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We study trees where each successor set is equipped with some
additional structure. We introduce a family of automaton models for
such trees and prove their equivalence to certain fixed-point logics.
As a consequence we obtain characterisations of various variants of
monadic second-order logic in terms of automata and fixed-point
logics. Finally, we use our machinery to give a simplified proof of the
Theorem of Muchnik and we derive several variants of this theorem
for other logics.
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1 INTRODUCTION

Translations between logical formulae and automata are a well-established and ver-
satile tool in logic. They are often the method of choice for decidability proofs and
non-expressiveness proofs. A prominent example of a decidability result proved
by automata-theoretic means is the Theorem of Muchnik [22] which, when given
a structure built out of copies of a base structure arranged in a tree-like way, allows
one to compute the monadic second-order theory of the composed structure
from the theory of the original one. This theorem subsumes the well-known de-
cidability results of Rabin [18], Biichi [4], and Presburger [17] for, respectively, the
monadic second-order theories of the infinite binary tree, the order of the natural



numbers, and for the first-order theory of the natural numbers with addition.
Unsurprisingly, there have been several articles studying extensions and vari-
ations of the Theorem of Muchnik [3, 12]. One notable remaining open problem
in this respect is whether the theorem also holds for weak monadic second-order
logic [12]. The original motivation for the present article was to finally settle this
question positively.

One common issue with many automata-theoretic decidability proofs is that
they frequently require repeating a long list of standard arguments with minor
twists to account for the specifics of the logic in question. This is no different
for the task at hand. Carreiro [5] has already obtained an automata-theoretic
characterisation of weak monadic second-order logic, but this characterisation
has been proved only for plain trees, whereas the proof of the Theorem of Muchnik
is based on what we call ‘enriched’ trees, i.e., trees where the successors of every
vertex may be equipped with additional relations. Hence, we would have to repeat
the proofs of Carreiro with minor technical changes to account for such enriched
trees. There would be little value in something like that. To make this tedious
work more useful and more interesting, I have therefore decided to instead derive
the automaton translations in an abstract general setting covering a large variety
of logics and many different variants of trees. Besides hopefully helping others
to avoid having to repeat the same standard arguments again and again, such
an abstraction can also provide additional insights into which properties make
the proofs work and which properties of automata correspond to which logical
ones. For instance, the proofs indicate that the logic directly corresponding to
automata is a certain kind of fixed-point logic, while the equivalence to variants
of monadic second-order logic requires additional arguments.

A systematic study of the correspondence between tree automata and fixed-
point logics can be found in the thesis of Carreiro [5] building on previous work of
Janin and Walukiewicz [9, 22] and Venema [21, 11, 10]. In this article, we improve
upon those results in two ways. First of all, the development in [5] is not uniform:
each equivalence between a logic and an automaton model is proved on a case-by-
case basis using ad-hoc methods. While all definitions and proofs share a similar
structure, the details of each case are different. We were able to abstract away
these details and to provide a general proof that allows us to derive all results
of [5] in a uniform way.

The second improvement concerns the classes of structures supported by our
framework. [5] only considers trees (possibly infinite). For some applications, this
is not sufficient since they require working with trees where the successors of each
vertex are equipped with some additional structure. This can simply be an left-to-



right ordering of the successors, or it can be more substantial like, e.g., a probability
measure. For the above mentioned Theorem of Muchnik, for instance, one works
with trees expanded by an arbitrary number of additional relations, with the
restriction that these relations only relate siblings. Our translation generalises in
a straightforward way to trees enriched with such an additional structure. As a
consequence we are able to give characterisations of a variety of logics via suitable
automaton models that hold not only for trees, but also for such ‘enriched’ trees.
The main contributions of this article include

¢ the definition of an abstract automata-theoretic framework and the proof of
the equivalence to certain fixed-point logics in Theorem 5.3;

+ the extension of numerous automata-characterisations of variants of monadic
second-order logic from plain trees to enriched ones;

+ asimplification of the proof of the Theorem of Muchnik and a variant of that
theorem for weak monadic second-order logic.

A more detailed overview of this article is as follows. We set up our framework
in Sections 2 and 3. In the first of these sections, we introduce the class of enriched
trees we are working with, while the second one introduces a general notion of
a logic and a way to extend such logics by fixed-point operators. Sections 4, 5,
and 6 contain our translation between logics and automata. Section 4 recalls some
results about parity games, which are needed in Section 5 to prove the correctness
of our translation. Section 6 contains automata constructions corresponding to
various set quantifiers. In Section 7, we use the results from Section 5 to give
automata-theoretic characterisations of many variants of monadic second-order
logic. Finally, Section 8 contains an application consisting of a new, simplified
proof of the Theorem of Muchnik and of some variants of this theorem for other
logics, including one for weak second-order logic.

2 ENRICHED TREES

In order to model transition systems with arbitrary enrichments, it is convenient
to use a coalgebraic approach, similar to that one in [21]. That is, we choose a
functor S that returns the set of all possible enriched successor structures and
then we model a transition system as a function suc : T — ST mapping each state
v € T to the structure of its successors.

Let us start by defining the class of functors we will use. We will restrict ourselves
to so called polynomial functors, as these have particularly nice properties and



they cover all the applications we have in mind. A polynomial functor maps a
set X to a set of X-labelled objects. The formal definition is as follows.

Definition 2.1. (a) A functor S : Set — Set is polynomial if it is of the form

SX = ZXD", for fixed sets I and D;, i € I.
iel
Thus, elements of SX are pairs (i,s) where i € [ isan indexands: D; - X a
function. To keep notation light, we will usually omit the index i and simply write
s € SX. We denote the domain of such a function by dom(s) := D;.
A polynomial functor S maps a function f : X — Y to the function Sf : SX —
SY applying f to each label. Formally,

Ff(s):=fos, fors:dom(s)—>X.

(b) Let S be a polynomial functor. Two elements (i,s), (j, t) € SX have the
same shape if their indices i = j coincide. We denote this fact by s ~, t. )

Examples. (a) The functor SX := X* returning the set of finite words over the
alphabet X is polynomial since it can be written as

SX=> X"

n<w

(b) Fixing a signature X, the functor S mapping a set X to the set of all countable
X-labelled 2-structures is polynomial since

SX =3 x4,
A

where the sum ranges over all countable X-structures 2l and A denotes the universe
of the structure 2I.

(c) Let D be the set of all pairs (A, §) where A is a countable set and § a
probability distribution on A. The functor

Sx:= Y x4
(A,8)eD

mapping a set X to the set of all X-labellings of some (A, §) € D is polynomial.

We can now define transition systems as S-coalgebras for some polynomial
functor S.



Definition 2.2. Let S : Set — Set be a polynomial functor and X € Set an
alphabet.
(a) A Z-labelled S-enriched transition system is a structure of the form

T = (T,suct,lab™, rt*)

where T is the set of states, rt € T is the initial state, or root of T,lab: T — X
is a labelling of the states, and suc : T — ST is a function assigning a successor
structure suc(v) € ST to each state v € T. We call the elements of dom(suc(v))
directions at the state v.

(b) A homomorphism ¢ : & — T between transition systems & and T is a
function ¢ : § - T preserving successors, the labelling, and the root, that is,

o(rt®) = rt*, lab® o 9= 1ab®, and suc®o ¢ =S¢ osuc®.

(c) For a transition system T and a state v € T, we denote by T, v the transition
system obtained from ¥ by changing the initial state to v. )

Examples. (a) For ordinary ‘non-enriched’ transition systems, we can use a func-
tor of the form

SX =) X",

K<A

where A is some fixed cardinal and the sum ranges over all cardinals « less than A.
(c) For Markov chains, we use a polynomial functor S where the index set I is
a set of probability measures.
(d) In Section 8 below we will define an operation 2* called a Muchnik iteration.
This operation constructs an infinite S-enriched tree where S returns a set of
X-structures.

a

Remark. (a) We could model transition systems as coalgebras for the combined
functor S x 2. But for our purposes it is more convenient to separate the successors
and the labelling.

(b) Using only polynomial functors might seem a bit restrictive. For instance,
the power-set functor is not polynomial. It would be possible to generalise large
parts of this article to a more comprehensive class of functors, like it is done in [21].
We have chosen not to do so since it would complicate the technical machinery
further. In particular, it is very convenient to have access to the domain dom(s)
of elements s € SX when defining such notions as ‘frugal formulae’ in the next
section.



(c) A further shortcoming of using polynomial functors is the fact that the index
set I — which corresponds to the class of objects we want to label - is a set and not
a proper class. Therefore we will frequently have to introduce arbitrary cut-offs
for the class of successor structures. For instance, instead of the class of all trees,
we can only use classes of finitely branching ones, or countably branching ones.
While inconvenient, this is usually not a problem since we can always choose the
cut-off point large enough to cover the transition system under consideration.

Trees can now be defined as unravellings of transition systems.

Definition 2.3. Let T be an S-enriched transition system.
(a) A finite path in T is a finite sequence of the form

(VO) doa Vl) dl) e Vn—la dn—n Vn)

where v, ..., v, € T are states, each d; € dom(suc(v;)) is a direction at v;, and
viy = suc(v;)(d;). An infinite path

(Vordo,visdhs...)

is defined analogously.

(b) The unravelling of T is the transition system un(¥) whose domain consists
of all finite paths in ¥ starting at the initial state of T, the labelling assigns to each
path (v, ..., v,) the label lab(v, ) of the last state, and the successor function is
induced by the successor of the last state, that is, suc({vo, ..., v,)) has the same
shape as suc(v, ) and we have

suc({vo, .-, vu))(d) == (vo, ..., vy, d, suc(v,)(d)).

(c) ¥ is an S-enriched tree if it is isomorphic to its unravelling un(¥). We
denote the set of all 2-labelled S-enriched trees by TsX. We will use standard
terminology for trees. In particular, a leaf is a vertex v without successors, i.e.,
where dom(suc(v)) = @, and a branch is a path starting at the root that is either
infinite, or that ends in a leaf. .

3 Logics

Since we are dealing with many different logics, we will use an abstract notion of
alogic introduced in [2].



Definition 3.1. (a) A logic is a triple (L, M, =) where L is a set of formulae, M a
set of models, and = € M x L a satisfaction relation. Frequently, we denote a logic
simply by its set L of formulae, leaving M and £ implicit.

(b) A morphism of logics (A, y) : (L, M, ) = (L', M’, ="} is a pair of functions
A:L— L' and y: M' - M satisfying

M =Me) iff u(M)e¢@, forallpeLand M e M.
Usually we will use the same letter for both components of a morphism. )

Examples. (a) Let X be a fixed signature, FO[ 2] the set of all first-order formulae
over the signature X, and let Cs be the class of all countable 2-structures. Then
(FO[Z],Cs, ) forms a logic.

(b) Given an arity preserving function f : ¥ — I between signatures, we
obtain a morphism of logic (A, 4) : FO[Z] — FO[I'] where A(¢) replaces each
relation/function symbol £ € X in ¢ by f (&), while g maps a I'-structure 2 to
the Z-structure u(2A) with relations/functions &) = f(&)%, for £ € 3. For
instance, for a unary predicate P and a constant symbol ¢, we have

()= Pc iff  HOY e pr(

iff  f(e) e f(P)*
iff A P'¢" with P':= f(P)and ¢’ = f(c)
iff 2AEA(Pc).

a

As the preceding examples show, our notion of a logic requires us to fix a
signature. Frequently this is inconvenient since we would like to consider several
different signatures at once. Therefore we introduce families of logics parametrised
by their signature. More precisely, since we are considering runs of automata,
i.e., labellings of successor structures by (sets of) states, we parametrise our logic
by a set of unary predicates used to encode this labelling, while the rest of the
signature (if any) stays fixed.

Definition 3.2. (a) A family of logics is a functor L from the category of finite sets
to the category of logics.

(b) A family of logics L is over a functor S if, for every set Q, the class of models
of L[Q] is equal to S£(Q) and, for every function f : Q - Q’, the morphism
L{f]: L[Q] — L[Q'] is of the form L[f] = (A, u) with g = Sf™, where we
regard f* as a function £(Q’) — £(Q).

We will usually use the notation L[ f] also for the two components A and y, so
we can write L[ f](¢) and L[ f](s), for a formula ¢ and a model s. )



Examples. For transition systems, we can use the following families of logics.

(a) For each set Q, we obtain a logic (MSO[Q], M q, =) where MSO[ Q] is the
set of monadic second-order formulae over the signature {E} + { P; | g € Q }
(without free variables), and M is the set of all transition systems of the form
T = (T, E, (P;)4eq) where E is the edge relation and the P, are unary predicates.

Given a function f : Q - Q’, we obtain a morphism MSO[ f] : MSO[Q] —
MSO[ Q'] mapping a formula ¢ € MSO[ Q] to the formula MSO[ f](¢) obtained
from ¢ by renaming every predicate P, to Pf(,y. The corresponding function on
transition systems maps a system T = (T, E, (Py) gcq) to the system

MSO[f](%) = (T, E, (Ps(g))geq) -

That way, MSO becomes a family of logics over the functor S mapping every set X
to the set of all countable X-labelled transition systems.

(b) We obtain similar families FO[Q], WMSO[Q], uML[Q], for first-order
logic, weak monadic second-order logic, and the modal y-calculus. (We will define
these logics formally in Section 7 below. Note that our notation yML is slightly
inconsistent with our notation for the fixed-point logics 4L defined below.) |,

Some of the logics used below only allow basic counting statements. These
will be mainly used to specify the transition relation of the automata introduced
below.

Definition 3.3. Let Q be a finite alphabet and S a polynomial functor.

(a) The logic Eo [ Q] has formulae that are boolean combination of statements
of the form E;¢ where k < w or k = oo, and ¢ is a boolean combination of
elements of Q. A formula Ej ¢ holds in a structure s € S§(Q) if, and only if, there
are at least k elements v € dom(s) such that s(v) satisfies ¢.

(b) We denote by E,, [ Q] the fragment of E. [ Q] that only uses the quantifier
Ey with k < w.

(c) Similarly, E,[ Q] is the fragment of Eo,[ Q] that only uses the quantifier Ey
with k = 1.

(d) Finally, we denote by C[ Q] the extension of Eo.,[ Q] by statements of the
form Cg ,, ¢ stating that the number of elements satisfying ¢ is finite and congru-
ent k modulo m.

(e) We will use the abbreviation

Ay = -E—op.



Remark. The reason we are interested in the above logics is that, over signatures
with only unary predicates, monadic second-order logic collapses in expressive
power to E,,. Similarly, weak monadic second-order logic collapses to E., and
counting monadic second-order logic to C (see Section 7 for a formal definition
of these logics). ,

Definition 3.4. Let L be a family of logics over S where S is some polynomial
functor.
(a) For s,s" € SP(Q) and C ¢ Q, we write

s ESC s' :iff  s=~g s’ and, forall d € dom(s), we have
s(d)cs'(d) and s(d)~C=s'(d)~C.
(b) A formula ¢ € L[Q] is monotone in a symbol q € Q if
sEg and s Q?q} s’ implies s'E¢.

We denote the set of L[ Q]-formulae that are monotone in all symbols from Q by

L'[Ql. .

Example. By a classical result from model theory [13], a first-order formula ¢
over the signature X is monotone in a relation R € X if, and only if, ¢ is equivalent
to some formula ¢’ where every occurrence of R in ¢’ occurs under an even
number of negation signs.

a

POLARITIES

For some of the applications below, we will have to put additional symantic
restrictions on the use of certain symbols in a formula. For instance, we might
require the formula to be monotone in some of the symbols. For this reason, we
add two more parameters to our logics, leading to logics L[ Q, U, V'] parametrised
by three sets: the set Q of all symbols, the set U € Q of symbols with the additional
restriction, and the set V ¢ Q of symbols with the dual restriction.

Definition 3.5. Let C be the category of all triples (Q, U, V) of finite sets with
U,V < Q where the morphisms f : (Q,U, V) - (Q’,U’, V') are functions
f:Q — Q' satisfying

x¢U= f(x)¢U and x¢V=f(x)¢V'.



A family of logics with polarities is a functor L from C to the category of logics.
We say that such a family is over a functor S if, for every triple (Q, U, V),
the class of models of L[Q, U, V] is equal to S#(Q) and, for every morphism
f:(Q,U,V) - {(Q',U’, V'), the morphism L[ f]: L[Q,U, V] - L[Q', U’, V']
is of the form L[ f] = (A, p) with u = Sf™". )

Remark. (a) Every logic L without polarities induces a logic L’ with polarities by
ignoring the parameters U, V, i.e., by setting

L'[Q,U,V]:=L[Q], forallQ,U,V.

In the following, we will not distinguish between L and its ‘polarised’ variant L'.
(b) Conversely, given a logic L’ with polarities, we can define a logic L without
by setting

L[Q]:=L'[Q,2,2]. ,

Besides the basic property of monotonicity, we are mainly interested in formu-
lae where we can restrict the number of occurrences of symbols needed to satisty
the formula. Such fragments are extensively discussed in [5].

Definition 3.6. Let L be a family of logics (without polarities) over S.

(a) Let k be a cardinal. A formula ¢ € L[Q] is x-frugal in a set of symbols
U c Q if it is monotone in every x € U and if s £ ¢ implies s = ¢, for some s’
that is obtained from s by removing all but less than x + 1 occurrences of the labels
in U, that is,

s'cys and Y |(5) (%) <K +1.

xeU

Similarly, ¢ is x-co-frugal in U if it is monotone in every x € U and if s ¥ ¢
implies that s” # ¢, for some s’ such that

s’y s and ) |dom(s) N ()M (x)| < k.
xeU
(b) The discrete fragment Lq[Q, U, V] of L consists of all formulae ¢ € L[Q]
that are 1-frugal in U and 1-co-frugal in V. The continuous fragment L.[Q, U, V]

of L consists of all formulae ¢ € L[Q] that are R,-frugal in U and R,-co-frugal
inV. 1

10



Example. (a) The E,[{a, b, c}]-formula
¢:=AarnEbAEc

is 1-co-frugal in {a}, 1-frugal in {b} and in {c}, but not 1-frugal in {b, c}.
(b) The E[{a, b}]-formula

Y= Eeoa A E3b
is Ro-frugal in b, but not in a. )

Remark. For many of the logics we will use below, it is also possible to give
syntactic characterisations of frugality [5]. Furthermore, in many cases it is not
difficult to show that these properties are decidable. )

We can define the usual logical connectives in our abstract setting.

Definition 3.7. Let L be a family of logics with polarities over S.
(a) We say that L is closed under duals if, for every formula ¢ € L[Q, V, U],
there exists a formula ¢°f € L[Q, U, V] such that

sSPEQ® iff sk,

where s°P is the model with s°P(v) := Q ~ s(v).
(b) We say that L is closed under conjunctions if, for every pair of formulae
¢,y € L[Q, U, V], there exists a formula ¢ A y € L[Q, U, V] such that

sepny iff sEg@andsky.

(c) We say that L is closed under disjunctions if, for every pair of formulae
¢,y € L[Q, U, V], there exists a formula ¢ v y € L[Q, U, V] such that

sepvy it seEgorseEvy.

(d) Finally, we say that L has true and false if there exist an L-formula true that
is satisfied by all models and an L-formula false that is satisfied by none. )

Remark. Note that the symbols in ¢°P have their polarity reversed. )
Example. For first-order logic, we have
[PxvVv3y(ExyAnQy)]? =Px AVy(Exy — Qy),
[Hx[Px/\Vy[yth—>Qy]]OP:Vx[PxVHy[y;tx/\Qy]]. |

11



Let us take a look at the closure properties of logics of the form L4 and L.

Lemma 3.8. Let L be a family of logics over S.
(a) If ¢ € L is monotone in x, so is ¢°F.
(b) ¢ € L is x-frugal in U if, and only if, ¢°P is k-co-frugal in U.
(c) If L is closed under duals, so are L4 and L.

Proof. (a) and (b) follow immediately from the definitions and (c) follows from
(a) and (b). O

Finally, let us take a look at closure under conjunctions and disjunctions. The
following counterexample shows that L is usually not closed under these opera-
tions.

Example. For every logic L that is at least as expressive as E,, the discrete frag-
ment Lq is not closed under conjunctions or disjunctions, since we have

E.a, E;be Ly[{a,b},{a, b}, 2],
but E,anEb¢L4[{a,b},{a,b},T].

For disjunctions, we can take the dual formulae A,a and A, b instead. ,
For L4 we are only able to prove the following weaker closure property.

Definition 3.9. A conjunction or a disjunction of two L[Q, U, V]-formulae
¢ and v is linear if

o at least one of the formulae ¢, y belongs to L[Q \ (Uu V), 3, J], or

¢ one of them belongs to L[Q \ U, @, V] and the other one to L[Q \ V, U, &].

(In the above statements we have identified a fragment L[QNn X, UNn X, V n X]
of L[Q, U, V] with its image under the function L[i], where i : QnX — Q is
the inclusion map.)

a

Lemma 3.10. Let L be a family of logics that is closed under disjunctions and
conjunctions.

(a) L is closed under disjunctions and conjunctions.

(b) Lg is closed under linear disjunctions and linear conjunctions.

12



Proof. (a) It is sufficient to show that, if ¢ and y are ®R,-frugal in U, then so is
¢ A y. (The proof for disjunctions is analogous.) Clearly, ¢ A ¥ is monotone in
every symbol from U. Suppose that s £ ¢ A y. By assumption, there are models
s"E g and s” E y such that

S(w)cys(v) and  Y[() 7 (x)] < Ro,

xeU

s"(v) Shs(v) and Y |(s") 7 (x)| < Ro.

xeU

Setting §(v) := s'(v) us”(v), for v € dom(s), it follows that

§(v)cys(v) and Y §7(x)| < ZU|(S')_1(x)| + ZU|(S")_1(x)| <R,

xeU

Furthermore, since ¢ and y are monotone in U, we have § = ¢ A y.

(b) We have to show that a linear conjuction of 1-frugal formulae is 1-frugal.
(The proof for linear disjunctions is again analogous.) Up to symmetry, there are
two cases.

e 0eLyg[Q,U,V]andye L4[Q~(UUV),3,3], 0r
e 9eL4[Q NV, U,glandy e L4[Q U, 2, V].
In both cases we can show that ¢ A y is 1-frugal in U as follows.
First note that the formula ¢ A ¢ is monotone in U since ¥ does not contain

any symbol from U. Furthermore, suppose that s = ¢ A y. By assumption, we can
find a model 5" = ¢ such that

sS(v)cys(v) and  Y|(s)7(x)| <1

xeU
Note that s = v implies s’ E y since s’ and s agree on all symbols from Q \ U.
Hence, s' = ¢ Ay O
FIXED POINTS

Next, let us introduce a variant yL of the modal y-calculus where the modal
operators are defined by L-formulae. We will use a modal operator of the form Oy,
for some L-formula y. To evaluate such an operator at a state v, we label every
successor u of v with those puL-formulae (from a given finite set) that are satisfied

13



at u, and then we check whether v is true on the resulting successor structure. In
particular, the operators & and O from standard modal logic are equivalent to

O¢@=0[3x.Pyx] and D¢ =0[Vx.Pyx],

when using the logic L = FO. (Here, P, is a predicate labelling all states satisfy-
ing ¢.)
Definition 3.11. Let L be a family of logics with polarities over S.

(a) We denote by uL the following variant of the modal p-calculus for S-
enriched transition systems. Given a set X of labels and two disjoint sets X, Y
of fixed-point variables, we denote by uL[Z; X, Y] the smallest set of formulae
satisfying the following conditions.

e aeul[Z;X,Y], for every letter a € X.
o x e uL[3;X,Y], for every variablex e X U Y.
o true,false e uL[Z; X, Y].
e o, yeul[Z;X,Y]impliesp Ay, ovyepul[ZX,Y]and ~¢p € uL[Z; Y, X].
o Let © ¢ uL[Z; X, Y] be a finite set of formulae and let O, be the set of all
9 € O containing a symbol from X and O_ the set of all § € O containing a
symbol from Y. For every ¢ € L[©, O,, ©_], we have O¢ € uL[Z; X, Y].
o Ifz¢ XuYandg e uLl[Z; X +{z}, Y]uuL[Z; X, Y + {z}] is monotone in z,
then pz.g,vz.@ € uL[Z; X, Y].
We will always tacitly assume that the fixed-point variables used by distinct fixed-
point operators in a formula are distinct.

The semantics is defined as follows. For a given S-enriched transition system
T = (T,suc,lab, rt), a yL-formula ¢(x,,...,x,-,) € uL[Z; X, Y], and values
P,,..., Py, € T for the free fixed-point variables x,, . .., x,—, € X UY, we define
the set [@]p € T of states satisfying ¢ inductively as follows.

[true]s:=T, lonyls=[elpnlyls,
[false]p := @, lovyls:=[elpulyls,
[a]p :=1ab""(a), [-¢lp:=T~[o]5.

[xi]p = Pi,

The modal operator is defined by
[ov]p = {v eT | Sf(suc(v)) = 1//},

14



where f: T — £(©) maps a vertex v € T to the set { 9 € © | v € [9]; }. Finally,
the definition of the fixed-point operators is
[px.y]p is the least fixed-point of the function
Fy:0(T) = 8(T): Q= [¥]sq>
[vx.y]p is the greatest fixed-point of F, .
Finally, we set uL[ 2] := uL[Z; @, @] and
Teo iff  rtefo]y.

(b) A formula ¢ € uL is pure if, for every subformula of the form px.y or vx.y,
wehavey e uL[Z; X, @ |upL[Z; @, X, for some X. We denote the corresponding
fragment of uL by y, L.

(c) A formula ¢ € uL is alternation-free if

o for every subformula of the form px.y, we have y € uL[Z; X, @], for some X,
and

o for every subformula of the form vx.y, we have v € uL[Z; @, X], for some X.
We denote the corresponding fragment of L by p,¢L. )

Examples. (a) The fixed-point extension yE, coincides with the standard modal
p-calculus. Using L := E,,, we obtain a graded version yE, of the y-calculus.
(b) The pqe(E, )q-formula

¢ = px.[av O[Ex]]

checks whether there is a reachable vertex labelled by a.
(c) The pp(E,)q4-formula

¢ :=vx.uy.[(anO[Ex])vO[Ey]]

checks for the existence of a path with infinitely many letters a.
(d) The pp(E, )c-formula

¢ = vx.uy.[O[E,x] v O[E,y]]

checks for an embedding of the infinite binary tree.
(e) To state that a given tree has exactly one vertex labelled a we can use the
HafFO.-formula

px.[(ano[Vu.Py(u)]) A (—anO[Fu[Pc(u) AVv(v+u— Py(v)]])]
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with 9 := vy.[-a A O[Vu.P,(u)]].
(f) An example of a non-pure yE,-formula would be

px.vy.[(-a = O[Ex]) A (a » O[Ay])]. |

Finally, let us introduce several normal forms for y L-formulae that will simplify
our translation of formulae into automata.

Definition 3.12. Let ¢ € uL[%; X, Y].

(a) g isin negation normal form if the only negations in ¢ appear in a subformula
of the form —a with a € X.

(b) ¢ is guarded if, for each subformula of the form ox.y with o € {y, v}, every
occurrence of the variable x in y is inside a subformula O9 starting with a modal
operator. 4

The following observations are useful when converting a formula into negation
normal form.

Remark. (a) Fixed-point formulae satisfy the usual negation law.
—VX.@ = ux.—@[x = -x].
(b) For modal operators, we obtain the relation

~Oy = OL[neg](y*"),

where neg : uL — ulL is the function exchanging each label 9 by 9. For the
proof, let © be the set of yL-formulae mentioned in y and let fg : T — © be the
function from the definition of the semantics of L that maps each vertex v of
the given transition system ¥ to the set of formula 9 € O satisfied at v, and let
fo- : T — O~ be the corresponding function for the set @~ := { -9 | 9 ¢ O }.
Note that

for =F(neg)oco fo,

where ¢(X) := O \ X is complementation. Furthermore, since the function
SE(neg) is bijective (as a function Sf(O) — SP(O™)), we have

L[neg] o SP(neg) = Sneg™" o SP(neg) = id.
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Consequently,

Sfo-(s) & Llnegl(y™) iff  S(P(neg) o co fo)(s) F Lneg)(y°®)
i (L[neg] o S(P(neg) o c o fo))(s) =y
i S(co fo)(s) =y
i Sfols) ¥ v,

which implies that

[-oy]s =T~ [oy]p
=T~ {v eT | Sfe(suc(v)) E ‘/’}
= {v eT ‘ Sfe(suc(v)) ¥ 1//}
= {v e T[Sfo-(suc(v)) = L[neg] (™) }
 [oLneg)(y™)],. :

Lemma 3.13. Let L be a family of logics over S that is closed under duals.

(a) Every uL-formula is equivalent to one that is guarded and in negation normal
form.

(b) uL, upL, and p.cL are closed under duals.
Proof. (a) To transform a given formula ¢ into negation normal form we can use
the two laws from the above remark. It therefore remains to explain how to make
a formula in negation normal form guarded. For each subformula px.y, let y' be

the formula obtained from y by replacing every unguarded occurrence of x by
false. Then we have

[¥']5q < [¥]pq c QU Y¥]sq>
which implies that
[xy']p < [uxy]p < [ux.(x v y)]p = [ux.y']5.

Hence, px.y is equivalent to px.y'. For greatest fixed points vx.y, we can similarly
replace all unguarded x by true instead.

(b) Let ¢ € uL. We may assume by (a) that ¢ is in negation normal form. Then
¢°P is the formula obtained from ¢ by

+ replacing every disjunction by a conjunction and vice versa,
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+ replacing every u-operator by a v and vice versa.

Furthermore note that, if ¢ € p, L or ¢ € p,¢L, then so is ¢°P. O

We need one more normal form for our automaton translation, where we
restrict the use of conjunctions and disjunctions in a fixed-point formula.

Definition 3.14. (a) A conjunction ¢ A y and a disjunction ¢ v y of uL[%; X, Y |-
formulae is linear if at least one of ¢, y does not have any free fixed-point variables.
(b) A disjunction is guarded if it is of the form

vai/\(Pi>

i<n

for distinct letters ao, ..., ay—, € X and yL[Z; X, Y]-formulae @, ..., ¢,_,. Sim-
ilarly, a conjunction is guarded if it is of the form

/\ai—><pi.

i<n

(c) An uL[Z; X, Y]-formula ¢ is in automaton normal form if it is guarded, in
negation normal form, and every disjunction and every conjunction in ¢ is linear
or guarded. )

4 PARITY GAMES

Let us recall some material about parity games that will be used below in the
translation of automata into formulae.

Definition 4.1. (a) A parity game is a game played by two players (Player & and
Player 0) who move a token along the edges of a directed graph. The game starts
in a given vertex of the graph and in each turn one of the players chooses an
outgoing edge along which to move the token. To determine the moving player,
we assign a player to each vertex of this graph. The player assigned to the current
vertex chooses the outgoing edge.

The game ends if one of the player cannot make a move (because there are no
outgoing edges), in which case that player looses. Otherwise, the choices of the
players determine an infinite path through the game, called a play of the game. To
determine the winner of such an infinite play, we assume that the games comes
with a labelling of the vertices by numbers, their priorities, and the least priority
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seen infinitely often during the play determines the winner: Player ¢ wins if it is
even; otherwise Player O wins.

Formally, we represent a parity game as a structure of the form G = (V, Vg, E, Q)
where V := Vi, + Vg is the set of positions, V, are the positions for Player ¢,
Vi are the positions for Player 0, E € V x V is the edge relation, and Q: V -
the priority function. We always assume that the set rng Q of priorities used is
finite. Given an infinite play (v, ) 4<, of such a game (we omit the directions from
the sequence), Player & wins if (v, ) 4« satisfies the parity condition:

liminf Q(v,) is even.
n<w

(b) A (positional) strategy for Player & in a parity game (& € {<,0}) isa function
0 : V¢ — E assigning an outgoing edge to each position of Player &. Such a strategy
is winning if Player & wins every play where all of his choices are according to o.

(c) A game G is positionally determined if there exist two positional strategies
0o and og and a partition V = W, + Wy of the positions (W, and W may
be empty) such that o, is winning for Player <, for every game that starts in
some position from Wy, and similarly o5 is winning for Player 0, for all starting
positions in Wp. )

The usefulness of parity games stems from the following well-known fact.

Theorem 4.2 (Emerson, Jutla, Mostowski [8, 15]). Every parity game is positionally
determined.

The second result we will need is the fact that we can compute the winning
regions of a parity game by a formula of the modal y-calculus yML. To do so, we
encode a parity game G = (V, Vi, E, Q) as a transition system with predicates
Vo, Vo, Q, for each priority k.

Definition 4.3. For a formula y of the modal y-calculus and a number k < w, we
set

stepy = [Vo, A OY] v [Vo ADy],

Win = 0o X0+ Ok—1Xk—r- Step \/ (Qi A x;) 5
i<k

where 0; is equal to g if i is odd, and equal to v if i is even. )

Proposition 4.4 (Emerson, Jutla [8]). Forall k < w, the uyML-formula winy defines
the winning region for Player & on all parity games with at most k priorities.
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The games obtained from automata have a special form: the players strictly
alternate in making moves and all positions for Player O have maximum priority
(which means they do not matter).

Definition 4.5. A parity game G = (V,, Vi, E, Q) is strictly alternating if, for
every edge (u,v) € E,
ueVoovelVy and ueVy=0Q(u)<Q(v).

a

For games of this special form, we obtain the following corollary to Proposi-
tion 4.4.

Definition 4.6. For k < w, we set

winj := 0o Xo k-1 Xk—-O0 \/ (2 A x;)
i<k

where 0; is equal to g if i is odd, and equal to v if 7 is even. )

Corollary 4.7. For all k < w, the uML-formula win, defines the winning region
(restricted to positions of Player <) for Player & on all strictly alternating parity
games with at most k priorities.

5 AUTOMATA

When defining the transition relation for an automaton working on trees whose
branching degree is unbounded, we cannot simply list all allowed states for the
successors since this would be an infinite amount of data. To obtain a finite
automaton we need to adopt some formalism that can be used to specify the
transition relation in a finite way. Following an idea of Walukiewicz [22], we use
logical formulae for this task. Generalising the work of Carreiro (5], we will show
that we can translate yL-formulae into automata where the transition relation is
defined by L-formulae.

Definition 5.1. LetS : Set — Set be a polynomial functor and L a family of logics
with polarities over S.

(a) Given a formula ¢ € L*[Q, U, V] we say that a state g € Q occurs in ¢ if
9 ¢ L [Q~{q}, U~ {q}, V™ {q}]-

(b) Let §: Q x X — L*[Q, @, @] be a function. We associate with § a directed
graph whose set of vertices is Q and there is an edge p — q if g occurs in (p, a),
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for some a € 2. Via this correspondence, we can use graph-theoretical termino-

logy when talking about automata. In particular, we say that q € Q is reachable

from p € Q if the corresponding graph has a path from p to q. A cycle is a cycle in

this graph and a component of § is a strongly connected component of the graph.
(c) An (alternating) L-automaton over S-enriched trees is a tuple

A=(Q,2,8,90, Q)

where Q is a finite set of states, X is a finite input alphabet, q, € Q the initial state,
Q : Q — w a priority function, and 8 : Q x £ - L*[Q, 3, D] is the transition
function, which we assume satisfies the following property: for every state q € Q,
there exists a partition C + D (we allow C or D to be empty) of the component
containing g such that 6(g, a) € L*[Q,C, D], forall a € X.

(d) A run of such an automaton A on an S-enriched tree t is a function
p : dom(t) — P(Q x Q) with the following properties. (A pair (p,q) € p(v)
represents the fact that (a copy of) the automaton is in state p at the predecessor
of v and in state q at the vertex v itself.) Given a state p € Q, we write

prp(v)={qeQ(p.q)ep(v)}.
We say that p isarunif p(()) = {{(¢o, o)} and

Spyp(suc(v)) = 8(p,t(v)), forallvedom(t)andpe | Jp/(v).
9€Q

(e) Let p be arun and f = (v;) i<, an infinite branch of t. A trace of p along f3
is a sequence (g;) i<, of states starting with the initial state g, such that

(gi>qin) € p(Vig), foralli<ow.

A run p is accepting if all traces (q;); along every branch satisfy the parity
condition:

liminf Q(gq;) is even.
The language recognised by A is the set

[A] :={teTsZ| Ahasanacceptingrunont}. )
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Examples. Let SX := X* be the functor for finitely branching transition systems.
(a) The pa¢(E,)q-formula

Q= yx[a \% O[Elx]]

checks whether there is a reachable vertex labelled by a. We can translate it into
an E, -automaton with a single state g with priority 2(q) := 1 where the transition
function is

8(g,a):=true and d(q,b):=Eq.

The component of the state q is {q} and, for the corresponding partition, we can

choose {q} + @ since 8(g,a),8(q,b) € (E,)a[{q},{q}, 2]
(b) The following FO4-automaton recognises the language of all trees t €

Ts{a, b} where every subtree contains at least one letter a. We use two states
p and g, where p looks for the letter a while g checks the condition for every
subtree. The state ¢ is initial, the transition function is

d(p,a) :=true,
8(p,b) = IxPyx,
8(q,c) == VxPyx A3xPyx, force{a,b},

and the priorities are Q(p) :=1and Q(q) := o. Note that

3(p,c) € FOa[{p, g} {p}, @] and &(q,c) € FOa[{p.q},2,{q}],
for c € {a,b}.
(c) The pyE,-formula
¢ = vx.uy[(arO[E.x]) v O[E,y]]

checks for the existence of a path with infinitely many letters a. We can translate it
into an (E, ) 4-automaton with two states q, and gq;. The priorities are Q(q,) := o
and Q(qy) := 1 and the transition function is

8(qc,d) =Eqa € (E)a[{qa>qv}>{4a> 9}, 2], forc,de{a,b}.

It will turn out that the two fragments p, L and po¢ L of uL can be characterised
by L-automata of the following form.
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Definition 5.2. Let A =(Q, %, J, qo, 2) be an L-automaton.
(a) Ais pure if, for every component C ¢ Q of A, we have
8(q,a) e L*[Q,C,2], forallge CandacX,
or 08(q,a)el™[Q,2,C], forallgeCandacX.

(b) A is weak if
Q(p) < 0O(q), forall states g that occur in §(p, a) for some a € X,
and
Q(gq)isodd = &(g,a)eL*[Q,C, 2],
Q(q)iseven = 8(g,a)€L[Q,2,C],
where C ¢ Q is the component of A containing g. )

Remark. Every weak L-automaton is equivalent to a (non-weak) L-automaton
that only uses the priorities o and 1. (We can just replace the priority function Q
by the function Q'(q) := Q(gq) mod 2.) )

The main result of this section is the following equivalence between automata
and formulae. In fact, the two formalisms are close enough that, similar to the
modal g-calculus, we can consider automata a normal form for formulae.

Theorem 5.3. Let L be a family of logics with polarities over S that is closed under
linear disjunctions and linear conjunctions, and that has true and false.
(a) A language K ¢ TsZ is recognised by an L-automaton if, and only if, it is
definable by a uL-formula in automaton normal form.
(b) A language K ¢ TsZ is recognised by a pure L-automaton if, and only if, it is
definable by a yp, L-formula in automaton normal form.
(c) Alanguage K ¢ TsZX is recognised by a weak L-automaton if, and only if, it is
definable by a ¢ L-formula in automaton normal form.
Furthermore, the above translations between formulae and automata are effective
provided that disjunctions, conjunctions, and duals of L-formulae are computable.

The remainder of this section is devoted to the proof, which is basically the
same as the one for the modal y-calculus. We only have to additionally check that
the transition functions and modal operators we construct are well-formed and
of the correct type. We split the proof into Propositions 5.8 and 5.9 below.

Before doing so, it is useful to give an alternative definition of acceptance via a
parity game.
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Definition 5.4. Let A =(Q, %, §, 9o, Q) be an L-automaton and ¢ € TsX an input
tree. The acceptance game for A on t is the parity game G(A, t) := (Vy, Vo, E, Q')
with positions

Vo :=dom(#) x Q,

Vo= {{v,s) e dom(¢) x SP(Q) | s ~h suc(v) }.
The priorities are

Q'((v,q))=0Q(q) and Q'({v,s)):=maxrngQ,

for v e dom(t), g € Q,and s € SQ.
Finally, the edge relation is defined as follows. Let u, v € dom(t), q € Q, and
5 € SP(Q). There are edges

(v.q) > (v,s) :iff sE&(q t(v)),
(v,s) > (u,q) :iff wu=suc(v)(d) and gqes(d),

for some d € dom(suc(v)).

a

Proposition 5.5. An L-automaton A accepts a tree t if, and only if, Player & has a
winning strategy in the game G(A, t).

The proof is entirely standard: every accepting run can be used to define a
winning strategy and every (positional) winning strategy an accepting run.

For the two directions of the proof of Theorem 5.3, we generalise the standard
translation between the modal y-calculus and tree automata. We start with the
translation of automata into formulae. To simplify the construction we will use a
variant of uL with simultaneous fixed points.

Definition 5.6. The variant of uL with simultaneous fixed points has fixed-point
formulae of the form

yrx.y  and  vix.y,

where X is an n-tuple of (pairwise distinct) fixed-point variables, ¥ an n-tuple
of uL-formulae that are monotone in the variables %, and k < n is an index. The
semantics [y %.¥]p of such a formula is defined as follows. Let X be the least
fixed point of the operation F : £(S)" — §£(S)" defined by

F(Q) = ([vilsq),., -
Then [prx.y]p = Xi. J
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Lemma s5.7. Every uL[Z; X, Y]-formula with simultaneous fixed points can be
translated to one without. Furthermore, if the given formula is alternation-free or
pure, so is the resulting formula.

Proof. This is a standard construction, which we will recall for convenience.
Consider a formula of the form ¢ = pix.y where X and y are n-tuples. (The case
of a greatest fixed point is handled analogously.) We may assume by induction
that the formulae y; do not contain simultaneous fixed points. We transform ¢
into a yL-formula in two steps.

First, we modify the formula such the variables x,, . .., x;_, are not free in y;,
for i < n. To do so, we replace each occurrence of x, in y;, for i > o, by the
formula px,.y,. Next we replace each x, in (the modified version of) y;, for i > 1,
by px,.y, Continuing this way, we replace each x; in y;, for i > j, by ux;.y;.

We denote the resulting formulae again by o, . .., ¥,—,. In the second step, we
eliminate the remaining variables. We start with the formula

Pn—1 = YXp—1.Yn-1 .

Next, we construct

— !
Prn—2 = UXn—2. Yy >

where y/,_, is the formula obtained from y,_, by replacing each occurrence
of x,_, by ¢,_,. Continuing in this way, we set

)= Px; Y

where ] is the formula obtained from y; by replacing each occurrence of x;
with i > jby ¢;. The resulting formulae ¢, ..., ¢,_, belong to yL and define the
respective components of the fixed point. In particular, ¢y is equivalent to yyx.y.
Finally, note that our construction preserves purity and alternation freeness.

O

The two directions of the proof of Theorem 5.3 can now be proved as follows.

Proposition 5.8. Let L be a family of logics over S.

(a) Every language recognised by an L-automaton is definable by a uL-formula
in automaton normal form.

(b) Every language recognised by a weak L-automaton is definable by a p.L-
formula in automaton normal form.
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(c) Every language recognised by a pure L-automaton is definable by a p,L-
formula in automaton normal form.

Proof. Let A =(Q,Z,4,q,,Q) be an L-automaton, t € TsX an input tree, and
G = (Vo, Vo, E, Q) the associated acceptance game. It is sufficient to find a
formula ¢ of the respective logic such that

te @ iff theinitial position of G is winning for Player <.

More precisely, for each state g € Q, we will construct a formula ¢, € uL such
that, for every vertex v € dom(t),

t,vE @, iff  Player & wins when starting in the position (v, q) .

We proceed by induction on the number of components of A that are reachable
from g. Hence, let C be the component containing g and let P ¢ Q be the set of
all states p € Q \ C reachable from C. By inductive hypothesis, we already know
the formulae ¢,, for p € P. We have seen in Corollary 4.7 that the uML-formula

winj = 0oXo 0k—1Xk—-O0 \/ (Qi A x;)
i<k

defines the winning region for Player < in G. It follows that the ygML-formula
Xc = ono"'ak—lxk—1-<>D[\/ (Qp A xa(p)) vV V (Qp A Xp)]
peC peP

defines the winning region restricted to positions with a state in C. (xp is the
corresponding formula for states in P and Q, is the predicate checking that the
current state is p. Hence, Qx = Vpeo-1(x) Qp-)

(a), (b) We will inductively translate every subformula y(x,, ..., xx—,) of xc
into a pL-formula y3 (%o, . . . , k-, ) in automaton normal form such that, for all
vedom(t)and P,,..., Py, € Vg,

G, (v,a)Ev(Po,.... ) iff tvEYL (Lo, Pry),
where P; := (PF) ,eq with

PP :={vedom(t)|(v,p)eP;}.
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Note that to each variable x; in y¢ there corresponds a Q-tuple (x;,4)4eq in the
translation. We start with

X0(q).q ifq eC,

[;é(QprOOO)Vgg(QPAXPﬂq::{¢q ifgeP.

For the modal operators, we set

[08( V(@ xa)) v V(@ nxp)] =V [an0LIA1 (@ )],
pe peP

*
q aeX

where X := { xo(p),p | p € C } and the function f : Q — uL is defined by

_ JX2(p).p ifpeC,
f(p): {(pp ifpeP.

Note that the above formula is well-formed since we have §(¢q,a) € L[Q, C,, C, ],
for some partition C = C, + C, independent of a, which implies that
OL[f](6(g,a)) € uL[Z; X\, X,] where X;:={xq(p),p|p€Ci}.
Furthermore, in case (b), we have 8(qg,a) € L[Q, C,@] U L[Q, @, C], which
implies that
OL[f](8(q,a)) € upL[Z; X, @] U pp L[ %52, X].

Hence, the resulting formula is pure.
Finally, we translate the fixed-point operators using simultaneous fixed-points
as

(uxiy)g = pq(Xip) pecno-(i)-(¥p) pecno-(iy»  if i is odd,
or  (vxiy) 7= va(%i,p) pecno(i)-(Vp) pecnai(iy»  if i is even.
Note that these formulae are well-formed since §(g, a) is monotone in every
state p € C. This implies that y,, is monotone in every variable x; ,, for p, p’ €
Cn Q7' (i).
It remains to prove the correctness of our translation. We proceed by induction

on the formula y. Since most steps are straightforward, we only consider the case
of the modal operator. Hence, suppose that ¢ = &GOV, By definition of G, we have

G,(v.q) E©09(Po, ..., Px,)
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if, and only if, there exists a labelling s € S#(Q) such that s ~g, suc(v),
sE8(gq,t(v))
and G, (suc(v)(d),p) = 9(P,,...,Pr_,), foralldedom(suc(v))andpes(d).

By inductive hypothesis, this is equivalent to the existence of some s € Sf(Q)
satisfying

sk 8(q,t(v))
and f,suc(v)(d) = 9;(130, ..., Pry), foralld e dom(suc(v))and p € s(d).

Let g : dom(t) — £(Q) be the function mapping each vertex u € dom(¢) to the
set

g(u) = {q €Q | Luk 9;(130,...,13;(,1)}.

By monotonicity of §(g, t(v)), the above statement holds if, and only if,
sE8(g,t(v)), fors:=Sg(suc(v)).

Let f be the function mapping each state q € Q to the formula 9;. Note that

L[f]1oSP(f) oS¢ =Sf™ o SP(f) o Sg =S¢,

since

pe(fTef(flog)m) = f(p)e®(f)(g(u))
= 9,=9,, forsomep witht,ur 9
= turd,
= pegu).

(The other direction is trivial.) Consequently, we have

Sg(suc(v)) & 8(q. t(v))
i (L[f]oSP(f) 0 Sg)(suc(v)) = 8(q. 1(+))
i S(P(f) o g)(suc(v)) = L[f1(8(4. £(+)))
iff v E OL[f](8(q t(v)))(Boy ..., Pyoy)
ity e \/[anOL[f1(8(4:0)] (Por- .. i)

aex

it tvE(009);(Po,..., Pry).
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(c) As above, we can use the yML-formula

Xc = aoxo~~-0kﬂxkﬂ.<>D[\/ (Qp Axa(p)) v V(QpA xp)]
peC peP

to define the winning region restricted to positions with a state in C. Since the
automaton is weak, all states in C have the same priority k. Consequently, the
formula simplifies to

Ye = 0ux.00[ V (Qp A %) vV (Qp A 1) |-

peC peP

As above, we inductively translate every subformula y of ;. into into an g,¢L-
formula y; in automaton normal form, starting with

* x, ifqeC,
QAx)VV(QAaxp)| =171
[V (@ r0v V(@ amb)], {% fgep

and

[oa( V(@ n ) v V(@ 1))] = V[an 0LLFI(3(g,0))],

peC peP aeX
where the function f : Q — pu¢L is defined by

Xp itpeC,

f(p)= {(pp ifpeP.

Note that this formula is well-formed since, depending on whether or not k is
odd, we have 6(g,a) € L[Q, C,&] or (g, a) € L[Q, &, C], which implies that

pat L[ 2 X, @] ifkisodd,

OL[f](8(q,a)) € {MafL[2§®’X] if k is even,

with X := {x, | p € C }. Finally, we translate the fixed-point operator by

(/,tx.y/); = /,tq(xp)peQ.(y/;)peQ , if kis odd,
or  (vx.y)y=vy(xp)peq-(¥;)peq, ifkiseven,

which is alternation-free. O

29



Example. To understand the construction in the following proof, let us consider
the p(E,)q-formula

¢ = vx.uy[(arO[Ex]) v O[E,y]]

which checks for the existence of a path with infinitely many letters a. This formula
has the following subformulae.

a, X, Vo := O[E,y], Yoi=any, Yyi=uyys,
Y, wn=0[Ex],  yi=vaAve, @l

We translate ¢ into the automaton with states

Q:={x,y, 9},
priorities

Q(¢):=0, Q(x):=o0, Q(y):=1,
and transitions

EixvEy ifc=a,
E,y ifc+a.

8(g.c) = 8(x,¢) = 8(y,c) = {

a

Proposition 5.9. Let L be a family of logics over S that is closed under linear
disjunctions, linear conjunctions, and that has true and false.

(a) Every language definable by a uL-formula in automaton normal form is recog-
nised by an L-automaton.

(b) Every language definable by a u,L-formula in automaton normal form is
recognised by a pure L-automaton.

(c) Every language definable by a p.¢L-formula in automaton normal form is
recognised by a weak L-automaton.

If L is closed under duals, non-linear disjunctions and non-linear conjunctions, we
can drop the assumption that the formula is in automaton normal form.

Proof. For technical reasons, we will present our translation for formulae with
free fixed-point variables. Therefore we have to work with trees equipped with
additional information specifying the values of the variables. We will represent
such a tree as a tree over the extended alphabet X x £(V'), where V is the set
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of variables. The labels of such a tree are therefore pairs (a, U) with a € X and
U ¢ V, where the second component specifies to which of the variables x € V
the current vertex belongs. Our notation for such trees is

t,PeTg[ZxP(V)] where teTsZandP, cdom(t), forxeV.

Fix a formula ¢ € uL[Z; X¢, Y¢] in automaton normal form. For each fixed-
point variable x bound in ¢, we denote by o,x.y, the subformula where x is
bound. Set

Xp:={x|yxeul[Z;U, V] forsome U,V withx e U},
Yo :={x| vy e uL[Z; U, V] for some U, V with x € V }.

Note that, since ¢ is in negation normal form, we have y € L[ Z; X¢ + Xy, Yr + V3|,
for all subformulae y of ¢.

We define the alternation depth of a variable x as the length 7 of the longest
sequence 0, ¥o-Vos - - - » 0y ¥n . ¥y of subformulae of ¢ ending in 0, y,,. ¥, = 0.5
such that 04, ¥i+1.Vi+, is a subformula of 0, y;.y; and 0;, # 0;, forall i < n.

We construct an automaton .4, whose set of states

Qc L[Z;Xf + Xp, Yr + Yb]

is the set of all subformulae of ¢. (We treat different occurrences of the same
subformula as different subformulae.) Each state y € Q checks whether a subtree
satisfies the formula y. The initial state is ¢ and the priorities are given by

2iy+1 fy=xeXpuY,ando, =y,
Q(y) =14 2i, ify=xeX,uUY,and o, =v,
2k otherwise,
where i, is the alternation depth of the variable x and k is the maximal alternation
depth of a variable in ¢.

We define the transition function § inductively starting from the letters and
modal operators.

5( ( U)) true ifa=c, P s
a,{c, = ora 5
false ifa+c,

fal ifa=c,
S(ﬁa,(c, U))::{ alse 1 a=c foraeX,
true ifa+c,
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true ifxeU,
8(x,(c,U) ::{ru o forx e XU Y,

false ifx¢ U,
3(x,{c,U)) :=8(yx, (c, U)), forxe Xy uYy,
s(oy, (e, U)) =y,
Sl U)) = 8(v e, ),
6(vx.1p, (c,U)) = 8(w (c, U)) .

(Note that, since ¢ is guarded, the definition of (v, (¢, U)) does not depend
on the definition of §(x, (¢, U)). So the above definition does not create a cyclic
dependency.) For guarded conjunctions/disjunctions, we set

Vi ifc= a;,

false ifc¢ {ao,....an_1},

8(Vicnai Ay (c, U)) = {

i f =4daj,
8(Aien(ai = y1), (e, U)) = {‘” Lo

true ifcé¢{ap,....an},
while the definition for non-guarded conjunctions/disjunctions is
3(¥o vy (6, U)) = 8(yos (e, U)) v 8(y1s (e, U))
8(wo Ay, (6, U)) = 8(yor (6, U)) A 8(v (e, U)).

Before proving that the resulting automaton \A4,, recognises the correct lan-
guage, let us show that it is well-formed and that is has the correct type. Fix a
component C of A,. Set

Z={xeXpUY|oxxy,eC}.
Then
CEML[Z;Xf+ (Zr"le),Yf+ (Zﬂ Yb)].

Let @, c C be the set of all subformulae of ¢ that contain some variable from
Zn Xy and let @_ ¢ C the the corresponding set for variables in Z n Y3, It follows
that

oyeC implies 8(oy,(c,U))=yeL[Q, ., D_].
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Consequently, A, is well-formed.

Furthermore, if ¢ is pure, we have Z ¢ X, or Z € Y3, Consequently, @, = & or
@_ = @, and it follows that A, is pure.

Finally we have to check that, if y, A v is linear, then so is

3o (e, UD) A 6(yns (e, U)) -

(The proof for disjunctions is analogous.) Up to symmetry, we have to distinguish
two cases. If v, € uL[Z; 3, D], we have 8(y,, (¢, U)) e L[C\ (@, U D_); 3, 7]
Similarly, if y, € uL[Z; X¢ + (Zn Xyp), @] and v, € uL[ %3, Ys + (Zn Yp) ], we
have 8(yo, (¢, U)) e L[QN O_; @,, @] and 6(yy, (¢, U)) e L[Q\ D153, D_]. In
both cases, the resulting conjunction is linear.

In order to obtain a weak automaton we have to slightly modify the above
construction. Note that, if our formula ¢ is weak, we have 0, = 0, for all variables
x, y € C. Consequently, all such variables x have the same alternation depth and
therefore the same priority Q(x). Since every cycle contains a state x € X, U Y},
and the other states have maximal priority, it follows that we can set all priorities
in C to the same value Q(x) without changing the behaviour of the automaton.
The resulting automaton is weak.

To prove the correctness of our construction, let A, be the automaton obtained
by translating the formula y € Q. Note that each of these automata can be obtained
from the automaton A, for the whole formula ¢ by

¢ deleting some states,
¢ possibly extending the input alphabet by additional variables, and
¢ changing the transition function for states of the form x with x € X;, + V3.

We show by induction on y € Q that
t,PelA,] iff tely]p

(where P are the value of the free variables in y). Most cases are straightforward.
Let us give the proof for the least fixed-point operator. Hence, let us consider a
subformula px.y € Q and suppose that we have already proved the claim for the
formula y.

(=) Fixatree t, P € Ts(Z x (X¢ + Yr)). Suppose that ¢ is a winning strategy
for Player <> in the game G(A,.y, t, P). Since no infinite play conforming to o
contains infinitely many positions with the state x, we can define the following
ordinal rank for the positions in the game (see also [22]). If, from a postion (v, q),
no position of the form (u, x) is reachable when following the strategy o, we
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assign the rank o to (v, q). Inductively, the rank of an arbitrary position (v, g) of
Player < is the least ordinal « such that every successor of the position a({v, q))
has a rank less than a.

By induction on « we prove that, if Player & has a winning strategy o of
rank at most « in the game G( A, y, 1, P), then t € [ux.y]p. Let Q be the set
of all vertices v € dom(t) such that the position (v,x) of G(Ax.y,t, P) has
rank less than a. Then ¢ induces a winning strategy in G(Ay, t, PQ), which
implies that ¢ € [y] o. By inductive hypothesis, we further have Q ¢ [ux.y]5.
By monotonicity of v, it follows that ¢ € [y (ux.y)]p, which is equivalent to
telpuxylp )

(<) Fixatree t, P € Ts(Z x (Xt + Yr)). For an ordinal a, let F* := Fy/(2)
be the a-th stage of the fixed-point induction for the formula y on ¢, P (Fy is the
a-th iteration of the function F,, from Definition 3.11). By induction on «, we
show that v € F* implies (¢, P)|, € [Aux.y ], where (¢, P)|, denotes the subtree
of t, P rooted at v. For « = o, the claim is trivial. If & is a limit ordinal, we have
F* =Up<a F P and the claim follows immediately by inductive hypothesis. For
the successor step, suppose that we have already proved the claim for «. Let
v € F*"'. By the inductive hypothesis for y, there exists an accepting run of A,
on t, PF*. Furthermore, for every u € F%, the inductive hypothesis for a provides
arun of A,y on (t, P)|,. Combining these runs, we obtain a run of Auxy
on (¢, P)|,. O

Using additional closure properties, we can use the two propositions above to
convert every yL-formula into automaton normal form by translating it into an
automaton and back.

Corollary 5.10. Let L be a family of logics that is closed under duals, disjunctions,
and conjunctions, and that has true and false.

(a) Every uL-formula without free variables is equivalent to one in automaton
normal form.

(b) Every u,L-formula without free variables is equivalent to one in automaton
normal form.

(c) Every pasL-formula without free variables is equivalent to one in automaton
normal form.
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6 PROJECTION

We would like to translate various variants of monadic second-order logic into
automata. To be able to do so, we need to prove that the resulting classes of auto-
mata are closed under projections of various kinds. Besides the usual projection
pry(K) mapping a set of (X x I')-labelled trees to the corresponding -labelled
ones, we also introduce a variant prg v (K) that only takes those trees from K
where the sets of vertices with I'-label different from p, belongs to the class P. For
instance, if P is the set of all finite sets of vertices, pr?)yo (K) only projects those
trees in K that have finitely many vertices with I'-label different from y,. These
projections correspond to restricted quantifier types, like weak set quantifiers or
quantifiers over finitely branching trees.

Definition 6.1. Let I be a polynomial functor and X, I two sets.
(a) The projection of s e F(Z x I') is

pry(s) = fos,

where f : X x I - X is the projection to the first component. For a language
K cF(Z xTI), we set

pry[K] = {pry(s)|seK}.
(b) Fix a distinguished element y, € I" and a class
Pc {P|P§dom(t), forsometeIFl},

where 1 := {*} denotes some 1-element set. (Usually, I' = (X) is a power set
and y, = & the empty set.)
The P-projection of K € T(Z x I') is the language where

przy0 [K]:= {prz(s) | seK, dom(s) N t7'[Zx{yo}] € P, for some P ¢ 77}.

If F = Ts and the set P consists of all finite sets, well-founded sets, finitely
branching sets, chains, or finite chains, we speak of, respectively, the finite projection,
the well-founded projection, the finitely-branching projection, the chain projection,
or the finite-chain projection of K.

IfF = S and the set P consists of all finite sets or all singletons, we speak of,
respectively, the finite projection or the singleton projection.

(c) We say that a property P of languages is closed under P-projections if,
whenever a language K has property P, so does every P-projection of K. Similarly,
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we say that a family of logics L is closed under P-projections if, whenever a
language K is L-definable, so is every P-projection of K. Given a formula ¢ €
L[Z x I'] defining K, we denote by EI?-)’),o ¢ the formula defining the corresponding

‘P-projection. )

In order to prove closure under various kinds of projections, we introduce
nondeterministic automata which are easier to project. Then we prove that every
alternating automaton can be converted to a nondeterministic one. As we are
also interested in P-projections we consider automata with two phases: a non-
deterministic one reading a prefix of the input tree belonging to P, and then
switching to an alternating phase reading the rest of the tree.

Definition 6.2. Let A = (Q, X, §, o, 2) be an L-automaton.
(a) A formula ¢ € L[ X] is nondeterministic in Y ¢ X if it is monotone in every
variable from Y and

sk implies s, ¢, forsome s, S s such that, for all v € dom(s,),
lso(v)| <10rs,(v)NY =a.

(b) A is partially nondeterministic if there exists a partition Q = Q¢ + Qng of
its states such that,
o for q € Qu, the formula §(g, a) does not contain any state from Qpgq,
o forall g € Quq and a € %, the transition formula §(q, a) is nondeterministic
in Qng.
We call the elements of Q. the alternating states of A and those of Qyq its
nondeterministic states.
(c) Suppose that A is partially nondeterministic. Let Q = Qg + Qpa be the
corresponding partition of its states, and let p be a run on the input tree .
We say that p is economical if, for all v € dom(p),

lp()[=1 or p(v)<€QxQar.
The nondeterministic part of an economical run p on t is the set
P:={vedom(p) | p(v) € P(Qua x Qua) } -

The complement of P is the alternating part of p.

Given a class P of prefixes as in Definition 6.1, we say that A is partially non-
deterministic of shape P if, for every t € [.A], there exists an accepting economical
run p whose nondeterministic part belongs to P. ,
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Lemma 6.3. Let A be a partially nondeterministic automaton. For every t € [ A],
there exists an accepting run p of A on t that is economical.

Proof. Let p be a minimal (with respect to C) accepting run of A on ¢. We claim
that p is economical. For a contradiction, suppose otherwise. Fix a vertex v ¢
dom(t) such that

lp(v)|>1 and p(v)N(Qx Qua) + 2.

Choose v such that |v| is minimal, let u be the predecessor of v, and fix a pair
(p>q) € p(v) with g € Qua.

We distinguish two cases. If p € Qqy, the transition formula §(p, t(u)) does
not mention the state g € Q4. Hence, we can remove the pair (p, q) from p(v)
and still obtain a valid run. A contradiction to the minimality of p.

Hence, we have p € Q4. Since A is partially nondeterministic, it follows that
there exists some s ~, suc(u) with

o sE=8(p,t(u)),

+ [s(d)| =1ors(d) € Qar,

* g es(d) = (p,q') € p(suc(u)(d)).
Let d be the direction such that v = suc(u)(d). If s(d) = {q'}, we could re-
move everything from p(v) except for the pair (p, q'). If s(d) S Qui, we could

remove the pair (p, q) from p(v). In both cases we obtain a contradiction to the
minimality of p. O

By definition, every partially nondeterministic L-automaton is an alternating
L-automaton. Conversely, we can translate every alternating L-automaton into
a partially nondeterministic one. To do so, we need one auxiliary result about
w-semigroups. Recall that an w-semigroup is a two-sorted structure & = (S, S, )
where, intuitively, S, contains the ‘finite’ elements and S,, the ‘infinite’ ones. An
w-semigroup is equipped with three products

i8Sy xS =80, 18 x Sy, = Se, 7T:(S+)w_>sw’
subject to the following associative laws.
a-(b-c)=(a-b)-c),
(a-b)-u=a-(b-u),
a-n(by,by,...)=n(a, by, by,...),
7(bos bys ... ) = ((bor--biy-1)s (b, biy=1)s - )5
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forall a,b,c,by,b,,... € Sy, u € Sy, and o < ko, < k; < ---. We also use the
notation

] b = 7(bos bs,...).

i<w

We make use of the following consequence of the theorem of McNaughton-
Pappert [14] (for a proof see, e.g., Theorem I1.9.3 of [16]).

Proposition 6.4. For every finite w-semigroup & = (S,,S,) and every subset
P c S, there exists a deterministic w-automaton A such that

[A] = {we(S:)" | n(w)eP}.

The automaton construction below does not work for arbitrary logics L. We
have to make a few restrictions. First of all, the construction does not respect
polarities in general. Which means that we will work with families of logics
without polarities. Furthermore, we require two further closure properties.

Definition 6.5. Let L be a family of logics over S.

(a) We say that L is closed under label restrictions if, for all A ¢ £(ZX), there
exists an L[X]-formula y, defining the set SA.

(b) L is closed under boolean label substitutions if, for every function f :
£(Q") — £(Q), there exists a morphism of logics (A, u) : L[Q] — L[Q’] with
p =Sf.

(c) Suppose that L is closed under boolean label substitutions. Given a formula
¢ € L[Q] and a family (9 ) 4eq of boolean combinations of elements of Q’, we
set

¢lq > 94]geq = AMg9),

where (A, Sf) : L[Q] = L[Q’] is the morphism associated with the function

f(P"):={qeQ|P satisfies 9, }, forP'cQ’.

a

Proposition 6.6. Let T € {general, pure, weak} be a type of automaton, let L be a
Sfamily of logics without (!) polarities over S that is closed under conjunctions, dis-
junctions, label restrictions, and boolean label substitutions, and let L' € {L, L., L4}
Suppose that L and L’ satisfy one of the following conditions.

o L' = L and L is closed under projections.
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o L' = L. and L is closed under finite projections.
o L' = L4 and L is closed under singleton projections.

For every alternating L'-automaton A of type T, there exists an L'-automaton B
of type T such that [B] = [ A] and B is partially nondeterministic with a shape
that is given by the following table.

type  general pure weak

L all trees all trees well-founded trees
L. finitely-branching trees  finitely-branching trees  finite trees

Lqg  chains chains finite chains

Proof. We start with the cases where T = general or T = pure, and then we ex-
plain how to modify this proof for weak automata. Let 4 = (Q, X, 8, g,, 2) be an
alternating L'-automaton, possibly pure. We construct a partially nondetermin-
istic automaton BB whose alternating part is just .4, while the nondeterministic
part guesses a run p of A and verifies that it is accepting. To do so, B has to check
that every trace of p satisfies the parity condition. Unfortunately, this condition
is not a parity condition itself. Hence, we first have to construct a deterministic
w-automaton C that reads a branch of p and checks all the traces along that branch.
Then we simply have to run C along all the branches of p and use the states of C
for our parity condition.
The automaton C is based on the w-semigroup & = (S, S,,) with domains

S;:=P(QxQ) and S, :=FR(Q),

where the product is defined as follows. For A, B, Ay, A,,... €S, and U € S, we
set

A-B:={(p,r)|(p.q) e Aand (q,r) e B},
A-U:={p|(p.q)eAandqe U},
[TAi={poe Q’there are po, P, - -- € Qwith (p;, piy,) € A;, forall i,

i<w

such that liminf; Q(p;) is even } .

By Proposition 6.4 there exists a deterministic w-automatonC = (W, S, n, w,, @)
recognising the language

[CT={(Ai)ie(S:)°[qoeIl; Ai}.
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We construct a partially nondeterministic automaton B := (Q’, 2, 8", g, Q")
as follows. For the alternating part, we use the original states of .4, while the
nondeterministic part uses states in W x S,. Hence, we set

Qi :=Q and Qly=WxS,.

Initial state and priority function are given by
q; = (Wo’ {(%a%)}),
, 0 ifpeqQ,
o(p)={P) TP
O(w) ifp=(w,A)e WxS,,

Finally, the transition function is defined as follows. For the alternating part, we
set

8 (p,a):=d8(p,a), forpeQ.

To define the transition function for the nondeterministic part, we have to
deal with the problem that a (non-economical) run might assign several non-
deterministic states to the same vertex. What we do in this case is to guess one of
these states and ignore the others. Hence, given a labelling s € S§(Q’), we use an
inverse projection to guess a labelling s € SA where

A= {(P.P) €P(Q) x P(Qua+ 1) | P'~ {x} € Py [PT] =1},

with 1 := {*}, and then we ignore all nondeterministic states that do not belong
to P'. To distinguish given states in p € P n Q! from the guessed ones in P', we
denote the latter states by p'. Hence, the formula p' checks whether p € PT while
p checks whether p € P. This leads to the transition formula

& (. A)a) =3y alxan A 8]
(p’,p)eA

where x € L[Q" + Q] 4] is a formula stating that all labels belong to A (which
exists since L is closed under label restrictions), and

all sets ifL' =L,
P :={finitesets ifL' =L,
singletons if L' = Lg,

5,:=08 ,a —(gA*)Vv w, A), B) .
, @>V(Q)m&ﬁ()>Lm
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Note that, because of the existential quantifier, the transition formulae 8’ ((w, A), a)
are nondeterministic in Q! ; and monotone in all states. Furthermore,

& ((w,A),a) e L'[Q",Qly, 2]

(We can remove all nondeterministic states that are different from the guessed
ones. And, by choice of P, there are only finitely many guessed states if L’ = L,
and only a single one if L’ = L4.) Hence, the automaton B is a well-formed
partially nondeterministic L'-automaton. Furthermore it follows that, if A is pure,
then so is BB.

Let us check that 3 is partially nondeterministic with the desired shape and

with alternating states Q), = Q and nondeterministic states Q;; = W x S,. To

check that B is partially nondeterministic, suppose that
sed(gq,a), forqeQlyandacX.

By definition of the transition formula for nondeterministic states, it follows that
there is some s, E%, s such that

so F8'(g,a) and |so(d)|=10rs.(d) cQly,, foralldedom(s).

The fact that the shape of 5 is either the class of all trees, of all finitely-branching
ones, or of all chains, follows by choice of P in the transition formula above.
It remains to prove that [B] = [.A]. First, note that we have

sE & ((w,A),a)

if, and only if, there exists some s, E%, s such that
¢ |so(d)|=10rs0,(d) cQ, foralldedom(s),
o {dedom(s)|so(d) €Qna}eP
¢ S1,(s0) E 8(p,a), forall(p’,p)e A, where

7,(P):==(PnQ)u{qeQ|(w,B)eP, w =n(w,A)and (p,q) € B}.

It follows that s is a model of 8’ ({w, A), a) if, and only if, there is some s’ €

SP(Q + Q x Q) such that
s'(d)cs(d)nQ or (n(w,A),s'(d))es(d),
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and

Sfp(s") e d8(p,a), forall(p',p)eA,

where f5(B) := (BnQ)u{qeQ|(p.q)eB}.

We can now prove the two directions of the equality [B] = [A].

(c) Let p" : dom(¢) — £(Q’ x Q") be an accepting economical run of B on
some tree t. We define a function p : dom(t) - £(Q x Q) by

piv)  ifp'(v)eQxQ,
p(v):=1g[A]xB ifp’(v)={(w,A)} x BforsomeBcQ,
B ifp'(v) ={(w,A,u,B)} € (W xS,) x(WxS,),

where g: Q x Q - Q is the projection to the second component. By the above
remark and the fact that all transition formulae §(p, a) are monotone, it follows
that p is an accepting run of A on t.

(2) Let p : dom(t) — #(Q x Q) be an accepting run of A on some tree ¢.
W.Lo.g. we may assume that, for every vertex v € dom(t) with predecessor u and
every pair (g, q') € p(v), there is some (p, p') € p(u) with p’ = q. (Otherwise, we
can remove from p(v) all pairs (g, g’) not satisfying this condition.) Given a prefix-
closed subset P ¢ dom(t), we will construct a run p’ : dom(t) — £(Q" x Q")
whose nondeterministic part is P. Let 0 : dom(t) — W be the function with

o(v) = Wo if v = () is the root,
" n(o(u), p(u)) ifvhasa predecessor u.

We define p’ : dom(t) - R(Q’ x Q') as follows. For a vertex v € dom(¢) with
predecessor u, we set

{{a(u),p(u),a(v),p(v))} ifveP,
p'(v):=1{{o(u),p(u))} x glp(v)] ifv¢PbutucP,
p(v) ifu¢P,

where g: Q x Q — Q is again the projection to the second component. By the
above remark, it follows that p’ is an accepting economical run of B on t whose
nondeterministic part is equal to P.

It remains to consider the weak cases. Let B’ be the automaton obtained from

the automaton B constructed above by increasing the priorities of all states in Q;,

42



by 2 and setting the priorities of all states in Q;; to 1. Since no accepting run
of B’ has an infinite branch with nondeterministic states only, it follows that the
shape of B’ consists of all well-founded trees in the shape of B. Furthermore, the
automaton B’ is weak since, as we remarked above,

&'({w, A), a) e L'[Q, Quq 2] R

We can use the translation to nondeterministic automata to show that the
languages recognised by L’-automata are closed under projections.

Theorem 6.7. Let T € {general, pure, weak} be a type of automaton, let L be a
Sfamily of logics without (!) polarities over S that is closed under conjunctions, dis-
junctions, label restrictions, and boolean label substitutions, and let L' € {L, L., L4}.
Suppose that L and L’ satisfy one of the following conditions.

o L' = L and L is closed under projections.
o L' = L. and L is closed under finite projections.
o L' = L4 and L is closed under singleton projections.

The class of languages recognised by L'-automata of type T is closed under P-
projections where P is the class of trees from the following table.

type  general pure weak

L all trees all trees well-founded trees
L.  finitely-branching trees  finitely-branching trees  finite trees

Lq  chains chains finite chains

Proof. Let K ¢ Ts[X x I'] be a language of the form K = [A] for some L'-
automaton A of type T and fix a distinguished element y, € I'. By Proposition 6.6,
there exists a partially nondeterministic L’-automaton B = (Q, 2 x I', 8, g,, Q)
such that [B] = K and the shape of B is equal to P. Let C be the automaton
obtained from B by changing the transition relation to

8(q(a,y0)) if g € Qart>

6’(‘],61):: \/5(%(0,)/)) ifqund’ forquandan.
yel’

We claim that [C] = prgy0 [K].
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(2) Let t = prr, s, (8), for some s € K. By assumption, there exists an accepting
economical run p of B on s such that the set

P:={vedom(s)|s(v) ¢ Zx{yo}}

is included in the nondeterministic part of p. Then p is also an accepting run of C
on t.

(c) Let p be an accepting economical run of C on t and let P be its non-
deterministic part. Since the shape of C is equal to the shape of B, we have P € P.
By definition of 8’ we can choose, for every v € P, some element ¢, € I' such that

5up = 0(p (1), ), forallve Pwith p(v) = {{g: p))

where s, , € SP(Q) is the successor structure obtained from p as in Definition 5.1.
We define a tree s € Tg(Z x I') by

ov) o= {(t(v),yo) ifv¢P,
(t(v),c,) ifveP.

Then t = pry(s) and p is an accepting run of B on s. Hence, s € K and t €
prgyo [K]. O

7 MoNADIC SECOND-ORDER LOGIC

In this section, we use the machinery we have set up to derive characterisations
of certain variants of monadic second-order logic. Let us start by introducing the
logics we will work with.

Definition 7.1. Let Q be an alphabet and X a signature.

(a) For a relational signature X, we denote by Sy the functor mapping a set Q
to the class of all structures of signature X + { P, | g € Q } where the (unary)
predicates P, form a partition of the universe.

Let 2 be a structure over a signature of the form X + {E} + {P; [ g € Q}
(where E is binary) such that the predicates P, form a partition of the universe A.
We identify 2 with with the Q-labelled Sz-enriched transition system (A, suc, 1)
where

AMa)=q :iff aeP;, foracAandqeQ,
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and suc(a) is the (£ + { P; | g € Q })-reduct of the substructure of 2 induced by
the set

{beA|(a,b)eE}.

(b) Let P be a property of sets. We denote by MSOp[2; Q] the version of
monadic second-order logic where quantification is restricted to sets included
in some set satisfying P, and where the models are structures with the signature
X +{E} +{P; | q € Q}. For particular choices of P we obtain the following
variants.

logic  name P
MSO  monadic second-order logic all sets
WMSO  weak monadic second-order logic  finite sets
CL chain logic chains
WCL  weak chain logic finite chains
MSOywt — well-founded trees
MSOf, — finitely-branching trees

(¢) Guarded second-order logic GSO is a variant of full second-order logic where
all second-order quantifiers are restricted to range over guarded relations only.
A relation R is called guarded if every tuple a € R is included (as a set) in some
tuple ¢ from a relation of the given structure. (We consider equality as a binary
relation in this context, which implies that every unary relation is guarded.)

(d) Finally, the counting variants of MSO and GSO are the extensions of the
respective logic by predicates of the form

|X]<oo A|X|=k (modm), fork<m<w.

We denote these two logics by CMSO and CGSO. )

We use a variant of MSOp [ Z; Q] without first-order variables where the atomic
formulae are of the form

XcY and RZ,...Z;_,,

for relation symbols R € 2+{ P, | g € Q } and monadic variables X, Y, Z,, ..., Zi_,.
A formula of the form RZ holds if there are elements v; € Z; such that the tuple ¥
belongs to the relation R. It is straightforward to inductively translate every MSO-
formula into one of this special form (see, e.g., [20, 1]).
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We will prove below that every MSOp-formula is equivalent to a formula from
a suitable fixed-point logic and to a matching kind of automaton. For the inductive
proof, we will have to deal with MSOp-formulae ¢(X) with free monadic vari-
ables X. In order to make the values of these variables accessible to the fixed-point
formula we annotate each vertex v of the given tree with the set of variables it
belongs to. Thus, given a tree ¢t € TgQ and values P,, ..., P,_, € dom(t) for X, we
construct the tree ¢ € Ts(£(Q) x £(X)) with dom(t5) = dom(¢) and labelling

tp(v) :=(t(v),U,) where U,:={X;|veP;}.
The base case of the induction is given by the following lemma.

Lemma 7.2.
(a) For every atomic MSO[Z; Q]-formula ¢(X), there exists a p,sFO[Q x P(X)]-
formula y such that

teo(P) iff tlprw, foralltandP.

(b) Forevery atomic CMSO[ Z; Q]-formula ¢(X), there exists a y,s CMSO[Qx(X)]-
formula y such that

tego(P) iff tlprw, foralltandP.

Proof. (a) For the labelling of the tree we use the predicates P; and Px, for g € Q
and monadic variables X. Furthermore, we use the predicates Py, for 9 € y,¢FO, to
check inside of a modal operator O whether the corresponding successor satisfies
the y,fFO-formula 9.

If p = (X € Y), we use the formula

y:=vx.[(Px - Py) AO[Vd.P.d]].

If 9 = P, X, for q € Q, we define
= ux.[o[3d.Pid] v (Px A Py)].

If = (X < Y) where < is the tree order on the vertices, we set
y = ux.[O[3d.P.d] v [Px A uy.(O[3d.Pyd] v Py)]].

Finally, if ¢ = RZ where R is one of the relations from the successor structures,
we define

Y= yx.[O[EIz.P;z] vO[3d.(Rd A A; P}’,Z‘di)]] .

46



(b) By (a) it is sufficient to construct yCMSO-formulae for atomic formulae of
the form

o(X):=|X|< o0 A |X|=k (mod m).

It is easier to construct two automata, one for each of the two parts of the con-
junction. Then we can translate them into yCMSO using Theorem 5.3. As yCMSO
is closed under conjunctions (of formulae without free fixed-point variables), the
claim then follows.

To check that the set X is finite, we can use an automaton with two states
p and g with priorities Q(p) = 1and Q(q) = o. The automaton uses the state p
to guess a finite prefix of the tree and then switches to state g, which checks that
no elements of X lie outside of this prefix. The transition formulae are

8(p.(a,U)) = 3Z[|Z] < 00 A Vx(Ppx <> Zx) AVx(Pgx > =Zx)],

false ifXeU,

8(g,(a,U)) := {Vx[qu] ifX¢U.

To check that |X| = k (mod m), we use an automaton with m states o, . .., m—1,
each with priority o. The transition formulae are

8(k, (@, U)) i= 3Zo+3 2 \V [ A Vx(Zix > Pix)
So5eees Sm—1<m i<m
> isi=k’ (mod m)
A NI|Zi|=s; (mod m)] ,
i<m
where
po [k ifxeu,
k ifX¢U. O

The translation from automata into formulae is contained in the next lemma.

Lemma 7.3. Let A =(Q,Z, 6, g, Q) be an automaton.
(a) If A is a weak MSO-automaton, the language [ A] is MSOy¢-definable.
(b) If A is a pure WMSO-automaton, the language [ A] is MSOg,-definable.
(c) If Ais a weak WMSO.-automaton, the language [ A] is WMSO-definable.
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(d) If Ais a pure FOq-automaton, the language [ A] is CL-definable.
(e) If A is a weak FOq-automaton, the language [ .A] is WCL-definable.

Proof. For each state q of A, we will construct a formula ¢, of the respective
logic stating that the given tree has an accepting run which starts in the state g.
We proceed by induction on the number of states reachable from g. Let C be
the connected component of A containing g and let D be the set of all states
reachable from g that do not belong to C. We distinguish two cases.

First suppose that 8(q,a) € L[Q, C,&], where L is the transition logic in
question. We claim that, if there exists an accepting run p with initial state g, we
can choose p such that the set

P={v|p(v)nCxC=#@}

forms (a) a well-founded tree; (b) a finitely branching tree; (c) a finite tree; (d) a
chain; or (e) a finite chain, respectively. Then we obtain the desired formula ¢,
of the respective logic by stating that

o there exists a set P and a family (Z,/ ,),,,7ec of sets (of the kind allowed by
our logic) encoding the restriction of p to P,

+ the root satisfies Z, ,,

« for every infinite branch § that is contained entirely in P, every trace along f3
satisfies the parity condition,

o the formula

(VveP) A [Zyv = 6,(v)]
p,p'eC

holds where & »(v) is the formula obtained from 8(p, t(v)) by (1) relativising
the formula to the set of successors of v; (11) replacing all states r € C by the
formula Z, ,; and (111) replacing all states r € D by the formula ¢, (which
exists by inductive hypothesis).

It therefore remains to prove the above claim. Fix an accepting run p of A on
the given input tree. We construct an accepting run p, that has the above property.
We choose p,(v) S p(v) by induction on the distance of v from the root.

We call an entry (p’, p) € p(v) unreachable if either v is the root and p # g,
or if v has a predecessor u and there is no (r’,r) € p(u) with r = p’. Clearly,
(recursively) removing all unreachable entries from an accepting run results again
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in an accepting run. Furthermore note that, if p is a run without unreachable
entries, the corresponding set P is prefix-closed.

(a) If A is weak, 8(q,a) € L[Q, C, ] implies that Q(q) is odd. Let p, be
the run obtained from p by recursively removing all unreachable entries. Then
the associated set P does not contain any infinite branches. Hence, it forms a
well-formed tree.

(b) Suppose that A is a pure MSO.-automaton. For every vertex v and every
entry (p', p) € p(v), it follows that there exists a finite set U, , of successors such
that the truth value of the transition formula §(p, t(v)) does not change when
we remove all entries of the form (p, r) from p(w), for successors w of v that do
not belong to U, ;. Let p, be the resulting run and P the corresponding set. It
follows that every vertex v € P has only finitely many successors in P (those in
Upec Uy,p). Hence, P forms a finitely-branching tree.

(c) Combining the arguments in (a) and (b), we obtain a finite set P.

(d) Given an accepting run p, we will construct an accepting run p, and a path
(vi); such that each set p,(v;) contains a single entry from C x C while p, (1) is
disjoint from C x C, for all vertices u that do not lie on the path.

We start with the root v, and p, (v, ) := {(g, q) }. For the inductive step, sup-
pose that we have already defined v; and p,(v;). Let (p’, p) € po(v;) be the
unique entry from C x C. Since the transition formula §(p, t(v;)) belongs to
MSO4[Q, C, @], we can find some successor u of v; and some state r € C such
that the truth value of §(p, t(v;)) does not change when we remove all the states
from C from every successer, except for the state r at u. If (p, r) € p(u), we set

V= u and po(vin) = (p(vin) ~ (Cx C)) U {(pr))
Otherwise, we stop the construction of the path at the vertex v;. Finally, we set
po(u):=p(u) N (CxC), forall vertices u not on the path.

The run obtained from p, by removing all unreachable entries has the desired
properties.
(e) Combining the arguments in (a) and (d), we obtain a finite chain P.

It remains to consider the case where 8(q,a) € L[Q, @, C]. Let A°P be the
automaton for the complement. Recall that A°P has the same states as A, but
their priorities are increased by 1, and the transition formulae are the duals of the
formulae from A. Furthermore, a tree is accepted by A°P with initial state q if,
and only if, the tree is rejected by .4 with initial state g. In particular, C is still a
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component of A°P and we have §°? (g, a) € L[Q, C,&] for g € C. Consequently,
we can use the above case to find a formula ¢, that defines the set of all trees
that are rejected by A when starting in state g. The negation ¢, is the desired
formula. O

We are now ready to derive the promised characterisations of several variants
of monadic second-order logic. The first one is basically due to Walukiewicz [22].

Theorem 7.4 (Walukiewicz [22]). Foralanguage K ¢ TsZ, the following statements
are equivalent.

(1) K is MSO-definable.
(2) K is u,MSO-definable.
(3) K is recognised by a pure MSO-automaton.
For ordinary trees, the following statements are equivalent to those above.
(4) Kis u,E,-definable.
(5) K is recognised by a pure E,,-automaton.

Furthermore, all translations between the above formalisms are effective.

Proof. (2) < (3) and (4) < (5) follow by Theorem 5.3 and Corollary s5.10.

(5) = (3) is trivial.

(3) = (5) One can use a standard back-and-forth argument [7, 1] to prove that,
over structures with an empty signature, every MSO-formula is equivalent to an
E,-formula.

(2) = (1) Since one can express in MSO that a set X is the least fixed-point of a
formula ¢(X, x), we can inductively translate every pMSO-formula into MSO.

(1) = (3) By induction on a given MSO-formula ¢, we construct an equivalent
automaton A. If ¢ is atomic, the existence of A follows by Lemma 7.2 (a) and the
already established implication (2) = (3). If ¢ is a boolean combination of MSO-
formulae, the claim follows by inductive hypothesis, the equivalence (2) < (3),
and the fact that the logic 4, MSO is closed under boolean combinations (for
formulae without free fixed-point variables). Finally, if ¢ = 3 X, the claim follows
by inductive hypothesis and Theorem 6.7. O

We obtain analogous results for CMSO, GSO, and CGSO. The proofs are minor
modifications of that of Theorem 7.4.

Theorem 7.5. For a language K € TsZX, the following statements are equivalent.
(1) K is CMSO-definable.
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(2) K is u,CMSO-definable.
(3) K is recognised by a pure CMSO-automaton.
For ordinary trees, the following statements are equivalent to those above.
(4) Kis u,C-definable.
(5) K is recognised by a pure C-automaton.

Furthermore, all translations between the above formalisms are effective.

Proof. (2) < (3) and (4) < (5) follow by Theorem 5.3 and Corollary s.10.

(5) = (3) is trivial.

(3) = (5) One can again use a back-and-forth argument to prove that, over
structures with an empty signature, every CMSO-formula is equivalent to an
C-formula.

(2) = (1) Since one can express in CMSO that a set X is the least fixed-point of a
formula ¢ (X, x), we can inductively translate every yCMSO-formula into CMSO.

(1) = (3) By induction on a given MSO-formula ¢, we can construct an equi-
valent automaton A. The case of atomic formulae follows by Lemma 7.2 (b), while
the inductive step is exactly the same as in the proof of Theorem 7.4. O

Theorem 7.6. For a language K € TsZ, the following statements are equivalent.
(1) K is GSO-definable.
(2) Kis upGSO-definable.
(3) K is recognised by a pure GSO-automaton.
For ordinary trees, the following statements are equivalent to those above.
(4) Kis upE,-definable.
(5) K is recognised by a pure E,-automaton.
(6) K is MSO-definable.

Furthermore, all translations between the above formalisms are effective.

Proof. The equivalence (1) < (6) holds since, over signatures with only unary
relation symbols, GSO is no more expressive than MSO. Furthermore, except
for the implication (1) = (3), the rest of the proof is analogous to that of The-
orem 7.4. It therefore remains to show how to translate a GSO-formula into a
GSO-automaton. (As GSO does not have polarities, the automaton will automatic-
ally be pure.)

The first step consists in modifying the formula to make the translation easier.
Note that every guarded relation R can be written as a disjoint union R = Rg URj
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where Rg contains all tuples guarded by the successor relation E and R contains
the tuples guarded by some relation in the signature = of the ‘successor structures.
As every edge (u,v) € E can be represented by its terminal vertex v, we can
encode Rg by (a tuple of) monadic relations (see [6] for details). Consequently,
we may assume that the given GSO-formula contains only quantifiers ranging
over monadic relations and over relations that are guarded by the relations in X.
Choosing a relation of the second kind is equivalent to choosing, for each vertex v,
a guarded relation on the successor set of v. It follows that, if A = (Q, I, 8, ¢,, 2)
isa nondeterministic automaton equivalent to ¢ (R ), we obtain a nondeterministic
automaton for IR@(R) using the transition function

8'(g,a) == 3RS(q,a).

The other cases in the inductive automaton construction are the same as in the
proof of Theorem 7.4. O

Theorem 7.7. For a language K ¢ TsZ, the following statements are equivalent.
(1) K is CGSO-definable.
(2) Kis upCGSO-definable.
(3) K is recognised by a pure CGSO-automaton.
For ordinary trees, the following statements are equivalent to those above.
(4) Kis u,C-definable.
(5) K is recognised by a pure C-automaton.
(6) K is CMSO-definable.

Furthermore, all translations between the above formalisms are effective.

Proof. The proofis a combination of the arguments used for Theorems 7.5 and 7.6.
O

Let us take a look at WMSO and at WCL next. For the special case of ordinary
trees, the next two theorems are due to [5]. The extension to enriched trees is new.

Theorem 7.8. For a language K ¢ TsZ, the following statements are equivalent.
(1) K is WMSO-definable.
(2) K is s WMSO,-definable.
(3) K is recognised by a weak WMSO,-automaton.
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For ordinary trees, the following statements are equivalent to those above.
(4) K is paf(Eco ) -definable.
(5) K is recognised by a weak (Eo )c-automaton.
Furthermore, all translations between the above formalisms are effective.
Proof. The proof is analogous to that of Theorem 7.4 except that, instead of proving
the implication (2) = (1), we prove (3) = (1), which follows by Lemma 7.3 (c). O
Theorem 7.9. For a language K ¢ TsZX, the following statements are equivalent.
(1) K is WCL-definable.
(2) K is pasFOq4-definable.
(3) K is recognised by a weak FOq4-automaton.
For ordinary trees, the following statements are equivalent to those above.
(4) Kis pas(Ey )a-definable.
(5) K is recognised by a weak (E,, )q-automaton.
Furthermore, all translations between the above formalisms are effective.

Proof. The proof is analogous to that of Theorem 7.8, except that we use Lemma 7.3 (e)
for the implication (3) = (1). O

The corresponding result for CL seems to be new.

Theorem 7.10. For a language K < TsZ, the following statements are equivalent.
(1) K is CL-definable.
(2) K is u,FOq-definable.
(3) K is recognised by a pure FOq-automaton.
For ordinary trees, the following statements are equivalent to those above.
(4) Kis pp(E,)a-definable.
(5) K is recognised by a pure (E,,)q4-automaton.
Furthermore, all translations between the above formalisms are effective.

Proof. The proof is analogous to that of Theorems 7.8 and 7.9, except that we use
Lemma 7.3 (d) for the implication (3) = (1). O

For completeness sake, let us also mention the following two characterisations.
The proofs are similar to the ones above, except that we now use Lemma 7.3
(b) and (a), respectively.
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Theorem 7.11. For a language K < TsZ, the following statements are equivalent.
(1) K is MSOg,-definable.
(2) Kis uyWMSO,-definable.
(3) K is recognised by a pure WMSO,-automaton.
For ordinary trees, the following statements are equivalent to those above.
(4) K is pip(Eoo )c-definable.
(5) K is recognised by a pure (Eo, ) c-automaton.

Furthermore, all translations between the above formalisms are effective.

Theorem 7.12. For a language K C TsZ, the following statements are equivalent.
(1) K is MSOy¢-definable.
(2) K is p,sMSO-definable.
(3) K is recognised by a weak MSO-automaton.
For ordinary trees, the following statements are equivalent to those above.
(4) K is pasE,-definable.
(5) K is recognised by a weak E,-automaton.
Furthermore, all translations between the above formalisms are effective.

Open Question. Is there an automaton characterisation of MSO” where P is the
set of thin trees?

8 THE MUCHNIK ITERATION

As an application of the machinery developed in this article we consider the
so-called Muchnik iteration which, given some Z-structure 2, creates an infinite
tree of copies of 2. It can be seen as a generalisation of the unravelling operation
from graphs to arbitrary X-structures.

Definition 8.1. Let 2 = (A, R) be a Z-structure.
(a) The Muchnik iteration of 2 is the (X+{E, cl} )-structure A* = (A*, E, cl, R*)
whose universe consists of all finite sequence over A and

R ={{(waq,...,wa,_,)|we A", aeR},
E:={(w,wa) |weA*, acA},

cd:i={waa|weA*, acA}.
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We call cl the clone predicate.
(b) We regard 2(* as an S-enriched transition system for the functor SX := X4
by choosing for suc(w) (with w € A*) the substructure of 2* induced by the set
{wal|acA}.

a

The following theorem was announced in [19], but the original proof has
never been published. Walukiewicz [22] introduced MSO-automata to give a new,
independent proof of this theorem. Here we present a new, much simplified proof
that immediately generalises to several other logics.

Theorem 8.2 (Muchnik, Walukiewicz [22]). Given an MSO-formula ¢, we can
compute an MSO-formula ¢* such that

e iff Wee*, forallstructuresA.

The proof of this theorem is split into two lemmas. Let us start with a bit of
terminology.

Definition 8.3. (a) A system of logics is a functor L mapping each finite relational
signature X to a logic L[Z] whose class of models is the class of all 2-structures.
(b) Given such a system L and a signature X, we construct a family of logics L5

by
Ls[Q]:=L[Z+{P;|qecQ}], foreverysetQ,

where the P, are unary predicates.

a

Remark. (a) I apologise for any confusion caused by defining both families of
logics and systems of logics, but I was simply not able to come up with better
terminology.

(b) Clearly, all of the classical logics like first-order logic, monadic second-order
logic, etc. form systems of logics. )

Next, we extend the logic yL by a mechanism for loop-detection: we add a
special marker symbol * and use it to label all successors that are equal to their
predecessor.

Definition 8.4. Let L be a family of logics with polarities over S.

(a) We denote by u© L the following variant of uL. Given a set ¥ of labels and
two disjoint sets X, Y of fixed-point variables, we define the syntax and semantics
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of u© L[Z; X, Y] using the same rules for as uL[Z; X, Y], except for the rule for
the modal operator, which is modified as follows. In the syntax, we allow an
additional set of labels 1 := {x}.

e Let © C uL[Z; X, Y] be a finite set of formulae and let ©, be the set of all
9 € O containing a symbol from X and O_ the set of all 9 € @ containing a
symbol from Y. Forevery 9 € L[® + 1,0,, ©_], we have O¢ € uL[%; X, Y].

The label * is used to mark loops, that is, if the vertex v is a successor of itself, we
label it by *. Formally, we set

[ov]s = {v €S | Sty (suc(v)) & 1//}
where the function f, : § > (©) maps u € S to

1 ifu=v,

@ otherwise,

{9€@|ue[[9]P}u{

(b) We denote by ”PO Land ‘ua? L the corresponding pure and alternation-free
fragments of u© L. )

Definition 8.5. Given a X-structure 2, we denote by 2 the (X + {E})-structure
(A + 1, E) with edge relation E := (A+ 1) x A. )

Note that the unravelling of 2 coincides with 2, except that it does not have
the clone predicate.

The first step in the proof of Theorem 8.2 consists in proving a variant for the
logic u© L.

Lemma 8.6. Let L be a family of logics with polarities over S. For every uL-
formula ¢, there exists a u L-formula ¢* such that

Aee iff A= ¢*, forevery X-structure .

Furthermore, if ¢ € up,L or ¢ € parL, we can choose y € /,tpOL and y € ya? L
respectively.

Proof. Let ¢(x) be a yuL-formula, possibly with free fixed-point variables x. By
induction on ¢, we construct an y© L-formula ¢* (%) such that

A =g(p'[P]) iff Arg*(P),
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for every S-structure 2 and all sets P in A, where p : A* — A = A + 1 is the
function mapping the empty word () to the unique element * € 1 and every other
word to its last letter. The only two non-trivial steps in the induction are the cases
for the modal operator and the fixed-point operators.

First, suppose that ¢ = Oy. Fix a finite set © of yL-formulae such that y ¢
Ls ¢y [@]. By inductive hypothesis, we can translate every 9 € © into an equi-
valent y© L-formula 9*. Let ©* be the resulting set and let y* be the formula
obtained from y by replacing each 9 by 9*, and replacing the clone predicate cl
by the marker *. Since

Ly(ay[0] = L[Z + {cl} + O] = L[© + {cI}],
it follows that ¢* := Oy* € u© L. Furthermore, the fact that
A Ep(p '[P iff Ak 9" (P)

follows immediately from the inductive hypothesis.

It remains to consider a fixed-point formula uy.y (%, ). Let y* be the u© L-
formula obtained by applying the inductive hypothesis to the formula y. We set
¢* = uy.y*. To see that ¢* has the desired properties, let (Q;); be the fixed-
point induction of ¢ on the structure 2*. By induction on i, it then follows
that Q; = p™ [P;], where P; is the i-th stage of the fixed-point induction of y*
on %A, O

Finally, we have to translate 4 © L back into the logics we are actually interested
in.
Lemma 8.7.

(a) Let L be MSO or GSO. For every u© L-formula ¢, there exists an L-formula v
such that

Geo it GEvy, foreverytransition system S .
(b) For every y:f) WMSO.-formula ¢, there exists a WMSO-formula y such that
See it Gevy, foreverytransition system S .

Proof. (a) Given a u© L-formula ¢ (%), possibly with free fixed-point variables %,
we inductively construct an L-formula y(z, X) such that

S,s=(P) if SEy(sP),
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for all transition systems & and all sets P. Most steps of the induction are trivial.
For a fixed point py.¢(%, y) we can express in L that z € Y, where Y is the least
set satisfying

VylyeY < y(y.X,Y)].

For a modal operator OY, we can use the relativisation of the formula 9 to the
set U of all successors of z. The additional predicate used for loop-detection is
equal to U n {z}, which is obviously definable.

(b) We proceed analogously to (a), the only exception being the translation
of fixed-point operators. Hence, suppose that ¢ = yx,---px,_,¥(x) where y €
WMSO,[%, X, @] is ®,-frugal in x. By induction on n we prove that, for every
transition system &, there exists a finite set U C S such that

Sk puxopxyy M S E pxeux,—, [UAy].

Then it follows that we can define the fixed-point in WMSO by stating that there
exists a finite set U such that z € Y, where Y C U is the least set satisfying

VylyeY o yeUny(y.X,Y)].

We prove the above claim by induction on the number # of fixed-point variables.
First, suppose that n = 1. Let Fy, : £(S) — £(S) be the function associated with
the formula y as in Definition 3.11, let H; := F, (@) be the i-th stage of the fixed-
point induction, and let H, be the limit. Since y is ®,-frugal in x,, it follows that,
for every i < w and every element u € H;.,, there exists some finite set W, € H;
with u € F,(W,).

Let us show that this implies that H,, = H,. For a contradiction, suppose
otherwise. Then there exists some element u € H,,, \ H,. Let k be the maximal
number such that W,, contains some element of Hy,, \ Hy. Since W, is finite, it
follows that k < w. Hence, u € F,(W,,) € F,(Hy) € H,. A contradiction.

By induction on i < w, we set

U,={u}u |J Uy, forueH;.
weW,

It then follows by induction on i that
S,uk uxo[U, Ay], forueH,;.

Hence, the set U := U, has the desired properties.
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For the inductive step, suppose that n > 1. We can use the above case to find a
finite set W such that

S uxo[W A pxy-px,y] .

Furthermore, we can use the inductive hypothesis to find, for every w € W and
every finite P € W, some finite set Vp ,, with

G, wE ux; Xy W(P,xy, ., X))
iff S,wE px,puxn[Vew AW(P, Xy, s x0-0)]
Setting U := Up ,, Vp, it follows that
S,uk px,;puxy[UAyW(Hij x0,...,%X0—,)], forallue WnH;,,.
Consequently, we have
S = pxopxn, [UAy]. O

Combining these two lemmas we obtain the following theorem. The case
L = MSO is the origninal Theorem of Muchnik, the cases for CMSO, GSO, and
CGSO were proved in [3], and the case L = WMSO was the original motivation
for this article.

Theorem 8.8. Let L be one of MSO, CMSO, GSO, CGSO, or WMSO. Given an
L-formula ¢, we can compute an L-formula ¢* such that

A= ff Ae¢*, forallstructuresA.

Proof. We give the proof for L = MSO. The other cases are entirely analogous. We
can use Theorem 7.4 to translate a given MSO-formula ¢ into a uMSO-formula y.
Let y* be the 4© MSO-formula obtained from y via Lemma 8.6. We obtain the
desired MSO-formula ¢* by applying Lemma 8.7 to y*. O
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