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1 Introduction

This work is a follow-up to the article “On the Monadic Second-Order Transduction Hierarchy”
by Blumensath and Courcelle [1], in which classes of finite incidence structures are compared
and linearly ordered with the help of transductions. The framework monadic second-order logic
(MSO) will be also be used here. MSO has a great expressive power with the benefit of still having
decidability for certain theories, for example the infinite binary tree and some linear orders have
a decidable theory in MSO [6,7].

The concept of a transduction is a transformation of relational structures by a list of formulae.
It can be described as a generalisation of three kinds of operations: the definition of a relational
structure inside another structure (like the definition of an interpretation in [8]), a copy oper-
ation creating multiple copies of the universe and extending the relations and the introduction
of additional unary predicates. In general transductions are not single valued, they could be re-
ferred to as non-deterministic. If all elements of a class .4 can be obtained by a transduction from
some element in a class BB, then one can introduce a preorder A € B. In [1], one of the central
techniques used by Blumensath and Courcelle is the concept of tree width, which is based on the
tree decomposition of graphs. Their main result is a linear order with trees of height 1,2, ... at
the lower end, followed by the class of all paths, then all binary trees and at the far end of the
hierarchy the class of all rectangular grids.

In this paper we want to consider one of the open problems mentioned in Blumensath and
Courcelle [1, Section 9], namely the treatment of infinite structures. To avoid unnecessary confu-
sion with the word “infinite”, we restrict ourselves to countable structures throughout this paper.
The techniques developed and presented in [1] can mostly be adapted to the new setting allowing
infinite structures. For example, the concept of a transduction is not limited to finite structures.
Unfortunately, the convenient and somewhat surprising result of a linear hierarchy is not achiev-
able by extending the setting to infinite structures, simply because some classes become incom-
parable. Naturally one starts at the lower end of the hierarchy, where we have trees of different
shapes and sizes. At the very bottom of the hierarchy we have the empty class, followed by the
class having only the tree with one vertex as a member. The next level is still quite intuitive, we
have the class of all finite trees of height two, namely the root having 1,2, ... children. At this
point linearity cannot be preserved, since we have the infinite tree of height two and all finite
trees of height three, side by side. Neither is an infinite tree obtainable by any transduction from
any finite tree, nor is an arbitrarily large finite tree of height three obtainable by a tree of lower
height. The question how classes of paths and grids fit into the new hierarchy is left open for
further analysis. Because our focus is largely on trees, we can find a more practical method of
comparing two classes of trees than transductions.



Before we can produce any new results, we want to define all necessary notions and refer to a
few concrete statements of the article by Blumensath and Courcelle. In Chapter 3 we show that
we can use n-embeddings instead of transductions. There is an n-embedding from a class 4 into
a class B if there exists n < w such that for all members 2 € A there is a structure B € B and a
homomorphism from 2 to ‘B such that the preimage of every vertex in B has size of at most #.
This gives us a much simpler criterion to show the relation between two classes. Note though, that
for example the class of trees with at most n vertices, is n-embeddable into the class consisting of
the tree having only the root.

For the classification of the different classes we introduce a few operations on classes of trees in
Chapter 4. We can identify the roots of two trees (2(®‘B), simply consider the union of the classes
(A u B) or extend trees at their leaves by elements from another class. These operations yield a
toolkit of which we can assemble and name certain classes of trees. Much work will be required
to show that between two classes, there can be no class in between in the hierarchy. This process
is quite technical, but due to the introduction of n-embeddings still feasible. We would like to
establish general patterns of the hierarchy, which occur repetitively as we will see in Theorem
5.10. The main target of this work is now to give a precise and complete picture of the lower part
of the class hierarchy which is done in Chapter 5 and presented in a diagram where the “greatest”
class is the class of infinite trees of height three.



2 Preliminaries

2.1 Basic Definitions

First we define the most important notions used in the following sections. Then we present a
couple results of [1], which are required in some of the proofs. This includes the main theorem
stating the linear order of classes we have discussed in the introduction. We will omit the proofs
for these results and refer to [1] for a complete outline.

Definition 2.1.

1. For some set D, the set of all finite sequences of elements of D is denoted by D<“. We define
the prefix relation < on D<“ by:

x <y < y=xz, forsomeze D,

2. A set T is called a tree domain if the following holds: T ¢ D<“ and T is prefix closed, i.e if
the sequence xy € T thenx € T.

3. The tuple ¥ = (T, <) is called order tree if T is a tree domain and < is the prefix relation.
The empty sequence e is called root, <-maximal elements are the leaves. The set of all leaves
of T is denoted by L(¥). Elements having some successor are called inner elements.

4. A successor tree (T,edg) is also defined on a tree domain T, together with the binary re-
lation (x, y) € edg if y = xd for some d € D. If (x, y) € edg, we call x the immediate
predecessor of y and analogously y an immediate successor of x.

5. Foran order tree T, we call x a predecessor of y if we have x < y and analogously y a successor
of x. In a successor tree x is a predecessor of y if there is a path v, v,, ... originating from
the root where x = v; and y = v; for i < j. Conversely for i > j we call x a successor of y.

6. The level of an element v is the number of its predecessors. We denote it by |v|. The height of
a tree is the least ordinal « [5, Chapter 6.2] such that, for all vertices v, we have |v| < a. Thus
the empty tree has height zero, the height of the tree constructed in Example 2.2 below is 4.

7. We can expand trees of both types to a coloured tree by the addition of unary predicates
Py, ..., Py_,. Every vertex is permitted to have from zero up to m colours. The class of
m-coloured trees is denoted by TREE,,.

8. The infimum of the vertices u and v is:
unv:=theunique x € Tsuchthatx <u, x <vandVze T(z<unz=<v=2z<x),

denoting the largest common prefix of u and v, or equivalently the maximal element of the
intersection of the paths originating from the root to u or v respectively.



9. For a vertex v, we define the subtree ¥, rooted at v as the subtree of T consisting of all
vertices u with v < u.

Every vertex of the tree is represented by its unique path from the root. Hence each vertex has
a unique immediate predecessor. It is quite simple (see Example 2.6 below) to obtain a successor
tree from an order tree and vice versa, but they are not isomorphic, since in an order tree with
root r, it holds for all vertices x, that r < x, but clearly (7, x) € edgis not true for all x in a successor
tree.

Example 2.2. Let D := {a, b, c}. Then the set of all (finite) sequences of elements of D is:
D*“ ={e,a,b,c,aa,ab,ac,ba,bb,bc,aaa,aab,...}
A valid prefix closed tree domain T c D*“ would be
T:={e,a,b,c,aa,bc,aac},

producing the following tree:

a b c
\ \

aa bc
\

aac

Definition 2.3.

1. Monadic second-order logic (MSO) is an extension of first-order logic by adding set variables
and the ability to quantify over those variables.

2. The quantifier rank qr(¢) of a MSO-formula ¢ is the nesting depth of quantifiers in ¢. If
no quantifiers occur in ¢, it is called quantifier-free.

3. The monadic theory of rank m of a structure 2 is the set of MSO-formulae ¢ with quantifier
rank at most m such that 2 is a model of ¢.

MTh,, () := {p e MSO | 2 = ¢, qr(¢) < m}.

For a tuple a € A, MTh,, (2, a) denotes the theory of the expansion (2, ) and is called the
type of a.

If not explicitly stated otherwise, we assume all formulae to be MSO-formulae and to be nor-
malised in the following way: all first-order variables are replaced by set-variables, followed by
the statement that their size is one. For example 3x(x < ¢) is normalised to 3X(|X| =1A X <¢)
where

|X|=1:=VYVZ(YcXAZcX=>Z=Y).



By formally eliminating first-order variables concepts like the quantifier rank become more
straightforward, since there is no need to distinguish between first- and second-order quantifi-
cation. For better readability we allow ourselves to write down formulae consisting of first-order
variables, while referring to its normalised variant.

The next important concept is the transduction. For instance, it can be used to transform order
trees into successor trees and vice versa. It is an operation on a relational structure 2, producing
a new structure 7(2(), or more precisely, a set of new structures. A transduction can be seen as a
composition of three basic operations.

Definition 2.4.

1. The k-fold copy-operation maps a structure 2 to
copy, () = (A @ @A, ~, Po,..., P_,).

Elements of 7(2) are of the form (a, i), for a € A, i < k. The unary predicates P; form a
partition into the k components of 7(21), since they contain all vertices of the i-th compo-
nent.

Pi:={(a,i)|acA} and (a,i)~(b,j)i<=>a=b

2. The expansion operator exp,, maps 2 to the set of all possible expansions [4, Chapter 3.4] by
m unary predicates Q,, ..., Q- C A. exp, is the identity. Note that the operator cannot
be seen as a function in the strict sense, since it is many-valued in general.

3. A basic transduction T, is an operation on 2 described by a list of formulae

(X"S(x)’ Po(X)s ... (%))

called the definition scheme of 1,. If a structure satisfies the formula y, i.e. 2 & y, then 7,
produces a new structure:
7o(2A) := (D, Ro, ..., Ryy)

where the new domain D is obtained by all elements a € A satisfying §(a):
D:={acA|AE=d(a)}
and R; are the relations defined by the formulae ¢;(%):
R;:= {d e DR | o cp,-(c'l)}.

Here, ar(R;) denotes the arity of the relation R;. However, if 2 does not satisfy , the image
of 2l under 7, is not defined.

4. A transduction T is a composition of the three operations defined above, each of them is
permitted to be the identity: 7 = 7, o exp,, o copy,. If copy, is the identity, i.e. if k = 1, T is
called noncopying, otherwise it is referred to as k-copying.



Lemma 2.5. The transitive closure of a relation R can be defined in MSO by the formula

o(u,v) = VX(XurVxVy(Xx ARxy - Xy) > Xv)
or in words, every set which contains u and is closed under the relation R also contains v. We will
use (u,v) € R* as an abbreviation for the above MSO-formula.
Proof. See [2, Section 1.3.1] O
Example 2.6. We want to construct a noncopying transduction 7, such that the image of a suc-
cessor tree is an order tree with the same height and shape. We use the abbreviation edg* (x, y)
for (x, y) € edg”. First define

x=VxVy ((edg”(x, y) nedg” (3, %)) = x = y)

ruling out all structures containing a cycle. For all trees ¥ it holds: T £ y. Since we want all of
the tree domain to be kept, we put
8(x) = (x = x),

then all vertices satisfy this statement trivially: T = §(x). Next we define the new order relation
by

9(x,y) = (x, y) € edg”.
The basic transduction 7 with definition scheme (, §(x), ¢(x, y)) is now transforming successor
trees into order trees.

In the following we will often consider the incidence structure 2;, instead of the structure
2 itself. The same concept is extended to classes, i.e. for a class .4 we consider the incidence
structures of all its members, denoted by Ajj,.

2.2 Known Results on the Transduction Hierarchy

Definition 2.7. Let 2 = (A, R,, ..., Ry-,) be a relational structure, r be the maximal arity of the
relations R;. We define the incidence structure 2;,:

Win := (AUE, Pp,,...,Pp, ,iNo,...,in,,).

It can be seen as a representation of 2(, where the domain is extended by new elements, one for
each tuple in a relation.
E:=R,uU---UR,_,.

The new relations are unary and binary. The former are used to distinguish the type of relation,
the latter to describe the membership of the elements of the regular domain to each other:

Pp, :={ceE|ceR;},
in; :={(a,é) e AxE||¢|>ianda=c;}.
The class of all incidence structure with signature ¥ is STR;,[Z].

Remark 2.8. There exist transductions such that 7(2l;,) = 2 and, under certain restrictions,
(compare [1, Section 3]), also in the opposite direction o () = .



Definition 2.9. Let2( = (A, R,, ..., R,_,) be a structure. Then:

1. 'The Gaifman graph of 2 is the undirected graph
Gf(21) := (A, edg)

with the same domain A and with the edge relation containing all pairs of elements being
contained in a tuple of any R;:

edg:= {(u,v) | u # v and there is some ¢ € R; with u, v € ¢}.

2. A strict tree decomposition of 2 is a pair (T, D) where T is a tree domain (sometimes re-
ferred to as the index tree) and D = (U, ), is a family of possibly empty subsets of A such
that:

o Foreverya e Aitholdsthat {v e T|a e U,} is nonempty and connected.

o For every tuple ¢ € R;, there is some index v € T with ¢ ¢ U,,.

o If uis a predecessor of v in T, then U, \ U, # @.

o Ifz € Tis not the root, the subgraph of Gf(2) induced by the subset U U,~ U U,

veT, veT\T,
is connected.

3. The height of a tree decomposition (T, D) is the height of T, its width is defined as
wd(T, D) :=sup (|Uy| —1).
veT

4. The n-depth tree-width twd, () of  is the minimal width of a tree decomposition of 2,
whose index tree T has height at most #.

Definition 2.10.

1. A minor of a graph is a subgraph obtained by first deleting some vertices and edges and
then contracting some of the remaining edges. Every graph is its own minor [3, Section
1.7]. If Ais a class of graphs, Min(.A) denotes the class of all minors of graphs in A.

2. A hypergraph is a pair of two disjoint sets (V, E), where V is the set of vertices and E ¢
#(V) the set of hyperedges, i.e. edges that can connect any number of vertices.

3. Let A be a class of hypergraphs. We denote by STD,,(.A) the class of all successor trees of
height at most n, that are an index tree of some strict tree decomposition of a member of

A.

Lemma 2.11. [1, Section 5] There exists a transduction T with 7(®;,) = Min(®), for every graph
&.

Proof. Any minor §) of & can be obtained by deleting some vertices, edges and then contracting
some edges. We can encode $) with the help of four sets: the vertices being deleted, the edges
being deleted, the edges being contracted and the vertices which are kept, i.e. one vertex of each
contracted subgraph. With those sets as parameters it is possible to define §) inside of &;, by
MSO-formulae. O



Theorem 2.12 (Excluded Path Theorem [1]). For each path ‘B, there exist numbers k,n < w such
that
P ¢ Min(&) implies twd,(8) <k, for every graph &.

Proof. See [1]. ]

Lemma 2.13 (Lemma 5.2 [1]). For every signature X and every number k < w, there exists a trans-
duction 1 : TREE, - STR;,[2] that maps an order-tree T to the class of all incidence structures
in such that the corresponding X-structure U has a tree decomposition of width at most k with
underlying tree T.

Proof. See [1]. ]

Theorem 2.14 (Theorem 5.4 [1]). For each constant n < w, there exists a transduction t,, mapping
a graph & to the class of all (underlying trees of ) strict tree decompositions of & of height at most n.

Proof. See [1]. ]

Definition 2.15 (Definition 6.3 [1]). We consider the following subclasses of STR[{edg}]. (All
trees below are considered to be successor-trees.)

1. Tp:={m"" | m < w} is the set of all complete m-ary trees of height .
2. Tpin is the class of all binary trees.
3. T, is the class of all trees.
4. P is the class of all paths.
5. G is the class of all rectangular grids.
Definition 2.16.

1. Let A, B be classes of structures with common signature. We define A © B if there exists a
transduction 7 such that for all members 2 € A we have 2, € 7(*Bj,) for some B € B.

2. A=Bif AcBand BE A.
3. Ac Bif A= Band B¢ A.
4. A< Bif Ac Band thereisno classC with AcCc B.

Theorem 2.17 (Theorem 6.4 [1]). We have the following hierarchy:
BATo<Ti<... 4T <q...cPaTy=Tpin < G.
For every signature X, every class C € STR[X] is =-equivalent to some class in this hierarchy.

Proof. See [1]. O



3 From Transductions to n-Embeddings

In this chapter we want to find an alternative for transductions which is capable of comparing
two classes of trees. This is possible because we limit ourselves to classes of trees with bounded
height. The main result will be Theorem 3.7 stating that whenever all elements of a class A can
be described via some transduction inside an element of B, there exists an n-embedding from
the structure in A to the structure in B. The other direction is also true: whenever we have an
n-embedding from 2 to ‘B, we can find a transduction describing 2 inside B. Here, we need
to mimic the n-embedding via some transduction and then finding suitable relations and unary
predicates. For the first claim, more work will be done, which is not surprising at all, since a
transduction is a far more general object than an n-embedding. The plan is as follows: for a given
transduction 7 one creates a rearrangement o of 7, whose “inverse function” is the desired n-

embedding.

At the end of the chapter, in Proposition 3.8, we prove a nice result on classes of hypergraphs.
Suppose the class of all finite paths is not transducible in a class of hypergraphs A, i.e. P ¢ A. This
implies that there exists a finite path which cannot be described by any transduction evaluated at
an element of A. Then A is equivalent in the sense of transductions to the class of all successor
trees of height at most » that are an index tree of some strict tree decomposition of a member of
A. This means that we can express a class of hypergraphs having no trees as members in terms of
a class of trees of bounded height under certain restrictions.

Proposition 3.1. For every transduction T and every constant d < w, there exists a transduction o
with the following properties:

o 0(%) 2 1(%), for all structures X.

o If T is an order tree such that T(T) is a graph where every vertex has indegree at most d, then
for every pair of vertices (u, i) and (v, k) of 6(%) that are connected by an edge we have u < v
orv=uin®.

Before we are able to prove the proposition, we need some preparational lemmata.

Definition 3.2. Let 7 be a m-copying transduction, a constant 7 < w and {y;(x, y))i<m } a family
of formulae. Then we define a new (# + nm)-copying transduction o, called a rearrangement of
7 induced by {y;(x, ¥))i<m } as follows:

Let Pil ,fori < n,l < m,be the new parameters of o. If a given input structure T does not satisty
the following conditions, we set 0(%) := 7(¥):

o T =(T,x)isan order-tree.

10



« yi(x, y) defines a function f; : T — T such that |f;'(w)| < n, forallw e T.

o For every w € T and i < m, each element of f;'(w) belongs to exactly one of the sets
PP, .., P

If ¥ satisfies these conditions, we set 6(¥) := 7(7(%)), where 7 is the isomorphism mapping
(u,i) € (%) to

n({u ) = {‘”’ d i fiu) =

(fi(u),m+1) if f;(u) # uand I < m is the unique index such that u € P!

Let 7 be an m-copying transduction and ¥ = (T, <) an order tree and let (@;x(x, ¥)); x<m be
the formulae defining the edge relation in 7(¥). For i < m and u € T, we define the functions

fitu):=[1{unv|utv,vfuand T = ¢;(u,v) for some k < m}.

Note that the image could possibly be empty for some u, in this case we set f;j(u) := u. Clearly
the functions are MSO-definable on order trees. For a better understanding of the function f;,
consider Example 3.3 below.

Example 3.3. Consider the following order tree T, the vertices are labelled in a different way in
comparison to Example 2.2 for better readability:

/r\

a h
N P
b e u j
A~ |
c d f g k

For simplicity reasons, we assume that 7 is noncopying and that 7(%) is an order tree, where

the immediate successors of each vertex having exactly two successors are interchanged. Then
7(%¥) looks as follows:

N

h a
N A~
e b j u
A~ \
d ¢ g f k

Now we want to compute f,(u): we know from the definition, that we need to consider all
candidates for v which are not <-related to u but whose image is an immediate successor of 7(u).
The only candidate for this is k, whose infimum with respect to u, is h. Hence f,(u) = h.

11



One could describe the working principle of the functions as follows: for each new relation
R; only vertices v which are successors of u in the new produced structure are considered. Of
those vertices, the ones being in <-relation with u in ¥ are withdrawn and then the infimum of
the remaining vertices is given as result. If f;(u) = u, that could mean u has no successor in 7(¥)
or that they are all in <-relation with .

Lemma 3.4. Let T be an m-copying transduction and T = (T, <) an order tree such that (%) is
a graph where every vertex has indegree at most d. Let ¢;(x, y) be the formulae defining the edge
relation of T(T). Let w € T and let r be the maximal quantifier rank of the @ ;. For every type p of
quantifier rank r, there are at most d(d + 1) vertices u > w such that

filu)=w and MTh,(%Z,,u)=p,

where z is the immediate successor of w with z < u.

Proof. For a contradiction suppose that they are at least d(d +1) + 1 vertices uo, . . . , Ug(4+,) With
the same image under f;. We distinguish two cases:

1. There is an immediate successor z of w such that T, contains more than d of these ver-
tices, say uo,...,ug € T,. Since we have that f;(u,) = w, there is by the definition of f;
some v € T \ T, and some k < m such that ¥ = ¢;;(1o,v). By assumption it holds that
MTh,(%;,u;) = MTh,(T;, u,) for j < d. Therefore, T & ¢ (1o, v) implies T = @i (uj,v)
for o < j < d. Hence, the vertex (v, k) of 7(¥) has indegree at least d + 1. A contradiction.

2. For every immediate successor z of w the subtree T, contains at most d of these vertices.
Then there are distinct immediate successors zo, . .., z4., and vertices u; ,...,u;,  with
zj < uy,. For simplicity, assume that [; = j, for all j. Asin case1, thereisavertexv € T\ T,
and k < m such that T & ¢;;(uo,v). There is at most one index j with v € T,,. Wlo.g.
assume that j = d +1. For 1 < j < d it follows that

MThr(‘zzoa l’lo) = MThr(‘zzj’ uj) = Tk ¢ik(uj>v)’

leading to the same contradiction as above.

Now we are able to prove the proposition.

12



Proof of Proposition 3.1. It follows from Lemma 3.4, that there is a uniform bound for the size of
the preimage f;'(w) for all tree vertices w € f;(T), this bound is d(d + 1) times the number of
types p with quantifier rank r.

Let o be the rearrangement of 7 induced by the functions ( f;); defined above. We claim that ¢
has the desired properties. Let u, v be vertices such that in ¢ (%) there is an edge between (u, i)
and (v, k). Distinguish four cases:

i,k <m: Both (u, i) and (v, k) were not moved from their position in 7(‘¥). Hence u, v are fixed
points of f; and fj respectively and thus either u < v or v < u holds in ¥.

i <m,k >m: The vertex (v, k) was moved into a new copy of ¥, whereas (u, i) is still at its
original position. There is some x # v such that f;_,,(x) = v and T & ¢; () (u, x). Since
fi(u) = uwehave x <u oru < x. Hence, v < x implies v < uw or u < v.

i>m,k <m: The vertex (u,i) was moved into a new copy of ¥, whereas (v, k) is still at its
original position. There is some x # u such that f;_,,(x) = u and T & @(;_i(x,v). By
definition of f;_,, it follows that x < v, v < x or x M v > u. Since u < x this implies that
u<vorv=u.

i,k > m: Both vertices were moved to new copies of T. There are vertices x # uand y # v
such that fi_(x) = 4, frm(y) = v and T E @(i_m)(k-m)(x,y). Note that y < x or
u = fi_m(x) < y. In both cases v < y implies that u < v or v < u.

O]

Lemma 3.5. For every transduction T and every number n < w there exists a transduction o with
the following property: We have (%) = 1(%), for every structure X. Furthermore, if T = (T, <)
and 1(T) are both order-trees and t(%) is of height of at most n then,

(u,i) = (v,k) ino(T) = u<vin¥. (3.1)

Proof. Suppose that 7 is m-copying and let ¢, (u, v) be the formulae defining the order relation
< between the vertices (u, i) and (v, k) in 7(¥). Note that in an order tree of height 1, each vertex
has at most #n + 1 predecessors. Hence, using Proposition 3.1 with d := n + 1, we may assume that,
for every pair of vertices (u,i) < (v, k) e 7(¥) wehaveu <vorv<uin¥.Fori <mandu e T,

we define
fitu) = 1{v=u| T E @i(u,v) for some k < m}.

These functions give the infimum of all vertices > (u, i) in 7(¥) which are < u in ¥.

If fi(u) = v, we have that (u, i) < (v, k) for some k < m. We can find a bound for the size of
the preimage |f;*(v)| as follows: by assumption 7 is m-copying and the resulting tree has height
at most », implying that the path from the root to (v, k) has at most m(n + 1) distinct vertices.
So we can bound the preimage by this number: |f;*(v)| < m(n +1). The rearrangement o of 7
induced by (f;); has the desired properties. O
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Definition 3.6.

1. Let & = (S,<) and T = (T, <) be order trees. We define an n-embedding to be a homo-
morphism & : & — T such that |h™*(u)| < nforallu e T.

2. Let 2 and ®B be trees. We write 2 =, *B if there exists an #n-embedding of 2 into B.

3. Let A, B be classes of trees. Define A <, B if for all 2 € A there exists some B € B such
that A -, B.

Theorem 3.7. Let A and B be classes of order trees such that the height of trees in A and B is
bounded by m < w. Then A € B if and only if A <,, B for some number n < w.

Proof. (<) We construct a transduction 7 such that, for every B € B,

(A A >, B} € 1(B).

Given ‘B € B, we encode an n-embedding h : 2 <, B as follows: for each vertex v € B,
we fix an enumeration ¢o(v), ¢,(v),... of h™'(v). Furthermore, we denote by pre;(v) the [-th
predecessor of v, i.e. the unique vertex u € B such that there exists a path of length I from u to v.
We use the following unary predicates to encode h:

P:={veB||h'(v)| =k},
Rjj; := {v € B| there exist an edge in A from g;(pre;(v)) to gx(v)}.

We can recover 2 from these predicates by the transduction 7 defined by the formulae

3i(x) =V Pr(),

k>i

eik(x,7) =V (Rt (y) A x = pre;(y)) -
I<m
(=) Let 7 be a transduction such that we have 2 € 7(28) and the height of 2 and B is at most
m. We construct a transduction ¢ as in Lemma 3.5. Then we have 2 € ¢(B). Suppose then o is
n-copying. Then the map sending (u, k) to u is an n-embedding. O]

Proposition 3.8. Let A be a class of hypergraphs, P the class of all finite paths. If P ¢ A then
A =STD,(A) for some n < w.

Proof. P % Aimplies that for every transduction 7 there is some path 3 € P such that 3 ¢ 7(2).
By Lemma 2.11 we know that ‘B3 is hence not contained in Min(.A). The Excluded Path Theorem
implies that twd, (LA) < oo, for some n. Thus we can conclude with the help of Lemma 2.13 and
Theorem 2.14 that A = STD,,(A). O
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4 Classes of Trees with Bounded Height

From now on, all classes of trees considered have bounded height. In this chapter we define some
operations on classes of trees which are a foundation for building all the classes we need to have a
complete lower part of the transduction hierarchy. We also want to see, what the properties of our
newly defined operations are, starting with associativity, commutativity and so on. Furthermore,
we define a class A to be directed, which means that A & A c A or in words: the operation & ap-
plied to any two elements of A produces only structures which can be described via transduction
in terms of some 2 € A, or roughly speaking & gives us nothing new.

At the end of the chapter we achieve a nice result telling us something of the structure which
classes form together with the relation . Theorem 4.22 states that the class relation  forms a
distributive join-semilattice on the =-equivalence classes of all structures. The join of two classes,
or more precisely, two representatives of equivalence classes, is simply their union.

Definition 4.1. Let A, B be classes of trees.

1. For trees 2 and *B we define 2 @ ‘B to be the tree obtained by identifying the roots of 2, B,
i.e. one merges the two roots into one vertex which then has the combined immediate
successors from both former roots. For B = &, we set 2 & & := 2. We define

AeB:={AeB|Ac A, BecB}.

2. Let2Abeatree, L = L() and (B, ),cr, a sequence of trees. A < (B, ),1, denotes the tree
obtained by replacing each leaf v € L of 2 by the tree B, . If the sequence is constant, i.e.
for all v € L we have B, = ‘B, then the resulting tree is denoted by A <« B,.

3. We define A- BB to be the set of all trees of the form 2 < (B,),¢; for A € A and a sequence
(B, )ver in B where L is the set of leaves of 2, i.e.

A-B:= {Q[ <« (%V)VEL | AeA,B, ¢ B}
4. Define A: B to be the set of all trees of A - B where the sequence (B, )¢, is constant, i.e.
A:B:={A«B|Aec A DBcB}.

5. We say the class A is directed, if A® Ac A.

From now on we will mostly deal with A <, B, because n-embeddings are easier to handle
than transductions. However, the results will be stated in the form .4 & B which is permissible by
Theorem 3.7.
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Lemma 4.2. For classes A, B we have that A ¢ B implies A € B. If for every 2 € A there is some
B € B such that A ¢ B it also follows that A c B.

Proof. For the first implication we simply use the identity map for a 1-embedding, for the second
statement the inclusion map 1-embeds every 2( € A into some B € . O

Definition 4.3.

1. For o < m < w we denote complete m-ary trees of height 2 by [m] := m*, with the special
case [o] :=e.

2. We denote the product of such trees by [mo, ..., My, ]| := [mo] << ... < [my_,] and thus
we have [m"] = m<("*+),

3. We denote the class of finite trees with height two by
©:={[m] | m<w}.

4. The class containing the countably infinite tree with height two is denoted by Q := {[w]}.

5. We denote the tree having one vertex, i.e. only the root, by e. The class consisting only of
this tree is denoted by 1.

6. Forall n < w we define @”" := @ -...- ®, where @° := 1. Q" is defined analogously.

Example 4.4. The class Q" contains only one element, which is denoted by [w"]. The class @"
contains elements like [ k"], for all k < w, but also other trees.

4.1 Laws for the Operations {®,u,-,:}

Let A, B,C, D be classes of trees.

Lemma 4.5. The operations U and @ are associative and commutative. The neutral element of U is
the empty class @, the neutral element of @ is 1. Both operations are monotone with respect to <, i.e.
we have for « € {U,®}

Ax(B*C)=(AxB)~*C,

AxB=BxA (4.1)

and

Ac B implies Cx AcC+B and AxCc BxC.

Proof. Commutativity and the neutral element being the empty class are obvious. Associativity
and monotonicity of @ follow directly from Definition 4.1, for U it is again obvious. O

Lemma 4.6. The operation - is associative and monotone in the second argument with respect to C.
IfAc BthenC-AcC-B (but not in general A-C c B -C). The neutral element is 1.
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Proof. Consider classes A, B with A <, B. Let € < (2;);c1(¢) be an element of C - A. We want
to find an element of C - BB into which € < (2;);c1(¢) can be n-embedded. For each subtree 2,
we know that there is some B; € BB such that ; <, 2B;. We construct the desired n-embedding
of € « (2;)jer (2 into € « (B;) 1 (pyas an identity for the common initial segment extended
by these n-embeddings for the additional subtrees 2; into the corresponding ‘B;.

For associativity let D, := (A-B)-Cand D, := A- (B-C) and let ® € D,. Then D is of the
form

(A< (Bi)ier) < (€)) jer (2,

for some 2 € A, B; € B and ¢; € C. Now we want to show that this tree is a member of D,. Its
initial segment is . We define a sequence of elements of B - C by first taking the initial segments
to be B; and extend them by the sequences (&;) je(,), i-e. Bi < (€;) jer(3,)> such that each B;
is extended by the same tree as above. Since

L(Q[ « (%i)ieL(Q()) = EZJm)L(%i)

we have equality:

D =A<« (%i < (Qtj)jEL(%i))ieL(Q()

and A « (iBi « (Q:j)feL(%i))ieL(Ql) is an element of D,. The converse direction is analogous.
Since A < o =2A we have A-1=A. O

Lemma 4.7. The operation : is monotone with respect to c, i.e. if we have Ac B thenC: A= C: B
and A:C c B:C. Furthermore it is associative and has 1 as neutral element.

Proof. The first statement of monotonicity is proven analogously to Lemma 4.6. For the second
statement let 2 << € € A:C. Now choose some B € BB such that 2 <, B. Let h be the corre-
sponding n-embedding. For all leaves v € L(*8) we have that |h ™ (v)| < n. Hence we can extend
h such that it maps € to itself in such a way that it is a valid n-embedding (2 « €) <, (B « €).

The proof for associativity is analogous to the proof of Lemma 4.6, as well as the neutral element
being 1. O]

Lemma 4.8. AuBc AeBc A:Bc A-B, for nonempty classes A, B and A + {@}.
Proof. We proof each statement separately:

1. Let2A € Au B. Wlo.g. we assume 2 € A. Since B is nonempty, there is some B € . By
Lemma 4.2, we have 2 <, 2 & B implying the claim.

2. Let A @B ¢ A B for some elements 2 € A and B € B with 2 # @. We consider
T = <« B e A:B. Now we know that 2 -, T. B can be 1-embedded to one of the
copies of itself in T. Hence we have that (A& B) <, (2 « B). Suppose that & € A and
letBeB ThenB=g®BecAdBandB <, A « B forany A e AwithA # 2.

3. We have that A: B ¢ A- 3, so we simply apply Lemma 4.2.
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Lemma 4.9. sup{A,B} = AuB.

Proof. Obviously it holds that A, B = A u B. Now let C be a class such that A, B c C. Hence
there is some n < w such that every member of A and 1 is n-embeddable into some element of
C implying that AuB e C. O

Lemma 4.10. Au B = A® B implies that Ac BorBc A

Proof. Assume that A® B <, AuBand A ¢ B. Since A % B there is at least one 2, € A such
that 2, +, B for every B € B. A& B <, Au B implies that, for every B € B, there is some
¢ ¢ Au B such that2, @ B <, €. Thus, A, <, € and B -, €. Since the former implies that
¢ ¢ B it follows that € € A. Hence, for every B € B there is some € € A with B -, €. Thus we
can conclude that B c A. O

Lemma 4.11. AuBUC = AuBifandonlyifCc AuB.

Proof. (<) Suppose that C <, AU B. For every € € C there is some ® € Au B with € —, D. Set

Co:={CeC|IUAec Awith € -, A},
C. = {€eC|3B e Bwith € -, B},

Then C = C, UC, and C, <, A, C, <, B. By monotonicity of U, this implies C & .4 U B. Again by
monotonicity, it follows that AuBuCc AuB.
(=)CcAuBuCe AuB. O

Lemma 4.12. If A is nonempty A @ B = A implies B € A. The converse is true if A is directed.

Proof. (=) Wehave B A®Bc A
(<) If Aisdirectedand Bc Athen Ae B Aa A= A O

Lemma 4.13.

1 Ae(BuC)=(AeB)u(AC).

N

.AuBel)e(AuB)e (Aul).
. (AuB)-C=(A-C)u(B-C).
. (A-B)u(A-C)c A-(BuC).
. (AuB):C=(A:C)u(B:C).
. (A:B)u(A:C)=A:(BuC).

W

N

(9,

(=)

Proof. All statements follow directly from the definition and Lemma 4.2. O
We shall denote the disjoint union by L.

Lemma 4.14. (A®B)-C=(A-C) & (B-C) if Aand B do not contain e.
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Proof. () Let (AB) < (€;)jer(2i0m) € (A®B)-C. IfA,B + o, then L(ASB) = L(A)uL(B).
We split the sequence (€&;);c;(aem) into two disjoint parts (€;) jer () and (&€x) ger(23)- Then

(A0 B) « (€)icraen) =A< (€)jer(a) B < (Ch) kerL(s)-

(2) Here the procedure is similar, this time we join the two sequences extending arbitrary A
and B to show that it is a member of (A ® B) - C. O

Lemma 4.15. (A® B):Cc (A:C)@® (B:C) if Aand B do not contain e. If C is directed also
(Ao B):C2(A:C) e (B:C) holds.

Proof. The first statement is proven analogously to Lemma 4.14, the only difference is that all
sequences are constant.

LetC be directed and let2( € A, B € Band €,, €, € C. Consider the element (2 « €,)® (B «
¢,). Now find some element € € C such that €, & €, —, €. We use this n-embedding to show
that (A <« &)@ (B « ) >, (AeB) « . O

Lemma 4.16. If the classes A and B are directed, then A & B is directed.

Proof. Let 2, & B, and A, & B, € A @ B. By assumption there exists 2, € A and B, € B such
that 2, ® A, -, 2, and B, & B, -, B, implying that A, & B, @A, B, >, A, °B,. O

Lemma 4.17. Ifthe classes C and D are directed, we have that AuB c CuD implies A@B £ CaD.
Proof. AuBcCu®D and Lemma 4.16 imply

AeBc (CuD)e (CuD)c(CoC)u(CoD)u(DeD)cCadD.

Lemma 4.18. If the class C is directed and we have A< C and B € C then A® B ¢ C holds.
Proof. A,BcCimpliesAeBcCaC=C. O

Corollary 4.19. Let A, B classes. For all directed classes C such that AuB c C c A® B it follows
thatC= A B.

Proof. The statement follows directly from Lemma 4.18. O
Corollary 4.20. If Au B is directed we have A€ Bor Bt Aandthus AuB=Bor AuB = A
Proof. By Corollary 4.19 we have A ® B = A u B. Hence the claim follows by Lemma 4.10.  [J
Definition 4.21.

1. A join-semilattice L is a partially ordered set, such that for every non-empty finite subset
there exists a least upper bound. If a and b are elements of L, we denote their supremum
(or join) by a v b.

2. Ajoin-semilattice L is distributive if the following holds: forall a, b, c € L suchthatc <avb
there exist elements a,, b, € L with a, < a and b, < b such that ¢ = a, v b,
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Theorem 4.22. The relation © defines the structure of a distributive join-semilattice with zero on
the =-equivalence classes of all structures.

Proof. The join of two classes is their union, (see Lemma 4.9). The empty class is the zero element
of this join. That £ defines a partial ordering on its equivalence classes is obvious. It remains to
show distributivity: let A, B, C be classes such that C © A u B. We divide the class C such that
C =C4uCpwithCy t AandCp C B, as in the proof of Lemma 4.11. O
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5 Hierarchy of Classes of Trees with
Bounded Height

Now we have arrived at the hierarchy of classes of trees. The pattern for each statement will always
be the same: first we show A £ B for some classes .4, B which is mostly done by applying alemma
of the fourth chapter. Then we want to have B ¢ A since otherwise we would end up with A = B
instead of a further step in the hierarchy. The hardest part of most of the proofs is to show that
the hierarchy is complete, i.e. there is no class C in between A < B, which is not =-equivalent to
A or B. This is done by a case distinction. We found two new classes in the process. As already
announced in the introduction, we will have a theorem at the end comprising all propositions of
the forthcoming chapter into one diagram.

Lemmas.1. & c Q.
Proof. For every [m] € @ we have that [m] c [w]. Hence we can apply Lemma 4.2. O
Lemma 5.2. For every n < w the following statements hold:
1. O"c @,
2. P"c Q" U .
3. Q"uNEP" U
Proof.
1. 1€ @ implies @" = @" .12 @"- @ = O™,
2. @E Qimplies @"ugc " U Q.

3. By (1) @" c @""" implies ®" U Q £ O"" U Q.

Lemma 5.3. The classes ®" and Q" are directed, for all n < w.

Proof. Let ,°B ¢ @". There exists m < w such that every vertex in 2( or ‘B has at most m
successors. Thus 2,B ¢ [m" ] and hence A & B ¢ [(2m)"] proves the claim
For Q" the proof is even easier, since for all n < w we have that [0"] ® [0"] = [w"]. O

Lemma 5.4. If a class C contains at least one infinite tree, then Q € C.

Proof. Let € € C be infinite. Since the root of € has infinitely many successors we can embed [w]
into € by mapping its root to the root of €. O
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Corollary 5.5. The c-minimal class of infinite structures is the class Q.
Proof. The claim follows directly from Lemma 5.4. O
Lemma 5.6. For n < w we have ®"*' ¢ Q"

Proof. Assume @' c (". Then there exists k < w such that " <; 0", hence for all m < w
we have [m"*'] <y [w"]. For m = k, we find an | < w such that [k"*'] < [I"]. We construct
a sequence Vo, .. ., V,4; of vertices of [k"*'] such that v; is mapped to a vertex of level at least i.
For i = n + 1, this leads to the desired contradiction.

We start with v, = e. For the inductive step, suppose that we have already defined v,, ..., v;.
Let w; be the image of v; and let u,, ..., u;_, be the immediate successors of v;. By assumption
|wi| > i. There are at most k — 1 successors u; that are mapped to w;. Hence, there is some j < k
such that u; is a proper successor of v;. In particular, |u j‘ >i+1. Wesetviy, = uj. ]

Proposition 5.7. ®" < @™,

Proof. We have @" c @"*" from Lemma 5.2. The strictness follows directly by Lemma 5.6 which
implies @"*' ¢ @".

Assume there exists a class C with @" £ C £ @"**. If C contains an infinite element, we would
have by Lemma 5.4 that Q © @"*" which is a contradiction. Hence all trees of C are finite and
Theorem 2.17 gives that C = @" or C = @"*. O

Proposition 5.8. If1 < n < w then " 1« ®" U Q and ®" c C c Q" for some class C implies
Q"uNeECEN"

Proof. If C contains only finite trees, then Theorem 2.17 implies @"** © C contradicting Lemma
5.6. Thus C contains an infinite element, so we have by Lemma 5.4 that Q £ C yielding the asser-
tion. O

Proposition 5.9. For all n < w it holds: ®" U Q < " U Q.

Proof. The c-relation is implied by Proposition s5.7. Strictness follows by Lemma 5.6.
Let C be a class with @" u Q £ C © @"*' U Q. Suppose that C <; @"** U Q and define

Coo ={AeC| Ay [w]},

Chn :=C N\ Coo.
Then Co < Q and Cg, < @™, Furthermore, Q © C implies that C contains an infinite tree.
This tree must be in Coo. Hence, Coo # @ and Q € Co. Furthermore Cg, © @"*" implies that Cg,

only contains finite trees. By Theorem 2.17 it follows that Cq, © @" or Cq, = @', Consequently,
wehave C = Coo UCn EQU @" 0r C = Coo UCy = QU O™, O

Theorem 5.10. We get for all n < w the following hierarchy where the edges denote the <-relation:
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Proof. The hierarchy follows directly from the propositions the labels of the edges are referring
to. O

Note that for n = 1 we have @ U Q = Q, which follows directly from Lemma 4.2.
Proposition 5.11. For any number n < w the following holds: (Q & @") U @""' < Q & O™,

Proof. Wehave (Qe@")u@""' c Q@ @"*" since @" c @™ implies Q@ D" c Q®P" " and1C
implies @"*' = 1- "™ £ Q@ @"*'. For the strictness claim assume Q& @""' € (Q & O") U ™.
Hence, @""'c Q @ ¢"" £ Q @ @" £ Q" in contradiction to Lemma 5.6.

Assume there is a class C with (Q @ @") u @""' c C £ Q & @"'. We divide C into its infinite
and finite parts: C = C U Cqy. Since Coo contains an infinite element we have by Corollary 5.4
that Q € Co..

Suppose that Cq, <; Q & @"*'. For all €, € Cq, we have some 2, € Q & O™ with yg, : € =
2,. Obviously y¢, (&,) is finite and has height at most # + 1. Thus there is a vertex in y¢, (&,)
having a maximal number of successors, say m¢, < w many. Hence we can /-embed &, into
[mg. ] and we get Cp, = @™

Now choose k < w such that for all € € C,, there is a k-embedding ¢¢ : € < [w] @A for some
A e " Set

D:={D¢ | D¢ =9 (A) for € € Cop and ¢ : € > [w] & A}.

Then by definition D contains only finite elements and we have D <; @"*" and also D <, Coo. We
distinguish two cases which is sufficient by Proposition 5.7:

D = @"' : Then we have @"*' <, Coo, for some m < w. Since [w] =, €, forall € € C, it follows
that Q @ ©"*' <,,.,, C..

Dc @": Then Co, E Q @ @" and further we have Coo C (Q & @) U O™, Together with
Cgin E @™ we conclude that C = (Q @ @) U @™,

O
Proposition 5.12. Q& @* 1 Q: .

Proof. First we show that Q @ @*c Q: @. Let [w] @ A € Q & . Then there exists some m < w

such that 20 c [m?]. Since [w] & [m?] c [w, m] it follows that A <, [w] & [m*] <, [w, m].
For the strictness claim, assume Q: @ <,, Q@ @>. Then for all m < w there exists [ < w such that

[w,m] >, [w]®[I?]. The tree [ w, m] has infinitely many inner vertices, whereas [w] @ [I*] has
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only finitely, precisely I, inner vertices. If m > n we have the following situation: All but finitely
many inner vertices of [w, m | are mapped to vertices of level 1 by an n-embedding. In particular
there is an inner vertex v that is mapped to a leaf x of level 1. Then all successors of v are also
mapped to x. Hence, the preimage of x contains at least m + 1 > n vertices. A contradiction.

Finally, suppose that thereis a class Q@ @* c C c Q:®. Forevery € € C, we fix an n-embedding
he : € =, T¢ into some tree T¢ € Q: @. We can choose hg such that it maps the root of € to
the root of T¢. Furthermore, we can modify h¢ (by rearranging the vertices that are mapped to
vertices of level 1) such that it satisfies the following conditions:

(a) There are no vertices x, y € C with x £ y and y £ x such that he(x) = he(y) and |he(x)] = 1.

(b) For every vertex x € C with |hg(x)| = 2, there is some y < x with |hg(y)| = 1.

Let S¢ € T¢ be the image of he. We distinguish two cases:

1. First, suppose that there is some constant k < w, such that every tree G¢ has only finitely
many vertices on level 1 with more than k successors. Then each G¢ can be (k + 1)-
embedded into some tree from Q & ®>. Hence, C <, {S¢ | € € C} iy, Q @ @ implies
C Sn(k+1) Qo 9%

2. It remains to consider the case that, for every k < w, there is some tree S¢ with infinitely
many vertices on level 1 with more than k successors. Let Ty = [w, k] € Q: @. We select
¢ € C such that S ¢ has infinitely many vertices v,, v,, . . . onlevel 1 with at least k successors.
For each n < w, choose distinct successors uy,, . . ., i of v,,. Let x,, := min{hy'(v,)} and
choose vertices y,x € hg'(uuk). By the choice of he, we have x,, <y, for all k. Hence,
the subtree of ¢ consisting of the root and the vertices x,,, yn1>..., Yk, for all n < w, is
isomorphic to T. Therefore, Ty —, €. It follows that Q: @ <, C.

O]

Before we prove the next <-relation, we remind ourselves that @ : Q = @ - (2, since Q contains
only [w]. In such a case, we will always use the :-relation, i.e. @ : Q in this example.

Lemma 5.13. Let C be a class of trees. If, for every k < w there exists € € C with k distinct vertices
Vis ..., Vg having infinitely many successors, then @ : Q € C.

Proof. For each m < k it holds that [m, w] <, € and thus we have @: Q c C. O

Lemma 5.14. Let C be a class of trees with C © @ : Q. If there is some k < w such that every tree
€ € C has at most k vertices with infinitely many successors then C € ®* @ Q.

Proof. Suppose that C <, @: Q2 and let € € C. There is some m < w such that € <, [m, w]. Let
S ¢ [m, w] be the image of this n-embedding. By assumption on €, & contains at most k vertices
on level 1 with infinitely many successors. Let S, € G be the set of these vertices together with
their successors and the root. Then G <4y, [w]. Let Sg, € & be the tree consisting of all
vertices of G \ G and the root. Then Gg, is a finite tree of height at most 2. Hence, there is
some [ < w such that &g, < [I*]. It follows that

€ oy G opn [0] © [12]-
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Lemmas.15. &: Q% Q- Q.

Proof. Suppose that @ : Q <, Q- @. Then there exist numbers m; < w, for i < w, such that
[n,0] =4 [w] < ([mi])i<w- There is at least one vertex v of level 1 that is not mapped to the
root by this #n-embedding. Let u be its image. We obtain a contradiction since v has infinitely
many successors, while u has only finitely many. O]

Proposition 5.16. Q& ®* <1 D: Q.

Proof. We first show that Q@ @> c ®@:Q holds. Let [w ] @2 € Q& @, then there exists m < w such
that 2( ¢ [m?]. Now we observe that [w] & [m*] =, [m +1, w]. Hence [w] ® A =, [m + 1, w].
Strictness follows directly from Lemma 5.15 since Q @ ®* £ Q- Q.

Now we assume that there is some class C with Q@ @* £ C c @: Q. Suppose that C # O: Q. By
Lemma 5.13 it follows that there is some k < w such that C does not contain a tree with k vertices
each having infinitely many successors. Hence, it follows by Lemma 5.14 that C = Q & @2, O

Propositions.17. Q: 0 <1 Q: QU D: Q.

Proof. The c-relation holds trivially by Lemma 4.2. For strictness assume that Q: Qu®:Q c Q: D.
Then, @: Q= Q: @ c Q- @. This contradicts Lemma 5.15.
Now let C beaclass with Q: @ =C = Q: ®u @: Q. Distinguish two cases:

1. For all k < w there is a tree € € C with at least k distinct vertices having infinitely many
successors. By Lemma 5.13 we have @:Q £ C. Since Q: @ & C it follows that ®:QuQ: @ c C.

2. There is a number k < w such that all € € C have at most k vertices with infinitely many
successors. Suppose that C <, Q: O u @: Q. Let

Co={UeC|AH, BforallBeQ:}.

ThenC, <, @:QandC\C, <, Q: . Then by Lemma 5.14 we see that C, & @* @ Q € Q: .
Hence,CE Q: .

O
Proposition5.18. &: Q< Q:Qu D: Q.

Proof. The c-relation is obvious by Lemma 4.2. For its strictness, suppose Q: @ <,, @ : Q. Then

for each m < w there exists k < w such that [w, m] <, [k, w]. Since [k, w] has only finitely many

level 1 vertices, infinitely many vertices of [w, m] in level 1 have to be mapped to level 2 vertices.

Their m successors have to be mapped to the same vertex, for m > n this is a contradiction.
LetCbeaclasswith @: QcCc Q: ®du @: Q. Distinguish two cases:

1. For all k < w there is a tree € € C with infinitely many distinct vertices having at least k

successors. Then we have for m < k that [w, m] <, €, and thus Q: ® = C. Since @: Q =C
it follows that ®: Qu Q: @ = C.
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2. There is a number k < w such that all € € C have only finitely many vertices, say n¢ < w,
with more than k successors. We can 1-embed the subtrees of those vertices into [n¢, w].
All other vertices have less than k successors, thus their subtrees can be (k + 1)-embedded
into [w]. Hence, € <, [ne, w] and we have C c @ : Q.

O]

Definition 5.19. A tree A contains a strictly increasing sequence (v, ) n<o, if there are distinct ver-
tices vy, v, . . . such that for all i < w the vertex v; has at least i successors.

Lemmas.20. LetC be a class of trees. If there is some € € C containing a strictly increasing sequence
(Vi) ne<w then Q- @ <, C.

Proof. Let A € - @ and enumerate its level 1 vertices w,, w,, . ... Let k; be the number of suc-
cessors of w;. For each i, let [; be the least index such that [; > k; and [; > [;_,. We can 1-embed
the subtree rooted at w; into the subtree rooted at v;,. In this way we obtain 2 —, € implying

Corollary 5.21. Let C be a class of trees. If for all € € C all level 1 vertices have finitely many
successors, we have C <; Q - @.

Proof. Let € € C and enumerate its level 1 vertices w,, w,, ... .. Let k; be the number of successors
of w;. Then € -, [w] < ([ki])i<w- O

Lemma 5.22. Forallk,n < w,

[w] < ([IM])m<w Fn [@, k] ® [k, @].

Proof. Suppose that there exists an n-embedding [w] < ([m])m<w <n [w, k] ® [k, w]. Since
[w, k] @ [k, w] has infinitely many level 1 vertices, we can assume that level 1 vertices are mapped
to an equal level. Thus at most kn level 1 vertices are mapped into a subtree of [ k, w]. The remain-
ing level 1 vertices are mapped to a vertex of [w, k]. Hence, all but finitely many of the subtrees
[m] are mapped to copies of [ k]. This leads to a contradiction for m > nk. O

Lemmas.23. Let C £ Q- @ be a class such that, for every € € C, there is a finite number ne < w such
that every vertex of € has either infinitely many successors or at most ng successors. Then C € Q: ®.

Proof. Let€eCand h: € <> [w] <« ([m;])i<o be a k-embedding. We may assume that 4 maps
vertices of level 1 to vertices of the same level, since there are infinitely many vertices at this level.
Let €5, € € be the set of all vertices of € with at most ng successors and let €, be the set of all
vertices with infinitely many successors. Then € = €4, U €. Note that h(&g,) is isomorphic to
a subforest of [w, n¢], while h(€o) € [w] < ([mi])i<e implies that & maps every vertex of €oo
to the root. It follows that 4 (€) is isomorphic to a subtree of [w, n¢]. Hence, € < [w, ne]. O

Proposition5.24. Q: P < Q- O.

Proof. Lemma 4.2 implies Q: @ © Q- @. Strictness is implied by Lemma 5.22.
Let C be a class with Q: @ = C £ Q - @. Distinguish the following cases:
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1. There is some € € C containing a strictly increasing sequence (vy,),<,. Then Lemma 5.20
implies Q- @ <, C.

2. Forall € e C there is some n¢ < w such that every vertex has either less than n¢ or infinitely
many successors. Lemma 5.23 implies that C £ Q: @.

]
Proposition 5.25. Q- @< Q- QU D: .

Proof. Since Q- @ c Q- @ U P : Q, the t-relation is trivially true. For its strictness, suppose
Q- du:0Qc Q- Oimplying @: Qc Q- ®, which is a contradiction to Lemma 5.15.
Now let C be a class such that Q- @ = Cc Q- ®u @: Q. Distinguish two cases:

1. For all k < w there is a tree € € C with at least k distinct vertices having infinitely many
successors. By Lemma 5.13 we have @:Q £ C. Since Q- @ & C it follows that Q- QuD:Q £ C.

2. There is a number k < w such that all € € C have at most k vertices with infinitely many
successors. Suppose that C <, Q- QU @: Q. Let

Co:={AeC|AH,BforallBeQ- O}.

ThenCo <, @: QandC~Cy, <, Q- .
By Lemma 5.14 we have C, € Q @ ®* £ Q- @. Hence,C E Q- O.

Proposition5.26. Q: QuP: Q<1 Q- QU D: Q.

Proof. The c-relation follows directly from Proposition 5.24. For the strictness, assume Q - @ U
0:0<, Q: QU d:Qimplying directly Q- @ <, Q: QU D: Q. Let A := [w] < ([m])m<e- From
Lemma 5.22 we know that for all k,n < w we have 2 <, [w, k]. Thus there is a number m < w
such that 2 <, [m, w]. Since 2 has infinitely many level 1 vertices, almost all of them have to be
mapped to the leaves of [m, w]. Because the number of successors a vertex of level 1 has is not
bounded in 2, we have a contradiction.

LetCbeaclasswith Q: Qu @:Qc=C <, Q- O u d: Q. Distinguish two cases:

1. C contains a tree with a strictly increasing sequence. By Lemma 5.20 we have Q- @ £ C.
Hence Q: ouQ-9cC.

2. C does not contain a tree with a strictly increasing sequence. Hence, for each € € C thereisa
constant ng < w such that all vertices have either less than n¢ or infinitely many successors.
We split the class C as follows:

Co:={CeC|C >, [m, w]form<w},
C,:=C~C,.

ThenC, £ @:Qand C, © Q- @. Since Lemma 5.23 implies that C, © Q : @, it follows that
C=C,uC,cEd:QuUQ:.
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O]

Lemma 5.27. Let C be a class withC <,, Q: @ ® @ : Q. If there is a constant k < w such that every
¢ € C has at most one of the following properties, then C = Q: ® U @ : Q holds:

(a) There are infinitely many vertices having more than k successors.
(b) There are more than k vertices having infinitely many successors.

Proof. First we note, that for each € € C there is some ng < w such that n¢ vertices have infinitely
many successors. Otherwise both (a) and (b) would be fulfilled which is not permitted. Fix an
n-embedding i : € <>, [w,m] & [m, w].

Suppose that € does not satisfy (b). Since there are at most k vertices with infinitely many
successors, we may assume that n > k and that 4 maps these vertices to the root of [w, m]. Now
we show that there is a constant pe < w such that all other vertices have at most p¢ successors.
This implies that € <, [w, m + pg]. Assume the contrary, i.e. for each I < w there is a vertex
having at least / successors, but only finitely many. Thus some strictly increasing sequence (v;) i<
would be included in €. By Lemma 5.22 only finitely many vertices v; can be mapped by / into
[w, m]. Furthermore, h can only map v; to a vertex of [m, w] of level 2 for i < n. Hence, all v;
with i > n have to be mapped to a vertex of level at most 1. Since there are only finitely many such
vertices, we obtain a contradiction..

Finally, suppose that € does not satisty (a), say € has only n¢ < w vertices with more than k
successors. We split € as follows: &, contains all vertices of ¢ having more than k successors.
Then we have that h(&€,) <, [ne, w] and thus €, <, [ne, w]. Let €, contain all remaining
vertices of €. Then it holds #(€,) <, [w] which implies €, <., [1, w]. Altogether we get that
C ok e +1,0].

If we combine cases (a) and (b) we conclude that Cc Q: @ u @ : Q. ]

Proposition5.28. Q:QuP: Q< Q: 0 O: Q.

Proof. Wehave Q: @u ®:Qc Q: 0@ @:Q by Lemma 4.8. Propositions 5.17 and 5.18 imply
Q:0¢ @:Qand ©: Q¢ Q: @. Hence, strictness follows by Lemma 4.10.
LetCbeaclasswithQ: Qu @:0Q<,C <, Q: 0@ @: Q. Distinguish two cases:

1. Forall k < w there is some € € C with at least k vertices having infinitely many successors
and infinitely many vertices having at least k successors. Then for m < k we have [w, m] ®
[m,w] =, € andthus Q: 0 ©:Q <, C.

2. There is a constant k < w such that every € € C has at most one of the following properties:

(a) There are infinitely many vertices having more than k successors.
(b) There are more than k vertices having infinitely many successors.

Lemma 5.27 implies directly C£ Q: QU @ : Q.

Lemmas.29. &: Qz2 Q- O
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Proof. Assume @:Q <, Q- ®. Then we have [n+1, w] =, 2 for some A € Q- ®. All members of
Q- @ have the property, that only the root has infinitely many successors. Since [#+1, w] has n+1
level 1 vertices having infinitely many successors, at least one of them, call it v, cannot be mapped
to the root, thus it is mapped to a level 1 or 2 vertex. In both cases infinitely many successors of
v, have to be mapped to the same vertex. A contradiction. O

Propositions.30. Q- QUD: Q<1 Q- QU (Q: D D: Q).

Proof. The c-relation follows immediately by Lemma 4.2. Q: @@ @ : Q ¢ @: Q is implied by
Proposition 5.28 and Q: @ @ @: Q ¢ Q- @ is implied by Lemma 5.29.
LetCbeaclasswith Q- Qu®:0<,C<, Q- QU (Q: 0@ ©: Q). We divide C into:

Co:={CeC|C—,AforsomeA e Q- D},
C,:=C~C,.

ThenC, £ Q- ®and(, £ Q: @@ @ : Q. Distinguish the following cases:

1. Thereis a constant k < w such that every € € C, has at most one of the following properties:

(a) There are infinitely many vertices having more than k successors.
(b) There are more than k vertices having infinitely many successors.

Lemma 5.27 implies directly C, € Q- @ U @: Q and thuswe have CE Q- QU O : Q.

2. Forall k < w there is some € € C, with at least k vertices having infinitely many successors
and infinitely many vertices having at least k successors. Then for m < k we have [w, m] ®
[m,w] <, € and thus Q: ® & ¢: Q <, C,. Since by hypothesis Q - @ c C, we have
Q- ou(Q:00:0)cC.

0
Propositions5.31. Q- QU (Q: P8 D:0)<1 Q- O D: 0.

Proof. The c-relation follows immediately by Lemma 4.2. Strictness follows by Lemma 4.10.
Now let Cbeaclasswith Q- QU (Q: 0@ @:Q)cCc Q- O @ @: Q. Distinguish two cases:

1. For each number k < w there is €4 € C with at least k vertices having infinitely many
successors and containing a strictly increasing sequence (v, ) <. Let A € Q- ® and m < w.
2A @ [m, w] is 2-embeddable into € for k > m since there are m vertices with infinitely
many successors in &, and any sequence of vertices with finitely many successors can also
be 1-embedded as seen in Lemma 5.20. Thuswehave Q- 0@ @: Q <, C.

2. There is some k < w such that all elements € ¢ C that contain a strictly increasing sequence
have at most k vertices with infinitely many successors. Let € e Cand h: € -, A @ [m, w]
forsome m < w,A € Q-®and & := h(C). First, assume that € contains a strictly increasing
sequence. By Corollary 5.21 there is some B € Q - @ such that & N2 —, B. Furthermore,
we have & \ A < [w]. Therefore, & —, B, which implies € <, (1) B.

It remains to consider the case that ¢ does not contain a strictly increasing sequence. Let
Co S € consist of those vertices mapped by & to [ m, w] and let €4, consist of those vertices
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that are mapped by h to . Then € = &4, ® €. Furthermore, €, does not contain an
increasing sequence. Hence, there is a number | < w such that every vertex of €5, with
finitely many successors has at most I successors. It follows that h(Cg,,) is isomorphic to a
subtree of [w, I]. Therefore, h(€) =, [w,!] ® [m, w], which implies that € -, [w,!] ®
[m,w].

O
Propositions.32. Q: 0@ P: Q<1 Q- QU (Q: 00 ©: Q).

Proof. The c-relation follows from Lemma 4.2. Strictness is implied by Lemma 5.22.
Now letCbeaclasswithQ: 0 @:0Q<,C<, Q- QU (Q: 0@ O: Q). We split C into:

Co={CeC|C>,AforsomeAecQ: D O:Q},
C,:=C~C,.

ThenCoE Q: 0@ O:0Qand(C, c Q- . Distinguish the following cases:

1. C, contains a tree with a strictly increasing sequence. By Lemma 5.20 we have Q- @ £ C,.
Hence Q- 0ou (Q: 0@ ®: Q) cC.

2. C, does not contain a tree with a strictly increasing sequence. Hence, for each € € C, there
is a constant ng < w such that all vertices have either less than n¢ or infinitely many suc-
cessors. Then Lemma 5.23 yields C, € Q: @ and thusCc Q: 0 & @: Q.

O
Propositions.33. Q-0 & ©: Q< 0>

Proof. The c-relation follows immediately by Lemma 4.2. For the strictness property, suppose
22<, Q-0 ©: Q. Then thereis m < w and A € Q- @ such that [w*] =, A & [m, w]. Every
vertex of [w>] of level 1 is mapped to a vertex with infinitely many successors. Since A & [m, ]
has only finitely many such vertices, there are infinitely many level 1 vertices that are mapped to
the same vertex. A contradiction.

Now let C be a class such that Q- @ @ @: Q £ C £ Q. Distinguish two cases:

1. There is some € € C with infinitely many vertices having infinitely many successors. Then
we have [w*] =, € and thus Q* <, C.

2. All elements € € C have finitely many vertices, say ng < w, having infinitely many suc-
cessors. Let € e Cand h : € -, [w?] and & := h(C). By assumption: & is isomorphic
to a subtree of A & [n¢, w], for some A € Q- @. Hence, € <, A [n¢, w]. Therefore,
C<, Q- 00 D: 0.

O]

Now we can state the main theorem of this paper compressing the results of the current chapter
into a picture showing the lower end of the transduction hierarchy of the classes of trees.
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Theorem 5.34. We have the following hierarchy where the edges denote the <-relation:
QZ

(SV

Q-0 P: 0

(5.31)

N

Q-0U(Q: 00 D:0)

(5.30) (5.32)

N
/i

(5.16)

(5.12)

Q- oUD: 0 Q: 00 D:0
(5.25) (5.26)
(5.27)
Q3uN Q-0 Q:ouUD: 0
(5.8) (5.17) (5.18)
(5.24)
@3 Q:0 D:0
(5.9) /

4

O 0

(5.7) (5.11)

N

Q*uN

(5-8/ wj)
(0N (0]
<% A)

[}

(5.7)
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