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Abstract. It is proved that the family of languages recognized by one-way f(n)-time-bounded
nondeierministic muiticounter machines is not ciosed under compiementation for any poiynomial
function f(n) = n. This salves the apen problem of Wagner and Wechsung (1986),

1. Introduction

A one-way multicounter nondeterministic machine, 1-multiC-N, is a computing
device consisting of a finite state control, an input tape with one-way reading head,
and a finite number of counters. We regard a counter as an arithmetic register
containing an integer that may be either positive or zero. In one step, a 1-muitiC-N
machine can enter the state of ﬁnite state controi move the head on the input tape
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ious tyn a have been considered in [1-6

We shall consider one-wa f( ) tlme-bounded nondeterministic k-counter
machines, 1-kC-NTIME( f( n)). (f(n) is a function from N to N, N is the set of
positive integers). f(n)-time-bounded means that the number of steps of each
accepting computation of the machine is bounded by f(n), where n is the length
of the input word. In particular, we denote by 1-kC-NTIME(id) machines working
in real time (i.e., f(n) =n).

Let 1-multiC-NTIME(f(n))=Uen 1-kC-NTIME(f(n)). By £(1-kC-
NTIME(f(n))) and £(1-multiC-NTIME(f(n))) we shall denote the family of

Various tynes of restricte
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languages recognized by 1-kC-NTIME(f(n)) and 1-multiC-NTIME(f(n))
machines, respectively.

Ii is known [7] that £(1-multiC-NTIME(n)) is AFL. Among stated problems
concerning the closure properties of this language family, the only one remaining
open is whether or not it is closed under complementation. This problem is formu-
lated as an open one in [5]. We shall give a negative answer to this question. In
fact, we shall prove a stronger result: Z(1-muitiC-NTIME(f(n)}) is not closed
under compiementation for any poiynomiai function f{(n).
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In [51it was nroved that the familv of languages recognized bv one-way real-time
WESRLTA Y TV s YT owEeTE e 7 (=4 (-4 o J 4
nondeterministic multicounter machines with constant number of counter reversals

is not closed under complementation. The question concerning the language family
Z(1-multiC-NTIME(id)) was stated as an open problem there. Hromkovi¢ [5]
conjectured that the answer is negative and defined the language that should be
suitable for solving this problem. We have used another language in our proof.

Theorem 1. The family of languages ¥(1-kC-NTIME(id)) and £(1-multiC-
NTIME(id)) are not closed under complementation for any constant k € N.
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ministicallv chosen i . If i =i _ the innut word is accented
.............. Yy chosen f,. 1t I, = J,, the input worg 1s accepted
c . 3 .
To show L°¢ Z(1-multiC-NTIME(id)) is slightly more difficult. We show it by

contradiction.

Let A be a 1-kC-NTIME(id) machine recognizing the language L° for some k€ N.
For the word w=0%10"1...10110°10"1...10% € L° such that i, # is, j, #j, for
every a # b, t # p, we denote by R(w) and S(w) the sets {i,,...,i}and {j,,....j}
respectively. Now, for every constant m € N, we define the subset L, of L as follows:

i< . < o

I ='w=0"1 104-11041 100 ICli < i cee i i< e
yw=01_ 1...10 (h<iL< i, 1 <j< =

R(w)r S(w)=0, R(w)uS(w)={1,..., m}}.
The cardinality of' L,, is 2™ —2. We associate one fixed accepting computation of
A on w with every word we L,,. A configuration which the machine A reaches

immediately after it has read the prefix 0"1...10"11 of the word w in this computa-
tion will be called a transition configuration of w. Because of the length of the input
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word w, the content of each counter is at most 3(m®+3m). Therefore the number
of different transition configurations is at most q- ((m*+3m)/2)* {where q is the
number of states of the machine A). Since lim,,,.«(q ((m*+3m)/2)¥)/(2™-2)=0
there have to be two different words w, = u;11v,, w, = u,11v, from L, with the same
transition configuration. At least one of the following conditions holds:

(1) i ieR(w)&ig R(w,)
9\ 2 caniu Y& ie Riw,)
\<) 4 JE ‘\\Wl & j e n\wy).

Let (1) be true. Then the word z=u,11v, is accepted by A although z does not
belong to L°. In the second case the word u,11v, is the one that leads to the
contradiction. [

Given any polynomial function f:N-> N and constants ¢, ke€ N,
iim,,.oq(f((m*+3m)/2))*/(2* —2)=0. From this fact and from the proof of
Theorem i we have the foiiowing.
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L but no number of reverqal of polynomial- time-bounded ultlcounter machmes
is sufficient for the recognition L°.
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