
Combinatorial Game+

Achim Blumensath

last update: th March 

Content+

1 Po@tional game+ 1

2 Reacability game+ 3

3 Conway game+ 12

4 Gale-Steward game+ 14

5 Regular game+ and parity game+ 16

Referen$e+ 37

Symbol Index 38

Index 39

1 Po@tional game+

Many games like go, chess, and checkers can be modelled as a directed graph
where the vertices represent the different states, or positions, of the game and
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the edges correspond to possible moves. Starting in a given initial state such
a game consists of a sequence of moves which describe a path in the game
graph. We call such a path a partial play of the game.¿e path is a (complete)
play if it is either infinite or if it ends in some vertex without outgoing edges.
For simplicity, we will only consider games with two players, Player◇ and
Player ◻, and we assume that the outcome of each play is either a win for one
of the two players, or a draw.

How exactly the actions of the players determine the next move depends
on the specific kind of game we are considering. ¿e three main options
are: (i) positional games where the current position determines which player
may choose where to move next; (ii) alternating games where the players
alternate making this choice; and (iii) simultaneous games where both players
act simultaneously and the resulting move is then determined by combining
their choices in some way.

In this section we consider the first variant. A general positional game can
thus be specified by a tuple

G = ⟨V◇ ,V◻ , E ,W◇ ,W◻⟩ ,
where V◇ is the set of positions belonging to Player◇, V◻ are the positions
for Player ◻, V ∶= V◇ ∪ V◻ is the set of all positions, E ⊆ V × V is the
(directed) edge relation, andW◇ andW◻ are disjoint sets of infinite plays
that determine the winning condition of the game as follows. A player that
has to make a move, but cannot, loses. If this does not happen, the game
results in an infinite play and the player σ wins whose winning set Wσ
contains this play. If the play does not belong to either set, the result is a
draw.

¿e central problem associatedwith a positional game is which playerwins
when the game is started in a given initial position and to find a corresponding
strategy. Here, a strategy for player σ is a function s that, given a partial play p
ending in a position v ∈ Vσ chooses one of the outgoing edges. If the value
of s(p) does not depend on all of p, but only on the final position, we say that
s is positional or memory-free.We say that a partial play p conforms to such a
strategy s if, for every proper prefix p of p ending in a position for Player σ



the extension of p by the edge s(p) is again a prefix of p. Finally, a strategy s
for Player σ is winning from a position v ∈ V if he wins every (complete) play
that starts in v and conforms to s. ¿e winning regionWσ of Player σ is the
set of all positions v ∈ V from which he has a winning strategy. Informally,
we will say that a player wins a game if the given starting position belongs to
his winning region.¿ese notions of course only make sense if the game is
determined, that is, if either one of the players has a winning strategy, or both
players have a strategy that guarantees at least a draw. While most of the
games one encounters in the wild are in fact determined, we will see below
that, although hard to find, there indeed exist games which are not. Some
of the classes of games we will consider below are even more well-behaved:
they are not only determined but the corresponding strategies can always be
chosen to be positional. Such games are called positional determined.
In the terminology we have just established we can rephrase the central

problem thus as:

Given a determined game G, find the winning regions and the
corresponding winning strategies.

In the rest of this note we will consider this context for several classes of
positional games.

2 Reacability game+

We start with the simplest form of a game: a positional reachability game is a
positional game where the setsW◇ andW◻ are both empty, that is, a game
where infinite plays are considered draws. As an example, in the game

◻ ◇ ◻ ◇ ◻
◇ ◻ ◇ ◻ ◇
◻ ◇ ◻ ◇ ◻
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(where the label ◇ denotes positions for Player ◇ and ◻ positions for
Player ◻) the shaded part constitutes the winning region for Player◇, while
the winning region for Player ◻ is empty.

¿ewinning regions of a reachability game are easy to compute recursively:
a player wins from some position v if either v belongs to him and at least
one outgoing edge leads to a winning position, or it belongs to his opponent
and all the outgoing edges lead to winning positions. To define this formally
we introduce the following notation. For X ⊆ V , we set

◇X ∶= { v ∈ V ∣ ⟨v ,w⟩ ∈ E for some w ∈ X } ,◻X ∶= { v ∈ V ∣ ⟨v ,w⟩ ∈ E implies w ∈ X } .
We denote the opponent of Player σ by σ , i.e.,◇ ∶= ◻ and ◻ ∶= ◇. ¿en
we can define the winning region for Player σ as the least setWσ such that

Wσ = (Vσ ∩◇Wσ) ∪ (Vσ ∩ ◻Wσ) .
Hence,Wσ is the least fixed point of the following step function

Stepσ(X) ∶= (Vσ ∩◇X) ∪ (Vσ ∩ ◻X) .
It is easy to see that Stepσ(X) contains all the positions fromwhich Player σ
can ensure that in the next step the game either reaches some position in X
or the game ends with a win for him.¿us, by iterating the step function we
obtain the set of all positions from which the player either wins or eventually
reaches a position in X. ¿is iteration of Stepσ is call the σ -attractor of the
set X. ¿e formal definition is

Attrσ(X) ∶= ⋃
α
Stepασ (X) ,

where α ranges over all ordinals (actually, it is sufficient to take the union for
all α < ∣V ∣+) and Stepασ , the α-th iteration of the step function, is defined as
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follows

Stepσ(X) ∶= X ,

Stepα+σ (X) ∶= Stepσ(Stepασ (X)) ,
Stepδσ(X) ∶= ⋃

α<δ Step
α
σ(X) , for limit ordinals δ .

Lemma .. Player σ has a positional strategy s such that, every play p that
starts in some position v ∈ Attrσ(X) and that conforms to s is winning or
contains some position from X.

Proof. Let v ∈ Attrσ(X).¿en v ∈ Stepασ (X), for some ordinal α.We prove
the claim by induction on α.
If α = , then v ∈ X and the claim is trivial. For the successor step,

suppose that α = β + . ¿en v ∈ Stepσ(Stepβσ(X)) and Player σ has a
strategy to either win in one step, or to reach some vertex of Stepβσ(X).
In the first case we are done. In the second one, we can continue with the
strategy from the inductive hypothesis. Finally, if α is a limit ordinal, then
v ∈ Stepβσ(X), for some β < α, and the claim follows immediately from the
inductive hypothesis.

Using the notion of an attractor we can define a measure for how long
it takes from a given position to win. ¿e rank of a position v is the least
ordinal α such that

v ∈ Stepα+σ (∅) .
If there is no such ordinal, we set the rank to∞. In the above example the
ranks for Player◇ are

◻ ◇ ◻ ◇ ◻
◇ ◻ ◇ ◻ ◇
◻ ◇ ◻ ◇ ◻

    

∞ ∞   

∞ ∞   
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Next let us take a look at complements of attractors. We call a subset
U ⊆ V a σ -trap if Stepσ(V ∖ U) ⊆ V ∖ U, that is, if the opponent can
ensure that Player σ never leaves the setU once the game has entered it. An
easy way to find traps is by computing attractors.

Lemma .. A set U is a σ -trap if, and only if, it is of the form

U = V ∖Attrσ(X) , for some X .

Proof. (⇐) is obvious since Stepσ(Attrσ(X)) ⊆ Attrσ(X). For (⇒), note
that Stepσ(V ∖U) ⊆ V ∖U impliesU = V ∖Attrσ(V ∖U).
Lemma .. for every σ -trap U, Player σ has a positional strategy s ensuring
that, starting from any vertex v ∈ U, the game never leaves U.

Proof. Setting A ∶= V ∖U, we know that A = Attrσ(X), for some set X.
Hence,

Vσ ∖A = Vσ ∖ Stepσ(A) = Vσ ∖◇A
and Vσ ∖A = Vσ ∖ Stepσ(A) = Vσ ∖ ◻A .

In particular, (i) no vertex v ∈ Vσ ∩ U has an outgoing edge leading to a
vertex in A and (ii) every vertex v ∈ Vσ ∩U has at least one outgoing edge⟨v , u⟩ ∈ E with u ∈ U. Consequently, if the game starts in some vertex v ∈ U
Player σ can never move intoA, while Player σ always has the option to stay
inU.

¿eorem .. Positional reachability games are positionally determined with
winning regionsWσ ∶= Attrσ(∅).
Proof. Let s be the strategy for Player σ fromLemma . forWσ = Attrσ(∅),
and let t be the strategy from Lemma . for V ∖Wσ . As no play can ever
reach a position in ∅ it follows that s is winning for Player σ from every
position v ∈ Wσ . While, t ensures that Player σ does not lose when starting
from a position in V ∖Wσ . ¿is implies thatWσ is the winning region for
Player σ and that, forV ∖(W◇∪W◻), each player has a positional strategy
ensuring that he does not lose.



Having shown that winning regions exist, we next take a look at how to
efficiently compute them.

¿eorem .. ¿e winning regions of a finite positional reachability game can
be computed in linear time.

Before presenting the linear time algorithm we start with a simpler, non-
linear version that is just a direct translation of the definition of an attractor.

functionWin(v , σ) // Does Player σ win from position v ?

if v ∈ Vσ then
if there is an edge v → u withWin(u, σ) then

return true
else

return false

if v ∈ Vσ then
if for every edge v → u we haveWin(u, σ) then

return true
else

return false
end

¿ere are several obvious problems with this algorithm. First of all, it
might not terminate if the game graph contains a cycle. And secondly, it is
very inefficient (exponential time) as it does not remember if it has already
computed the winner of a position and recomputes this information every
time.¿ere is a rather straightforward fix for both of these issues: we intro-
duce an array where we store whether we have already visited a position and
who the winner is. (¿us each entry can have one of four values: (i) not vis-
ited yet, (ii) already visited, but we do not know the winner yet, (iii) Player◇
wins, and (iv) Player ◻ wins.)With this modification, the algorithm will run
in quadratic time.

To improve the runtime to linear, we need to be more clever.We introduce
two more array with auxiliary data that helps us to avoid unnecessary work.
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Input: game ⟨V◇ ,V◻ , E⟩
Output: array containing the winner for every position

// initialise auxiliary arrays

forall v ∈ V do
win[v] ∶= � // the winner of the position
P[v] ∶= ∅ // the set of predecessors of v
n[v] ∶=  // the number of (not yet processed)

// successors of v
end

forall ⟨u, v⟩ ∈ E do
P[v] ∶= P[v] ∪ {u}
n[u] ∶= n[u] + 

end

// compute the winning regions

forall v ∈ V◇ do
if n[v] =  then Propagate(v ,◻)

forall v ∈ V◻ do
if n[v] =  then Propagate(v ,◇)

return win

procedure Propagate(v , σ) =
if win[v] ≠ � then return
win[v] ∶= σ
forall u ∈ P[v] do

n[u] ∶= n[u] − 
if u ∈ Vσ or n[u] =  then Propagate(u, σ)

end
end

To see that this algorithmworks in linear time (in the number of positions
plus the number of edges), note that the body of the procedure Propagate



(except for the first line) is executed exactly once for each vertex v. Further-
more, the loop in Propagate is executed once for each incoming edge which
means that, in total, it is executed at most as many times as there are edges
in the game. Since the precomputation steps are also linear in the number of
vertices or edges, it follows that so is the total runtime of the algorithm.

It remains to show that the algorithm really computes the winning regionsW◇ andW◻. To see this it is sufficient to note that, every time the procedure
Propagate(v , σ) is called and we still have w[v] = �, then the vertex v really
belongs to the winning region for Player σ . ¿is is clear for the two calls of
Propagate in the main part of the algorithm, where only vertices v without
successors are considered. For the recursive call inside the body of Propagate
we need to distinguish two cases. If u ∈ Vσ and v already belongs toWσ then
Player σ can take the edge from u to v to win. Hence, u ∈ Wσ . Otherwise,
we have u ∈ Vσ and n[u] = , which means that we already know for all
successors w , . . . ,wn of u to which region they belong. If there is some
w i ∈ Wσ then we have already called Propagate(u, σ) when processing w i
and win[u] is already set. Otherwise, all successors belong toWσ , which
means that u belongs to it as well.

Horn formulae

As an application of reachability games let us take a look at the satisfiability
problem for propositional Horn formulae. Such a formula is an implication
of the form

A ∧ ⋅ ⋅ ⋅ ∧An → B ,

where we allow both the left-hand side and the right-hand side to be empty,
i.e., we allow implications of the form → B and A ∧ ⋅ ⋅ ⋅ ∧An → .We are
interested in deciding in whether a given set of such formulae is satisfiable.
Note that such a set is always satisfiable if there are no implications where
the right-hand side is . We call such implications purely negative. It is not
difficult to prove that every set of Horn formulae with no purely negative
implications has a minimal model, that is, there exists a unique variable
assignment that satisfies all the formulae and that only assigns  to those
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variables that are true in every satisfying variable assignment. We will use
games to show that this minimal model can be computed in linear time.
¿en we can check for satisfiability of a given set Φ of Horn formulae by

() removing all the purely negative implications from Φ,
() computing the minimal model, and

() checking that every of the removed implications is true in this model.

As an example, let us consider the following set of Horn formulae.

→ A A∧ C ∧ F → D E → G
A∧ D → B B ∧ E ∧G → D → E

F → C G → D

¿eminimal model assigns the value  toA, B, D, E, andG, and the value 
to C and F.

¿e game corresponding to a setΦ ofHorn formulae looks as follows.¿e
positions for Player◇ are of the form ⟨A⟩, where A is a variable appearing
in Φ, the positions for Player ◻ are of the form [φ] with φ ∈ Φ. For each
formula A ∧ ⋅ ⋅ ⋅ ∧An− → B ∈ Φ, we have edges

⟨B⟩ Ð→ [A ∧ ⋅ ⋅ ⋅ ∧An− → B]
and [A ∧ ⋅ ⋅ ⋅ ∧An− → B] Ð→ ⟨A i⟩ , for i < n .
Intuitively, in the resulting game Player◇ tries to prove that a variable A
must have value  by choosing an implication B∧⋅ ⋅ ⋅∧Bn− → A that forces
it to be true, while Player ◻ tries to prove that such an implication is not
applicable by finding some condition B i that is not met. With this intuition
it is straightforward to show that our game has the desired properties.

Lemma .. Let Φ be a set of Horn formulae that does not contain any purely
negative implications. A position of the form ⟨A⟩ belongs to the winning region
of Player◇ if, and only if, the variable A is true in the minimal model of Φ.

¿e game corresponding to the above set of formulae is the following one,
whose winning regions we have already computed above.



[→ A] ⟨A⟩ [A∧ B → D] ⟨B⟩ [→ E]
⟨C⟩ [A∧ C ∧ F → D] ⟨D⟩ [B ∧ E ∧G → D] ⟨E⟩
[F → C] ⟨F⟩ [G → D] ⟨G⟩ [E → G]
Modal logi$

As a second application let us take a look at the model-checking problem for
propositional modal logic. Given a transition system S with starting state s
and a modal formula φ in negation normal form, we can construct a game
that is won by Player◇ if, and only if, S, s ⊧ φ. ¿e positions are of the
form ⟨t,ψ⟩ where t is a state of S and ψ is a subformula of φ. Intuitively, in
such a position Player◇ tries to prove that S, t ⊧ ψ, while Player ◻ tries to
show that S, t ⊭ ψ. ¿e moves are as follows.

⟨t,ψ ∨ ψ⟩ → ⟨t,ψ i⟩ , for i = ,  ,⟨t,ψ ∧ ψ⟩ → ⟨t,ψ i⟩ , for i = ,  ,⟨t,◇ϑ⟩ → ⟨u, ϑ⟩ , if t → u is an edge of S ,⟨t,◻ϑ⟩ → ⟨u, ϑ⟩ , if t → u is an edge of S .

Finally, positions of the form ⟨t,ψ ∨ ψ⟩ and ⟨t,◇ϑ⟩ belong to Player◇ ;
those of the form ⟨t,ψ ∧ψ⟩ and ⟨t,◻ϑ⟩ belong to Player◻ ; and a position
of the form ⟨t, P⟩ belongs to Player ◇ if t ∉ P ; otherwise, it belongs to
Player ◻. Similarly, a position of the form ⟨t,¬P⟩ belongs to Player ◇ if
t ∈ P. For instance, for the transition system S and the formula φ on the left
below, the resulting game (or at least its reachable part) is depicted on the
right.
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S s

t

u

P

Q

φ ∶= ◇(P ∨ Q) ∧◇¬P

[s, φ]
⟨s,◇(P ∨ Q)⟩ ⟨s,◇¬P⟩

⟨t, P ∨ Q⟩ ⟨u, P ∨ Q⟩ ⟨t,¬P⟩ [u,¬P]
[t, P] ⟨t,Q⟩ ⟨u, P⟩ [u,Q]

It is straightforward to check by induction on ψ that Player◇ has a winning
strategy from a position ⟨t,ψ⟩ if, and only if, S, t ⊧ ψ.
3 Conway game+

Formany actual games like chess, go, etc., looking at a given position does not
tell you which player’s turn it is. To model such games it can be advantageous
to assign the players not to the positions but to the moves. A Conway game
is a graph

G = ⟨V , E◇ , E◻⟩
with two edge relations E◇ , E◻ ⊆ V × V , one for Player ◇ and one for
Player ◻. During a play of such a game starting in a given position and with
a given starting player, the players alternatingly choose moves from their
respective edge relation, that is, a play of such a game consists of a path
through G where the edges alternate between E◇-edges and E◻-edges. As
usual, we consider a player whose turn it is but who cannot make a move to
lose the game. For simplicity, we will only consider Conway games where
infinite plays are considered draws. ¿us, to win a player has to manoeuvre
his opponent into a position where he cannot make a move.
¿e question of determinacy for Conway games becomes more involved

as, given a starting position, we must distinguish several more cases: it can
be that one of the players has a winning strategy no matter who goes first,
or it can be that always the player that make the first move wins, or it is the
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player making the second move. We therefore say that a Conway game is
determined if, for every position v, one of the following cases occurs.

◆ When taking the first turn Player◇ has a winning strategy from v.

◆ When taking the first turn Player ◻ has a winning strategy from v.

◆ ¿e player that moves first has a winning strategy from v.

◆ ¿e player that moves second has a winning strategy from v.

◆ Both players have strategies from v that ensure at least a draw.

To compute the winning regions we proceed similar to positional games.
We start by defining a step function. Because the game is alternating, it is
convenient to use a function that takes two steps at a time. We set

DStepσ(X) ∶= ⟨σ⟩[σ]X ,

where, for X ⊆ V and σ ∈ {◇,◻},
⟨σ⟩X ∶= { v ∈ V ∣ ⟨v ,w⟩ ∈ Eσ for some w ∈ X } ,[σ]X ∶= { v ∈ V ∣ ⟨v ,w⟩ ∈ Eσ implies w ∈ X } .

¿en the winning regions are

Wσ , ∶= ⋃
α
DStepασ(∅) ,

Wσ , ∶= [σ]Wσ , .

WhereWσ , denotes the set of vertices from which Player σ wins if he goes
first andWσ , is the set of vertices from which he wins if the opponent goes
first.

Lemma .. For every v ∈ Wσ , ∪Wσ ,, Player σ has a positional winning
strategy.

Proof. It is sufficient to providewinning strategies for every v ∈ Wσ , since, in
a game starting with Player σ from a positionWσ ,, the first move necessarily
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leads to a position inWσ ,. (Or Player σ has nomove and loses immediately.)
Hence, suppose that v ∈ Wσ , and let α be the least ordinal such that
v ∈ DStepα+σ (∅). ¿en

v ∈ ⟨σ⟩[σ]DStepασ(∅)
implies that Player σ can make a move to some position

w ∈ [σ]DStepασ (∅) ,
and the response of the opponent leads to some position

v′ ∈ DStepασ(∅) .
Consequently, we can construct the desired strategy by induction on α.

¿eorem .. Conway games are positionally determined.

Proof. LetW ∶= W◇,∪W◇,∪W◻,∪W◻,. By Lemma ., it is sufficient
to prove that, for every position v ∈ U ∶= V∖W , both players have strategies
that ensure a draw. Similar to the proof of Lemma ., it is straightforward
to check that, in every position v ∈ V both players have the ability to choose
an edge ⟨v , u⟩ with u ∈ U and no player σ can choose an edge ⟨v , u⟩ with
u ∈ Wσ ,.

4 Gale-Steward game+

Reachability games are very simple since we can ignore infinite plays. Let
us now take a look at what happens for games where every infinite play is
winning for one player or the other. Gale-Steward games are simple games
of this kind.¿ere are played on a tree with set of vertices V ∶= A∗. Every
position v ∈ V has outgoing edges to all vertices of the form va with a ∈ A.
¿e players strictly alternate, that is, positions v ∈ (A)∗ of even length
belong to Player◇ and those v ∈ A(A)∗ of odd length to Player ◻. ¿e
winning condition is given by a set W ⊆ Aω , which contains the infinite
plays won by Player◇. All other infinite player are won by Player ◻.



Proposition .. ¿ere exist Gale-Steward games that are not determined.

Proof. We play on the complete binary tree with vertices V ∶= {, }∗. As
the game graph is acyclic, every strategy is automatically positional. ¿us,
a strategy for Player σ is a function Vσ → {, } where Vσ is either the
set of all v ∈ {, }∗ of even length, or the set of all v of odd length.¿ere
are κ ∶= ℵ such functions. We fix enumerations (sα)α<κ and (tα)α<κ of
all strategies for, respectively, Player◇ and Player ◻. To construct a non-
determined game we have to find two disjoint setsW◇ ,W◻ ⊆ {, }ω of
infinite paths such that none of the sα and tα are winning strategies in the
game with winning conditionW◇ ,W◻.
We start with a bit of notation. Given a strategy s, we denote by [s] the

set of all infinite plays p ∈ Aω that conform to s. With this notation we can
say that a strategy s for Player σ is a winning if, and only if, [s] ⊆Wσ .
By induction on i < κ, we construct two sequences (ξ i)i<κ and (ζ i)i<κ

of elements ofAω as follows. Suppose that we have already defined ξ i and ζ i ,
for all i < α. ¿en we pick some element ξα ∈ [sα] that is different from
ξ i and ζ i , for all i < α, and we pick some element ζα ∈ [tα] that is different
from ξ i and ζ i , for all i ≤ α, and also from the just chosen ξα . Note that we
can do so since [sα] has size κ, while the set { ξ i ∣ i < α } ∪ { ζ i ∣ i < α }
has size ∣α∣ < κ. ¿e same holds for [tα].

We claim that the game with winning conditions

W◇ ∶= { ζ i ∣ i < κ } and W◻ ∶= Aω ∖W◇
is not determined. For the proof, consider a strategy s for Player◇. ¿en
s = sα , for some α < κ. Since ξα ∈ [sα] ∩W◻, we have [s] ⊈W◇. Hence,
s is not a winning strategy. In the same way it follows that no strategy t for
Player ◻ is winning.

As Gale-Steward games can be non-determined in general, we have to
put restrictions on the allowed winning conditions to get positive results.
One handy way to do so is by equipping the set of all infinite plays with a
topology. We call a set O of infinite plays open if there exists a set P of finite
partial plays such that contains all infinite plays starting with some p ∈ P.
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¿e complement of an open set is called closed.Note that the open sets are
closed under arbitrary unions and finite intersections. Hence, they form a
topology. A set is Borel if it is contained in the smallest class of sets that
contains the open ones and that is closed under complement and countable
unions.

¿eorem . (Martin []). If W ⊆ Aω is Borel, then ⟨A∗ ,W⟩ is determined.
¿eproof is a bit involved. Instead of proving the result in its full generality,

we will only consider the much simpler case of open and closed winning
conditions, i.e., whereW◇ is open andW◻ closed, or vice versa. By symmetry,
wemay assume that the winning condition for Player◇ is open.¿enW◇ is
determined by some set P ⊆ A∗ of prefixes and every play containing a
position from P is winning. ¿us, open winning condition corresponds to a
reachability game: Player◇ has to reach a position in P. As we have seen
in Section , the winning region for Player ◇ in such a game is given by
Attr◇(P). ¿e complement of Attr◇(P) is a◇-trap. Since every infinite
play inside this complement cannot contain positions from P, all such plays
arewinning for Player◻. Consequently, the game is determinedwithwinning
regions

Attr◇(P) and A∗ ∖Attr◇(P) .
5 Regular game+ and parity game+

In general, Gale-Steward games have no finite representation as the winning
setW can be an arbitrary set of infinite sequences. In this section we take
a look at a simple simple way to represent certain Gale-Steward games in
a finite way: if the winning set W is a regular set of infinite plays, we can
use an automaton to represent it. Or we can use ω-semigroups instead of
automata. ¿is leads to the following definition.

A regular game over an ω-semigroup S = ⟨S , Sω⟩ is a game

G = ⟨V◇ ,V◻ , E , λ,W⟩



where λ ∶ E → S is an edge-labelling and the winning set is given by a subset
W ⊆ Sω . Player◇wins an infinite play p if the product of the corresponding
edge labels evaluates to an element ofW.

As an example consider the ω-semigroup S = ⟨S , Sω⟩ where S = ℘{, }
and Sω = ℘{, }. We define the product by

a ⋅ b ∶= a ∪ b , for a, b ∈ S ,
a ⋅ u ∶= u , for a ∈ S and u ∈ Sω ,

π(a , a , . . . ) ∶= ⋂
i<ω ⋃i≤k<ω a i , for a , a , . . . ∈ S .

In the game

{} {}
with winning setW = {{, }} Player◇ has a winning strategy by altern-
ating between the two edges. But note that he does not have a positional
winning strategy as using only one of the edges will result in a loss.

Computing the winning regions of a regular game is more complicated
than for open games. ¿e difference is that, instead of reaching a certain set
once, we have to be able to reach it over and over again. To simplify our task,
let us start by considering a special case of regular games of the following
form. A parity game is a game of the form

G = ⟨V◇ ,V◻ , E ,Ω⟩
where Ω ∶ V → D for some finite set D ⊆ ω. We call Ω the priority
function and Ω(v) the priority of the position v. Player◇ wins an infinite
play p = (v i)i<ω if it satisfies the parity condition:

lim inf
i<ω Ω(v i) is even.

For instance, in the following parity game Player ◇ wins from every
position except for the one in the lower right. (¿e numbers denote the
priorities.)

























As we will show below, parity games are simpler than general regular
games. In particular, they are positionally determined. In fact, a regular game
is positionally determined if, and only if, it is a parity game. Let us start our
investigation of parity games by noting that they are regular. We can turn
the set D of priorities into an ω-semigroup D = ⟨D,Dω⟩ with two infinite
elements Dω ∶= {, } and the product

k ⋅ l ∶= min{k, l} , for k, l ∈ D ,

k ⋅ b ∶= b , for k ∈ D and b ∈ Dω ,

π(k , k , . . . ) ∶= (lim inf
i<ω k i) mod  , for k , k , . . . , ∈ D .

¿en a parity game G can be turned into a regular game by labelling every
edge ⟨u, v⟩ by Ω(v). In the above example we get:

  





 























Po@tional determina$y

For the proof that parity games are positionally determined, we introduce
some terminology. Let us say that a strategy s for Player σ is winning on
some set U ⊆ V if every play p that conforms to s and starts at a vertex
inU is winning for σ and p never leaves the setU. We call a subsetU ⊆ V
a σ -domain if it is a σ-trap and Player σ has a positional strategy that is
winning onU.



Lemma .. ¿e union of a set of σ -domains is again a σ -domain.

Proof. LetW = ⋃i∈I U i , where eachU i is a σ-domain.We start by proving
thatW is a σ-trap. Let v ∈W . ¿en v ∈ U i , for some i ∈ I. We distinguish
two cases. If v ∈ Vσ it follows that there is an edge ⟨v , u⟩ with u ∈ U i ⊆W.
If v ∈ Vσ then every edge ⟨v , u⟩ leads to a vertex u ∈ U i ⊆W. ¿is implies
thatW is a σ-trap.
It remains to construct a positional strategy s for Player σ on W. By

assumption, there are positional strategies t i that are winning onU i . Fix a
well-order ≤ on I and define

s(v) ∶= t i(v) , for the least i ∈ I with v ∈ U i .

We claim that every play p starting at a vertex inW and conforming to s
is winning for Player σ and that p never leavesW. ¿e second part is clear
since the opponent cannot leaveW and the choices of Player σ satisfy

s(v) = t i(v) ∈ U i ⊆W , for every vertex v ∈ Vσ ∩W .

For the first part of the above claim, note that, if p contains a vertex ofU i
then the rest of p will be contained in ⋃ j≤i U j . As I was well-ordered, it
follows that there is some index i ∈ I such that, after finitely many steps,
p will remain inU i and the corresponding suffix q of p will conform to t i .
Since t i is winning, it follows that q satisfies the parity condition. Hence, so
does p.

¿eorem .. Parity games are positionally determined.

Proof. Let G = ⟨V◇ ,V◻ , E ,Ω⟩ be a parity game. We prove the claim by
induction on the number of priorities used. Let k be be the minimal priority
ofG and σ the player it belongs to. LetWσ be the union of all σ-domains. By
Lemma .,Wσ is also a σ-domain. In particular, Player σ has a positional
strategy that is winning from every vertex inWσ . It is therefore sufficient to
prove thatWσ ∶= V ∖Wσ is a σ-domain.
Since Attrσ(Wσ) is a σ-domain, it follows by definition of Wσ that

Attrσ(Wσ) =Wσ . Consequently, Lemma . implies that the complement
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Wσ = V ∖Attrσ(Wσ) is a σ-trap. For a set X ⊆ V , we denote by G[X] the
subgame of G consisting of all positions in X. Define

K ∶=Wσ ∩Ω−(k) and U ∶=Wσ ∖Attrσ(K/Wσ) ,
where Attrσ(K/Wσ) is the σ-attractor ofK computed in G[Wσ]. Since no
position inU uses the priority k, we can apply the inductive hypothesis to the
game G[U] and obtain a partitionU = Uσ ⊍Uσ ofU into a σ-domainUσ
and a σ-domainUσ .





















K

W◻U = U◇
We will show next thatWσ ∪Uσ is a σ-domain. By definition ofWσ , it

then follows thatUσ = ∅. To see thatWσ ∪Uσ is a σ-trap, we distinguish
four cases.

(i) Let v ∈ Vσ ∩Wσ . AsWσ is a σ-domain, we can find a successor u of v
that belongs toWσ ⊆Wσ ∪Uσ .

(ii) Let v ∈ Vσ ∩Wσ . AsWσ is a σ-domain, every successor u of v belongs
toWσ ⊆Wσ ∪Uσ .
(iii) Let v ∈ Vσ ∩ Uσ . As Uσ is a σ-domain in G[U], we can find a

successor u of v that belongs toUσ ⊆Wσ ∪Uσ .
(iv) Let v ∈ Vσ ∩Uσ . As Uσ is a σ-domain in G[U], every successor u

of v either belongs toUσ or to V ∖U. SinceU is a σ-trap in the subgame
G[Wσ], the latter is only possible if u ∉Wσ , i.e., u ∈Wσ . Consequently, all
successors belong toWσ ∪Uσ .
It remains to find a positional strategy for Player σ on Wσ ∪ Uσ . As

Wσ andUσ are σ-domains in, respectively,G andG[U], there are positional



strategies tW and tU for Player σ on these to sets. We define a strategy s by

s(v) ∶= ⎧⎪⎪⎨⎪⎪⎩
tU(v) if v ∈ U ,
tW(v) otherwise .

To show that s is winning, consider a play p conforming to s and starting
in some position inWσ ∪Uσ . If p entersWσ , it never leaves this set. Con-
sequently, the rest of p conforms to tW and is therefore winning. Otherwise,
the play stays the whole time in Uσ and conforms to tU . ¿us, it is also
winning.

We have shown thatU = Uσ is a σ-domain in G[U]. Let t be the corres-
ponding strategy. To conclude the proof it is sufficient to show thatWσ is
a σ-domain in G. We have already seen above that it is a σ-trap. Hence, it
remains to construct a positional strategy for Player σ onWσ . Note that
Wσ = Uσ ∪ Attrσ(K/Wσ). For positions v ∈ U, we use the strategy t
for G[U]. For positions v ∈ K, we choose an arbitrary successor inWσ . For
the remaining positions, we use the attractor strategy that ensures that we
visit K. Let s be the resulting strategy. To show that it is winning, consider a
play p conforming to s and starting in some position inWσ . If p entersUσ it
will stay in this set and the remainder of the play conforms to t. Hence, p is
winning. Otherwise, p is entirely contained in Attrσ(K/Wσ). ¿is implies
that p either ends in a terminal vertex belonging to Player σ , or it visits the
set K infinitely often. In both cases Player σ wins.

Finite-memory #rategie+

One can show that all regular games are Borel. Hence, determinacy follows
from the¿eorem ofMartin. But we can prove a stronger statement: regular
games admit what is called finite-memory strategies. A finite-memory strategy
for Player σ is given by a finite set M (the memory) and two functions
s ∶ M ×Vσ → E and α ∶ M × E →M such that, given a state m ∈M and a
vertex v ∈ Vσ , s(m, v) returns the outgoing edge e to be chosen by Player σ
after which α(m, e) will be the new memory state. (If there is no outgoing
edge, we let s remain undefined.) Formally, we say that a play p = (e i)i
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(which, for regular games where the edge labelling matters, we consider as
a sequence of edges) conforms to such a strategy if there exists a sequence(m i)i of memory states such that, for every step i,

◆ if e i = ⟨v i , v i+⟩ with v i ∈ Vσ , then e i = s(m i , v i), and
◆ m i+ ∶= α(m i , e i).
In the game

{} {}
from above, Player ◇ has a finite-memory strategy with M = {, }. If
m = , he takes the left edge and sets the memory state to . Otherwise,
he takes the right edge and sets the state to .¿is results in alternatingly
taking the two edges, which is winning for him.

We can reformulate the definition of a finite-memory strategy as follows.
For a regular game G = ⟨V◇ ,V◻ , E , λ,W⟩ and a function α ∶ M ×E →M,
we define the product game

G ×α M ∶= ⟨V ′◇ ,V ′◻ , E′ , λ′ ,W′⟩
with positions

V ′◇ ∶= V◇ ×M and V ′◻ ∶= V◻ ×M ,

edge relations

E′ ∶= { ⟨⟨u,m⟩, ⟨v , n⟩⟩ ∣ ⟨u, v⟩ ∈ E and n = α(u, ⟨u, v⟩) } ,
edge labelling λ′(⟨u,m⟩, ⟨v , n⟩⟩) ∶= λ(⟨u, v⟩), and the same winning condi-
tionW′ ∶=W . ¿en a strategy is finite-memory for G if, and only if, there
exists a finite setM and a function α ∶ M×E →M such that s is a positional
strategy in the game G ×α M.

In the above example, the product G ×α M is the game



 
{}
{}

which clearly has a positional winning strategy.
Note that this operation of equipping a game with memory does not

change the game much.¿ere exist one-to-one correspondences between

◆ plays of G and of G ×α M ;

◆ strategies of G and of G ×α M ;

◆ winning strategies of G and of G ×α M.

¿e only difference between these two games is the amount of memory a
strategy needs. In particular, some positional strategies of G ×α M might
correspond to strategies of G which are not positional. ¿is is exactly what
we need to prove the following result.

¿eorem . (Büchi, Landweber). In every regular game both players have a
finite-memory winning strategy on their respective winning regions.

Proof. LetG = ⟨V◇ ,V◻ , E , λ,W⟩ be a regular game.We fix a deterministic
parity automatonA = ⟨Q , S , δ, q ,Ω⟩ recognising the setW of winning
plays and construct the product game G ×δ Q . In this game a play p is
winning for Player◇ if, and only if, its projection to the second component
produces an accepting run ofA. Consequently, we can turn G ×δ Q into a
parity game by using as priority function the function Ω fromA applied to
the second component. Since parity games are positionally determined, we
obtain two positional winning strategies s◇ and s◻ for the two players in
their respective winning regions. As we have seen in the remark before the
theorem, these two strategies induce finite-memory strategies in the original
game.

Po@tiona\y determined game+

We have seen that parity games admit positional strategies while arbitrary
regular games only admit finite-memory ones. One might wonder whether
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there exists a larger class of games with positional strategies. It turns out that
is not the case. We will prove below that (nearly) every regular, positionally
determined game is equivalent to a parity game – with one notable caveat:
we will only be able to establish this statement for games with a winning
condition of the following form. A winning condition W ⊆ Sω is called
prefix-invariant if

w ∈W⇔ aw ∈W , for all a ∈ S and w ∈ Sω .
Note that this is not much of a restriction sincemost of the commonwinning
conditions used in game theory or automata theory are of this form.

To analyse such conditions we start with an observation from semigroup
theory. In a finite ω-semigroup S = ⟨S , Sω⟩ every infinite product aaa⋯
has a factorisation of the form beω . IfW is prefix-invariant, we have beω ∈
W⇔ eω ∈W .¿us, the setW is completely determined by the powers eω

it contains.
Given a regular game G = ⟨V◇ ,V◻ , E , λ,W⟩ over an ω-semigroup S,

let us writeW◇ ∶=W andW◻ ∶= Sω ∖W. ¿e winning condition of G is
the pair ⟨S,W⟩. We call the set

Pσ ∶= { e ∈ S ∣ eω ∈Wσ }
the period set for Player σ . Finally, let us say that ⟨S,W⟩ is equivalent to a
parity condition if there exists a function Ω ∶ S → ω such that

π(a , a , . . . ) ∈W iff lim inf
i

Ω(a i) is even.
In this case, we can turn every game G with winning condition ⟨S,W⟩
into a parity game as follows. We first replace all edge labels by their image
under Ω. In this way we obtain a kind of parity game where the priorities
are attached to the edges instead of the vertices. We can turn the resulting
game into an ordinary parity game by adding intermediate vertices to the
edges where we can put the priorities.

¿eorem . (Colcombet, Niwiński). Let S be an ω-semigroup (not neces-
sarily finite) and W ⊆ Sω prefix-invariant. If all games with winning condition



⟨S,W⟩ are positionally determined, then ⟨S,W⟩ is equivalent to a parity
condition.

We split the proof of this theorem into two lemmas. We start with listing
some basic properties of the period sets.

Lemma .. Let S be an ω-semigroup and W ⊆ Sω prefix-invariant. If all
games with winning condition ⟨S,W⟩ are positionally determined, then the
following condition holds:

(a) a, b ∈ Pσ implies ab ∈ Pσ .
(b) ab ∈ Pσ implies ba ∈ Pσ .
(c) Every element w ∈ Sω that can be written as an infinite product of elements

of Pσ belongs to Wσ .

(d) For all A, B ⊆ S,
(∃a ∈ A)(∀b ∈ B)[ab ∈ Pσ] ⇔ (∀b ∈ B)(∃a ∈ A)[ab ∈ Pσ] .

(e) For every a ∈ S, there exists some n >  such that
ab , . . . , abk ∈ Pσ ⇒ anb⋯bk ∈ Pσ , for all b , . . . , bk ∈ S .

(f ) For a ∈ Pσ and B ⊆ S,
aB ⊆ Pσ implies aB∗ ⊆ Pσ .

Proof. (c) Suppose that w = π(a , a , . . . ) ∉ Wσ . We have to show that
there is some index k with aωk ∉ Wσ . Consider the game G with a single
position v belonging to Player σ and one a i-labelled edge v → v, for every
i < ω.

v
a

a a

. .
.
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Since w ∉ w, Player σ has a winning strategy in G by choosing in turn i the
edge with label a i . By assumption, he also has a positional winning strategy s.
Let ak be the label of the edge chosen by s. As the resulting play is winning,
it follows that aωk ∉Wσ . Hence, ak ∉ Pσ .

(a) If a, b ∈ Pσ , then (ab)ω ∈Wσ by (c).
(b) Let ab ∈ Pσ .¿en a(ba)ω = (ab)ω ∈Wσ implies, by prefix-invariance,

that (ba)ω ∈Wσ .
(d) (⇒) is trivial. For (⇐), consider the gameGwith positionsVσ = {u}

and Vσ = {v}. For every a ∈ A, we add an a-labelled edge u → v, and for
every b ∈ B, a b-labelled edge v → u.

u v
a, a′ , . . .

b, b′ , . . .
¿en Player σ can win this game by playing as follows. Every time Player σ
chooses a b-labelled edge, Player σ responds with an a-labelled edge for some
ab ∈ P. By assumption, Player σ also has a positional winning strategy s.
Let a be the label of the edge chosen by s. For every b ∈ B, there exists a play
with labelling (ab)ω conforming to s. Since these plays must be winning, it
follows that (ab)ω ∈Wσ , i.e., ab ∈ Pσ , for all b.

(e) Fix a ∈ S and set B ∶= { b ∈ S ∣ ab ∈ Pσ }. Applying (d) to the sets
A ∶= { an ∣ n > } and B ∶= { b⋯bk ∣ b , . . . , bk ∈ B } ,

we see that it is sufficient to prove that

ak+b⋯bk ∈ Pσ , for b , . . . , bk ∈ B .

We do so by induction on k. If k = , then b ∈ B implies that ab ∈ Pσ .
Hence, suppose that k > . By inductive hypothesis and the fact that bk ∈ B,
we have akb⋯bk− ∈ Pσ and abk ∈ Pσ . Hence, (abk)ω ∈ Wσ . Since
a(bka)ω = (abk)ω ∈Wσ , prefix-invariance implies that (bka)ω ∈Wσ , i.e.,
bka ∈ Pσ . Consequently, it follows by (c) that (akb⋯bk−bka)ω ∈Wσ and



we can again use prefix-invariance to show that

(ak+b⋯bk)ω = a(akb⋯bk−bka)ω ∈Wσ .

¿us, ak+b⋯bk ∈ Pσ .
(f ) Fix a ∈ Pσ and B ⊆ S with aB ⊆ Pσ . By (e) the set N ∶= { n ≥  ∣

anB+ ⊆ W◇ } is non-empty. Note that, if n ∈ N then anu ∈ Pσ , for all
u ∈ B+. By (a) this implies that aanu ∈ Pσ . Consequently, n +  ∈ N. ¿us,
N = {k, k + , k + , . . . } for some k < ω.
We claim that k = . ¿en aB+ ⊆ Pσ . Since also a ∈ Pσ , it follows that

aB∗ ⊆ Pσ , as desired. Hence, it remains to prove the claim.
For a contradiction, suppose that k >  and set m ∶= k − . ¿en m ∉ N,

but m ∈ N. Hence, there is some u ∈ B+ with amu ∈ Pσ . By (a) and (b),
it follows that uam ∈ Pσ , amuuam ∈ Pσ , and amuu ∈ Pσ . Hence, m ∉ N.
A contradiction.

¿e next lemma now concludes the proof of¿eorem ..

Lemma .. Let S be an ω-semigroup and W ⊆ Sω a prefix-invariant set
such that all games with winning condition ⟨S,W⟩ are positionally determined.
¿ere exists a function Ω ∶ S → [n] such that

() Ω maps P◇ to even numbers and P◻ to odd ones,
() Ω(a) ≤ Ω(b) implies Ω(ab) ≡ Ω(a) (mod ) .
() π(a , a , . . . ) ∈W◇ iff lim inf i Ω(a i) is even.

Proof. Consider the relation ⊑ ⊆ P◻ × P◻ defined by
a ⊑ b : iff ac ∈ P◻ ⇒ bc ∈ P◻ , for all c ∈ S .

We start by proving that it is a linear preorder of finite index.
Reflexivity and transitivity of ⊑ follows immediately from the definition.

For linearity, suppose that a and b are non-comparable. ¿en there are
elements c and d such that

ac ∈ P◻ , bc ∉ P◻ , ad ∉ P◻ , bd ∈ P◻ .
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By Lemma . (a) and (b), it follows that

acbd ∈ P◻ , da ∈ P◇ , cb ∈ P◇ , dacb ∈ P◇ , acbd ∈ P◇ .

A contradiction.
It remains to prove that ⊑ has finite index. For a contradiction, suppose

otherwise. We distinguish two cases. If there exists an infinite strictly in-
creasing chain a ⊏ a ⊏ a ⊏ ⋯, we can fix elements c i ∈ S with a i c i ∉ P◻
and a i+c i ∈ P◻. ¿en Lemma . (a) and (c) implies that c ia i+ ∈ P◻ and

cacaca⋯ ∈W◻ .
But by the same argument as above, a i c i ∈ P◇ implies that

acacaca⋯ ∈W◇ .

A contradiction to prefix-invariance.
Similarly, if there exists an infinite strictly decreasing chain a ⊐ a ⊐

a ⊐ ⋯, we can fix elements c i ∈ S with a i c i ∈ P◻ and a i+c i ∉ P◻. In the
same way as above it follows that

cacaca⋯ ∈W◇ and acacaca⋯ ∈W◻ .
Again a contradiction.

To conclude the proof, let B ⊐ ⋅ ⋅ ⋅ ⊐ Bm− be a decreasing enumeration
of all ⊑-classes and set

A i ∶= { c ∈ P◇ ∣ ac ∈ P◻ for some/all a ∈ B i } , for  ≤ i < m .

In addition, we set A− ∶= P◇ and Am ∶= ∅. Note that, by definition of ⊑,
we have P◇ = A− ⊇ A ⊇ ⋅ ⋅ ⋅ ⊇ Am− = Am = ∅. We claim that the
function Ω ∶ S → [m + ] defined by

Ω(a) ∶= ⎧⎪⎪⎨⎪⎪⎩
k if a ∈ Ak− ∖Ak ,
k +  if a ∈ Bk ,



has the desired properties.
() Clearly, Ω maps each Ak ⊆ P◇ to an even number and each Bk ⊆ P◻

to an odd one.
() Suppose that Ω(a) ≤ Ω(b). We distinguish four cases. If both Ω(a)

and Ω(b) are even, then a, b ∈ P◇, which implies by Lemma . (a) that
ab ∈ P◇. Hence,Ω(ab) is also even. In the same way it follows that, ifΩ(a)
and Ω(b) are odd, then so is Ω(ab).
Suppose that Ω(a) = k +  and Ω(b) = i. ¿en k < i, a ∈ Bk and

b ∈ A i− ∖ A i ⊆ Ak . By definition of Ak it follows that ab ∈ P◻. Hence,
Ω(ab) is odd.
Finally, suppose that Ω(a) = k and Ω(b) = i + . ¿en k ≤ i, a ∈

Ak− ∖ Ak and b ∈ B i ⊆ Bk . By definition of Ak and the fact that a ∉ Ak ,
it follows that ba ∈ P◇. Hence, Lemma . (a) implies that ab ∈ P◇ and
Ω(ab) is even.
() Fix a , a , ⋅ ⋅ ⋅ ∈ S and set k ∶= lim inf i Ω(a i). Since W is prefix-

invariant, we may assume w.l.o.g. that there is no i with Ω(a i) < k. Set
B ∶= Ω−(k) and C ∶= Ω−[{k + , . . . , m}] .

¿en we can factorise the sequence (a i)i into words u , u , ⋅ ⋅ ⋅ ∈ BC∗. Let
c i be the product of u i . If k is even, it follows by (b) that bc ∈ P◇, for all
b ∈ B and c ∈ C. Consequently, we can use Lemma . (f ) and (c) to show
that c i ∈ P◇ and π(a , a , . . . ) = π(c , c , . . . ) ∈W◇. If k is odd, it follows
in the same way that π(a , a , . . . ) ∈W◻.
Solving parity game+

To solve reachability games, we introduced the notion of a rank which,
intuitively counts how far away from the goal we are. For parity games the
situation is more complicated since we have to reach the goal not only once
but repeatedly. It is possible to define ranks also for parity games if, instead of
a single ordinal, one uses tuples of them, one for each priority k that counts
how far away we are from a position of that priority. As this turns out to be
a bit technical and not very enlightening, we will not do so.
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Instead, we will present an algorithm for computing the winning regions
that is similar to the construction in the¿eorem of Büchi and Landweber.
We will prove that, for every parity game G, there exists an action α ∶
M × E → M that turns the product game G ×α M into a reachability
game. ¿en we can use the linear time algorithm from Section  to com-
pute the winning regions. ¿e memoryM we will construct below has size
nO(log d). As we can solve reachability games in linear time, we therefore
obtain the following complexity bound.

¿eorem .. ¿e winning regions of a parity game G with n positions and
d priorities can be computed in time nO(log d).

¿e precise complexity of computing the winning regions of a parity game
are still unknown. One can show that the problem belongs to the complexity
class U ∩ co-U, which means that it is probably not NP-complete. It might
even belong to P, but no one has found a polynomial time algorithm so far.
Let us present the algorithm the above theorem is based on. Consider

a parity game G and let p be a play of G ×α M. We say that p contains an
even cycle if p = xyz where y is a non-empty path starting and ending at
the same position of G (the memory contents may differ) and such that the
least priority seen along y is even. Note that, whether or not a given play p
contains an even cycle is a reachability property: once we have found the
end of the cycle, we do not need to look at the rest of p. We will design our
memory M in such a way that detection of such cycles becomes easy. But
first, let us show that the existence of even cycles is equivalent to winning.

Lemma .. Let G be a finite parity game and α ∶ M × E → M an action.
¿e following statements are equivalent.

() Player◇ has a winning strategy s in G.

() Player◇ has a strategy s′ for G ×α M such that all cycles in every play
conforming to s′ are even.

() Player◇ has a strategy s′ for G ×α M such that every play conforming
to s′ has an even cycle.



Proof. ()⇒ () is trivial.
()⇒ () Suppose that Player◇ does not have awinning strategy forG. By

determinacy, it then follows that Player ◻ has a positional winning strategy s
in that game. ¿is strategy induces a strategy s′ for Player ◻ in the game
G ×α M. Let p′ be a play conforming to s′ and let p be the corresponding
play of G. ¿en p conforms to s. If p′ contained an even cycle then, s being
positional, it would follow that p contained infinite repetitions of this cycle.
In particular, the least priority seen infinitely often in p would be even and
p would be winning for Player◇. A contradiction to our choice of s.
()⇒ () Let s be a winning strategy for Player◇ in G. W.l.o.g. we may

assume that s is positional. Let s′ be the strategy inG×α M induced by s. To
show that it has the desired property, consider a play p′ conforming to s′ and
let p be the corresponding play in G. ¿en p conforms to s and is, therefore,
winning. Since s is positional, p consists of a path leading to a cycle which
is repeated infinitely often. Let k be the minimal priority along this cycle.
As p is winning, it follows that k is even. Hence, so is (every copy of ) the
cycle.

How can we detect an even cycle? ¿e easiest way would be to store
all the positions of G we have already seen. Once we see one of them for
the second time, we have found a cycle. Unfortunately, storing that many
positions requires too much memory. So instead, we resort to a counting
trick.

Let G be a parity game with n positions and priorities {, . . . , d − }. We
use the ω-semigroup S with domains S ∶= [d] and Sω ∶= [d] and product

k ⋅ k′ ∶= min{k, k′} , for k, k′ ∈ S ,
k ⋅ l ∶= l , for k ∈ S and l ∈ Sω ,

π(k , k , k , . . . ) ∶= lim inf
i<ω k i , for k i ∈ S ,

and we label an edge u → v of G by the semigroup element Ω(u) ∈ S.
Given a finite word w = k⋯kn− ∈ [d]∗, we call a sequence z < ⋅ ⋅ ⋅ <

zm− < n an even factorisation of w if
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◆ kz i is even, for all i < m,◆ k j ≥ min{kz i , kz i+}, for all z i ≤ j ≤ z i+, i < m − ,

◆ k j ≥ kz , for j ≤ z,◆ k j ≥ kzm− , for j ≥ zm−.
We call m the length of the factorisation and the number mini kz i its value.








z z z z z

Note that, if w has an even factorisation of length m and value k and w′ has
one of length m′ and value k′, the ww′ has an even factorisation of length
m + m′ and value min{k, k′}.
For each l < ω, we will define a deterministic automaton Al over the

alphabet [d] that computes the length and value of an even factorisation
of (some suffix of ) its input. ¿e precise definition is as follows.¿e set of
statesM l consists of a special accepting state ∗ plus all triples

⟨s, k̄, n̄⟩ ∈ [l + ] × [d]∗ × [l]∗ ,
where s ≤ l is the size of the state, k̄ is a non-decreasing sequence of priorities
of length s, and n̄ a strictly decreasing sequence of counters, also of length s. To
compute the cardinality ofM l , note that we can encode each state ⟨s, k̄, n̄⟩
as a word c . . . c l− ∈ ([d] + ◻)l where

c i ∶= ⎧⎪⎪⎨⎪⎪⎩
k j if n j = i ,◻ otherwise .

⟨, ⟨, , ⟩, ⟨, , ⟩⟩
  



Below we will choose l such that l− ≤ n < l . ¿en it follows

∣M l ∣ ≤ (d + )l +  ≤ (d + )log(n+) + 

= (n + )log(d+) +  ∈ nO(log d) ,
which is the right size for the theorem.

Before defining the transition relation of Al , let us state the intended
behaviour of the automaton.

Lemma .. Suppose that after having read a word w ∈ [d]∗ the automatonAl
enters the state ⟨s, k̄, n̄⟩. ¿en

w = w′w . . .ws− ,
where each w i has an even factorisation of length at least n i with value k i . In
particular, the word w has a suffix with an even factorisation of length at least

∑
i<s 

n i .

Before giving the proof, we have to finish the definition ofAl . ¿e ini-
tial state is the pair ⟨, ⟨⟩, ⟨⟩⟩ consisting of two empty sequences. In a state⟨s, k̄, n̄⟩when reading the letter c, the automaton can enter the state ⟨s′ , k̄′ , n̄′⟩
if one of the following three conditions is met.

(i) s =  or ks− ≤ c,
s′ = s , k̄′ = k̄ , and n̄′ = n̄ .

(ii) ¿ere is some  < i < s such that k i− < c < k i ,
s′ = i +  , k̄′ = ⟨k , . . . , k i− , c⟩ , n̄′ = ⟨n , . . . , n i− , n i⟩ .

(iii) ¿ere is some  < i < s such that k i− ≤ c, the priorities k i , . . . , ks−
are even, ⟨n i , . . . , ns−⟩ = ⟨s − i − , s − i − , . . . , , ⟩,

s′ = i +  , k̄′ = ⟨k , . . . , k i− , c⟩ , n̄′ = ⟨n , . . . n i− , n i + ⟩ .
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(iv) ¿ere is some  < i < s such that k i− ≤ c, the priority k i is odd,
while k i+ , . . . , ks− are even,
⟨n i , . . . , ns−⟩ = ⟨s − i − , s − i − , . . . , , ⟩ ,
s′ = i +  , k̄′ = ⟨k , . . . , k i− , c⟩ , n̄′ = ⟨n , . . . , n i− , n i + ⟩.

(v) s = l , each priority k i is even, c is even, and the next state is ∗.
(vi) OnceAl has reached the state ∗, it remains there.

If there are several possible transitions, we choose the one that leads to a
state of minimal length.

Proof of Lemma .. We prove the claim by induction on the length of w.
For w = ⟨⟩,Al is in the initial state ⟨, ⟨⟩, ⟨⟩⟩ and the claim is trivial.
For the inductive step, suppose that the input is wc with w ∈ [d]∗ and

c ∈ [d], and let ⟨s, k̄, c̄⟩ be the state after reading w. By inductive hypothesis,
w has a suffix of the form w⋯ws− where each w i has an even factorisation
of length at least n i with value k i . We distinguish several cases, depending
on which transition the automaton takes while reading the last letter c.

If the last transition is of the form (i), we obtain the desired suffixw′ . . .w′s−
of wc by setting w′i ∶= w i , for i < s − , and w′s− ∶= ws−c.

If the last transition is of the form (ii), let i be the index such that k i− <
c < k i . We setw′j ∶= w j , for j < i, andw′i ∶= w i⋯ws−c.¿enw′i has an even
factorisation of length at least n i + ⋅ ⋅ ⋅ + ns− +  ≥ n i .

If the last transition is of the form (iii) or (iv), let i be the index from the
above definition. We set w′j ∶= w j , for j < i, and w′i ∶= w i⋯wm−c. ¿en
w′i has an even factorisation of length at least

n i + ⋅ ⋅ ⋅ + ns− +  = s−i− + s−i− + ⋅ ⋅ ⋅ +  +  +  = s−i .
With the help of Lemma ., we are able to show that the information

contained in the states ofAl is sufficient to detect whether the input contains
an even cycle.



Lemma .. Let p be an infinite play in a parity game G with n positions,
and let w = (c i)i<ω be the sequence of priorities along p. If l > log n andAl accepts w, then p contains an even cycle.

Proof. Let ⟨l , k̄, n̄⟩ ∈ M l be the last state in the run ofAl before it enters
the state ∗, let w′ be the prefix of w leading to this state, and let c be the next
input letter. By Lemma ., thewordw′ has a suffixwith an even factorisation
of length at least

l− + ⋅ ⋅ ⋅ +  = l −  ≥ n ,
while w′c has a suffix with an even factorisation z < ⋅ ⋅ ⋅ < zm− of length
m ≥ l −  +  > n. By the Pigeon Hole Principle it follows that, after
reading the additional letter c, there must be two positions z i < z j in the
factorisation that correspond to the same vertex v of G. Let p be the part
of p corresponding to the path between these two positions. To see that p
is an even cycle, note that the minimal priority seen along the closed path is
the minimal value of cz i , . . . , cz j . In particular, it is even. Hence, the play is
winning.

Lemma .. ¿e automaton Al accepts every word w satisfying the parity
condition.

Proof. By induction on l we will prove that, starting from an arbitrary state⟨s, k̄, n̄⟩ the automatonAl accepts every infinite word w that satisfies the
parity condition. Hence, fix l and a run ρ of Al on w. If ρ contains the
accepting state ∗, we are done. Hence, suppose otherwise.

If every state of size l appears only finitely often in ρ, some suffix of ρ is a
run ofAl−. By inductive hypothesis, this suffix is accepting. Hence, so is ρ.

Consequently, we may assume that some state ⟨l , k̄′ , n̄′⟩ of size l appears
infinitely often in ρ. ¿e way the transitions are defined it follows that,
after the first appearance of ⟨l , k̄′ , n̄′⟩ every state ⟨s, k̄′′ , n̄′′⟩ in ρ satisfies
k′′ = k′. Let ρ′ be the sequence of states obtained from ρ by (i) removing
the part before the first appearance of ⟨l , k̄′ , n̄′⟩ and (ii) removing the first
components of all remaining states, i.e., replacing ⟨s, k̄′′ , n̄′′⟩ by

⟨s − , ⟨k′′ , . . . , k′′s−⟩, ⟨n′′ , . . . , n′′s−⟩⟩ .
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¿en ρ′ is a run ofAl− on the corresponding suffix of w. Again it follows
by inductive hypothesis that this run is accepting. Hence, so is ρ.

We are finally able to prove ¿eorem .. Set l ∶= ⌊log n⌋ +  and let
α ∶ M l × E →M l be the action induced byAl . We claim that a position v
of G belongs to the winning region of Player◇ in G if, and only if, Player◇
has a strategy in the gameG×α M l from the position ⟨v , ⟨, ⟨⟩, ⟨⟩⟩⟩ to reach
some position of the form ⟨u, ∗⟩. Since the latter game is a reachability game
of size n ×O(nlog n) = O(nlog n) and we can compute its winning regions
in linear time, the theorem follows. Hence, it remains to prove the claim.(⇐) follows immediately by Lemma . and the implication ()⇒ () in
Lemma ., while (⇒) follows by Lemma . and the implication ()⇒ ()
in Lemma ..

Note+

One of the first articles on games is by Zermelo [], who proved the de-
terminacy of chess. Conway games were subsequently fully developed by
Conway [].
Gale and Steward [] proved the existence of indetermined games and

the determinacy for open games.¿e full proof of Borel determinacy is by
Martin [].

¿e section on parity games follows [] and []. ¿e¿eorem of Büchi
and Landweber was originally proved in [], and ¿eorem . is taken
from []. ¿e algorithm to solve parity games in¿eorem . is from [].
Our presentation owes much to a set of lecture notes by Bojańczyk and
Czerwiński [].
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V◻ positions for ◻, Wσ winning region, ◇X some successor in X, ◻X all successor in X, 
σ opponent, 
Stepσ step function, 
Attrσ attractor, 
DStepσ double step function, ⟨σ⟩X some σ-successor in X,

[σ]X all σ-successors in X, 
G ×α M product game, 
Pσ period set, 
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alternating game, 
attractor, 

Borel determinacy, 
Borel set, 

conforming to a finite-memory
strategy, 

conforming to a strategy, 
Conway game, 

determined Conway games, 
determined games, 
σ-domain, 
draw, 

even cycle, 

finite-memory strategy, 

Gale-Steward game, 
game with memory, 

Horn formula, 
Horn satisfiability, 

memory-free strategy, 
modal logic, 
move, 

outcome, 

parity condition, 
parity game, 
partial play, 

period set, 
play, 
play of a Conway game, 
player, 
position, 
positional determinacy, 
positional game, 
positional strategy, 
prefix-invariant, 
priority function, 
product game, 

rank for reachability games, 
reachability game, 
regular game, 
regular winning condition, 

simultaneous game, 
strategy, 

trap, 

win, 
winning a game, 
winning region, 
winning strategy, 
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