<" t} =infTrs(t) = n(t).

Hence, it remains to prove that it forms a tree algebra. First, note that, according
to Proposition 5.8, there exists a unique semigroup-like tree algebra & = (S, 7,, <)
with 678 = G,,. Applying Proposition 4.11 to the tree algebra &, it further follows
that its product 7, : TS — S takes the form

n(t) =inf Trg(¢), forteTS.

One of the axioms of a skeleton states that this function 7, satisfies the meet-
extension condition. Therefore, we can apply Proposition 3.24 to the embedding
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S — A, and it follows that there exists a tree algebra € = (C, 7, <) where the
product " : TC — C extends 7, and it is given by

7' (t) = inf { m,(s) | s € TS, s >" t}.
We claim that 7’ = 7. For ¢ € TC, we have
n'(t) =inf { m,(s) [s e TS, s>" ¢}
:inf{infTrg(s)|se'H‘S, s>T t}
=inf(J{Trs(s) | s e TS, s >" t}
:inf{ﬂ(u)|s€’IFS, s>Tt, uanS—traceofs}
=inf {7(u) | uan S-trace of t }
= inf Trg(t)
=n(t).
Consequently, 7 = 7’ : TC — C is a tree algebra. O

Proposition 5.21. Let 2, = (A, 71, <) be a finitary, branch-continuous RT-algebra
and S, = (S, 7,,<) a skeleton of A,. There exists a finitary, branch-continuous
tree algebra 2 with A8 = 2.

Proof. Let C := cl(S). In Lemma 5.20 we seen that the function 7, : TC - C
with

m,(t) :==inf Trg(t), forteTC,

is the product of a tree algebra extending 7, on C. One of the axioms of a skel-
eton states that 7, satisfies the join-extension condition. Therefore, we can apply
Proposition 3.17 to the embedding C — A, and it follows that there exists a tree
algebra 2 = (A, 7, <) where the product 7 : TA — A is given by

n(t) ==sup{m(s)|seTC, s< t}.

To prove that 7 extends 7, consider a regular tree t € T™8A. Since S is a
skeleton of 2., we have

n(t) :sup{nl(s)|se’]1'C, s<t t}
:sup{infTrS(s)|se']TC, s<T t} =1,(1).
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We have shown that 2{ is a tree algebra extending 2, . Furthermore, it is clearly
finitary, complete, and distributive as these properties transfer from 2. For join-
continuity, suppose that t = Tsup U for t € TAand U € T#(A).Let U, R ~, U
be the trees with

U'(v):==Cn|U(v) and R(v):=Cn|t(v), forally.

Then sup U’(v) = supU(v) = t(v) = sup R(v). Since S is a skeleton of 2, it
follows that

n(t) =sup{m(r)|re' R}
=sup{m(r)|[re" U}
:sup{nl(r) | reTC, r <" s for some s € U}
:sup{sup{nl(r)|r€TC, réTs}|seT U}
:s;up{7t(s)|seT U}.

It remains to check branch-continuity. We claim that S is a skeleton of 2. Clearly,
C = cl(S) is a set of join-generators of 2(. By definition of 7,, we furthermore have

n(t) = m(t) =inf Trg(t), forteTC.

Hence, we only have to show that S is meet-continuously embedded in . Let
t e TAand U € T§(S) be trees such that ¢ = Tinf(U). Then

n(t) = sup {inf Trg(s) | s € TC, s <™ ¢t}
:inf{infTrs(s)|SETU}:inf{n(s)|s€TU}. O
Summarising our results, we have obtained the following theorem.

Theorem 5.22. For every finitary, branch-continuous RT-algebra 2, there exists a
unique branch-continuous tree algebra A with A% = 2.

Proof. Uniqueness follows by Lemma 5.10 and existence by Proposition 5.21. [
There is a similar statement for morphisms instead of algebras.

Proposition 5.23. Let ¢ : 2A™% — B8 be a surjective morphism between RT-
algebras that preserves meets and joins. If A™® is finitary and branch-continuous,
then so is B8 and @ is a morphism A — B between the corresponding tree algebras.
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Proof. Let G be a skeleton of 208 and set C := cl(S). According to Lemma 5.18,
B¢ is branch-continuous and the image T := ¢[ &S] is a skeleton of B8, Hence,
it remains to show that ¢ o 7 = o T¢. To do so it is sufficient to prove that

o(n(t)) =n(Te(t)), forallteTC.

Since TC is a set of join-generators of T2, it then follows by Lemma 2.19 (b) that
pom=moTe.

To prove the claim, let t € TC. By definition of C, there is a tree T' € TUS such
that ¢ = Tinf(T). Setting T' := TU¢@(T), it follows for v € dom(T') that

inf T'(v) = inf [ T()] = p(inf T(+)) = p(t(v)).

Moreover, note that, since & is semigroup-like, Theorem 5.6 implies that
o(n(t)) =n(Te(t)), forallteTsS.

Hence, meet-continuity implies that

n(Te(t)) = inf { 7(s) | s" " T'}
=inf {7(s") | s’ €" TU(T)}
=inf { 7(Tep(s)) |se" T}
“inf { g(n(s)) | s € T} = g(x(1)). -
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