1S
. aRT UVpO

v FI MU

Faculty of Informatics

Masaryk University Brno

. FA )
@&ﬁﬂ CUC »

4»
g 4 oSS

Verification of Open Interactive Markov
Chains

by

Tomas Brazdil
Holger Hermanns
Jan Krcal
Jan Kfetinsky
Vojtéch Rehak

FI MU Report Series FIMU-RS-2012-04

Copyright © 2012, FI MU November 2012



Copyright (© 2012, Faculty of Informatics, Masaryk University.
All rights reserved.

Reproduction of all or part of this work

is permitted for educational or research use
on condition that this copyright notice is
included in any copy.

Publications in the FI MU Report Series are in general accessible
via WWW:

http://www.fi.muni.cz/reports/

Further information can be obtained by contacting;:

Faculty of Informatics
Masaryk University
Botanicka 68a

60200 Brno

Czech Republic



Verification of Open Interactive Markov Chains

Tomas Brazdil
Faculy of Informatics, Masaryk University, Brno, Czech Republic

brazdil®@fi.muni.cz

Holger Hermanns
Saarland University — Computer Science, Saarbriicken, Germany

hermanns@cs.uni-saarland.de

Jan Kréal
Faculy of Informatics, Masaryk University, Brno, Czech Republic

krcal@fi.muni.cz

Jan Ktetinsky
Faculy of Informatics, Masaryk University, Brno, Czech Republic
Institut fiir Informatik, Technical University Munich, Germany
jan.kretinsky@fi.muni.cz
Vojtéch Rehak
Faculy of Informatics, Masaryk University, Brno, Czech Republic

rehak@fi .muni.cz

November 9, 2012

Abstract

Interactive Markov chains (IMC) are compositional behavioral models extending
both labeled transition systems and continuous-time Markov chains. IMC pair mod-
eling convenience - owed to compositionality properties - with effective verification
algorithms and tools - owed to Markov properties. Thus far however, IMC verifi-
cation did not consider compositionality properties, but considered closed systems.
This paper discusses the evaluation of IMC in an open and thus compositional in-

terpretation. For this we embed the IMC into a game that is played with the en-
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vironment. We devise algorithms that enable us to derive bounds on reachability

probabilities that are assured to hold in any composition context.

1 Introduction

With the increasing complexity of systems and software reuse, component based de-
velopment concepts gain more and more attention. In this setting developers are often
facing the need to develop a component with only partial information about the sur-
rounding components at hand, especially when relying on third-party components to
be inter-operated with. This motivates verification approaches that ensure the function-
ality of a component in an environment whose behavior is unknown or only partially
known. Compositional verification approaches aim at methods to prove guarantees on
isolated components in such a way that when put together, the entire system’s behavior
has the desired properties based on the individual guarantees.

The assurance of reliable functioning of a system relates not only to its correctness,
but also to its performance and dependability. This is a major concern especially in
embedded system design. A natural instantiation of the general component-based ap-
proach in the continuous-time setting are interactive Markov chains | ]. Interactive
Markov chains (IMC) are equipped with a sound compositional theory. IMC arise from
classical labeled transition systems by incorporating the possibility to change state ac-
cording to a random delay governed by some negative exponential distribution. This
twists the model to one that is running in continuous real time. State transitions may
be triggered by delay expirations, or may be triggered by the execution of actions.
By dropping the new type of transitions, labeled transition systems are regained in
their entirety. By dropping action-labeled transitions instead, one arrives at one of
the simplest but also most widespread class of performance and dependability mod-

els, continuous-time Markov chains (CTMC). IMC have a well-understood compositional

theory, rooted in process algebra [ ], and are in use as semantic backbones for dy-
namic fault trees [ ], architectural description languages [ , ], gen-
eralized stochastic Petri nets [ ] and Statemate [ ] extensions, and are

applied in a large spectrum of practical applications, ranging from networked hardware

on chips [ ] to water treatment facilities [ ] and ultra-modern satellite de-

signs [ ].



In recent years, various analysis techniques have been proposed [ , ,
, , , ] for IMC. The pivotal verification problem considered is
that of time-bounded reachability. It is the problem to calculate or approximate the prob-
ability that a given state (set) is reached within a given deadline. However, despite the
fact that IMC support compositional model generation and minimization very well, the
analysis techniques considered thus far are not compositional. They are all bound to the
assumption that the analyzed IMC is closed, i.e. does not depend on interaction with the
environment. Technically, this is related to the maximal-progress assumption governing
the interplay of delay and action execution of an IMC component: Internal actions are
assumed to happen instantaneously and therefore take precedence over delay transi-
tions while external actions do not. External actions are the process algebraic means for
interaction with other components. Remarkably, in all the published IMC verification
approaches, all occurring actions are assumed to be internal (respectively internalized
by means of a hiding operator prior to analysis).

In this paper, we instead consider open IMC, where the control over external actions
is in the hands of and possibly delayed by an environment. The environment can be
thought of as summarizing the behavior of one or several interacting components. As a
consequence, we find ourselves in the setting of a timed game, where the environment
has the (timed) control over external actions, while the IMC itself controls choices over
internal actions. The resulting game turns out to be remarkably difficult, owed to the
interplay of timed moves with external and internal moves of both players.

Concretely, assume we are given an IMC C which contains some internal non-
deterministic transitions and also offers some external actions for synchronization to
an unknown environment. Our goal is to synthesize a scheduler controlling the inter-
nal transitions which maximizes the probability of reaching a set G of goal states, in
time T no matter what and when the environment E decides to synchronize with the
external actions. The environment E ranges over all possible IMC able to synchronize
with the external actions of C.

To get a principal understanding of the complications faced, we need to consider a
restricted setting, where C does not enable internal and external transitions at the same
state. We provide an algorithm which approximates the probability in question up to a
given precision ¢ > 0 and also computes an e-optimal scheduler. The algorithm consists
of two steps. First, we reduce the problem to a game where the environment is not

an IMC but can decide to execute external actions at non-deterministically chosen time



instances. In a second step, we solve the resulting game on C using discretization. Our
discretization is based on the same approach as the algorithm of [ . However, the
algorithm as well as its proof of correctness is considerably more complicated due to
presence of non-deterministic choices of the player controlling the environment. We
finally discuss what happens if we allow internal and external transitions to be enabled

at the same time.
Example. To illustrate the concepts by an example ap-

plication, we can consider a variant of the fault-tolerant

switch

workstation cluster | ] depicted on the right. The over-
all system consists of two sub-clusters connected via a backbone; each of them contains
N workstations. Any component can fail and then needs to be repaired to become op-
erational again. There is a single repair unit (not depicted) which must take decisions
what to repair next when multiple components are failed. The entire system can be
modelled using the IMC composition operators [ ], but we are now also in the po-
sition to study a partial model, where some components, such as one of the switches,
are left unspecified. We seek for the optimal repair schedule regardless of how the un-
known components are implemented. We can answer questions such as: “What is the
worst case probability to hit a state in which premium service is not guaranteed within T time
units?” with premium service only being guaranteed if there are at least N operational
workstations connected to each other via operational switches.

Our contribution. We investigate the problem of compositionally verifying open
IMC. In particular, we introduce the problem of synthesizing optimal control for time-
bounded reachability in an IMC interacting in an unknown environment, provided no
state enables internal and external transition. Thereafter, we solve the problem of find-
ing e-optimal schedulers using the established method of discretization, give bounds
on the size of the game to be solved for a given ¢ and thus establish upper complexity
bound for the problem. Complete proofs and further relevant details can be found in
the full version [ 1.

Related work. Model checking of open systems has been proposed in [ ]. The

synthesis problem is often stated as a game where the first player controls a component

and the second player simulates an environment [ ]. There is a large body of litera-
ture on games in verification, including recent surveys [ , ]. Stochastic games
have been applied to e.g. concurrent program synthesis [ ] and for collaboration
strategies among compositional stochastic systems [ . Although most papers



deal with discrete time games, lately games with stochastic continuous-time have gained
attention [ , , , ]. Some of the games we consider in the present
paper exploit special cases of the games considered in [ , ]. However, both
papers prove decidability only for qualitative reachability problems and do not discuss
compositionality issues. Further, while systems of [ , ] are very similar to
ours, the structure of the environment is fixed there and the verification is thus not com-
positional. The same holds for [ , ], where time is under the control of the
components.
The time-bounded reachability problem for closed IMC has been studied in [ ,
] and compositional abstraction techniques to compute it are developed
in [ ]. In the closed interpretation, IMC have some similarities with continuous-
time Markov decision processes, CTMDP. Algorithms for time-bounded reachability
in CTMDP and corresponding games are developed in [ , p l. A
numerically stable algorithm for time-bounded properties for CTMDP is developed

in [ ].

2 Interactive Markov Chains

In this section, we introduce the formalism of interactive Markov chains together with
the standard way to compose them. After giving the operational interpretation for
closed systems, we define the fundamental problem of our interest, namely we define
the value of time-bounded reachability and introduce the studied problems.

We denote by N, Ny, R- o, and R, the sets of natural numbers, natural numbers with

zero, positive real numbers and non-negative real numbers, respectively.

Definition 2.1 (IMC). An interactive Markov chain (IMC) is a tuple C = (S, Act™, —, ~=, s)
where S is a finite set of states, Act™ is a finite set of actions containing a designated internal

action T, so € S is an initial state,
e — C S x Act™ x S is an interactive transition relation, and
e ~ C S x R.y x SisaMarkovian transition relation.

Elements of Act := Act™ \ {1} are called external actions. We write s <%t whenever
(s,a,t) € <, and further succ.(s) = {t € S | Ja € Act : s<Ht} and succ.(s) = {t €

S | s<5t}. Similarly, we write s At whenever (s, A, t) € ~ where A is called a rate of



the transition, and succm(s) = {t € S| IA : s> tl. We assume w.lo.g. that for each
pair of states s and t, there is at most one Markovian transition from s to t. We say
that an external, or internal, or Markovian transition is available in s if succe(s) # ), or
succ(s) # 0, or succm(s) # 0, respectively.

We also define a total exit rate function E : S — R, which assigns to each state the
sum of rates of all outgoing Markovian transitions, i.e. E(s) = }_ , A where the sum is
zero if succp(s) is empty. Furthermore, we define a probability matrix P(s,t) = A/E(s)
if s t; and P(s, t) = 0, otherwise.

IMC are well suited for compositional modeling, where systems are built out of
smaller ones using composition operators. Parallel composition and hiding operators
are central to the modeling style, where parallel components synchronize using shared
action, and further synchronization can be prohibited by hiding (i.e. internalizing) some
actions. IMC employ the maximal progress assumption: Internal actions take precedence

over the advance of time | ].

Definition 2.2 (Parallel composition). For IMC Ci = (Si,Act], —1,~>1,501) and C, =
(S2, Act3, <=2, ~=2, 802) and a synchronization alphabet A C Acty N Act,, the parallel com-
position Cq ||a Cz is the IMC Cy = (S1 x Sy, Act] U Act, —, ~, (So1, S02)) where — and ~~

are defined as the smallest relations satisfying

o si<msiand s, <5 shand a € A implies (s1,82) < (s],55),

s1<5stand a & A implies (s1,s2) <> (s}, s2) foreach s; € S,

sy<m shand a & A implies (s1,52) <= (s1,85) for each s; € Sy,

1% s} implies (s1,52) % (s}, s2) for each s, € S,, and

o 5,0 sb implies (s, s2) S (s1,s5) for each sy € S;.

Definition 2.3 (Hiding). For an IMC C = (S, Act™, —, ~~, s¢) and a hidden alphabet A C
Act, the hiding C\ A is the IMC (S, Act™ \ A, —',~» so) where —' is the smallest relation

satisfying for each s <% s’ that a € A implies s <5 's’, and a ¢ A implies s <= 's’.

The analysis of IMC has thus far been restricted to closed IMC [ , ,

, ; , ]. In a closed IMC, external actions do not appear as
transition labels (i.e. — C S x {1} X S). In practice, this is achieved by an outermost
hiding operator \ Act closing the composed system. Non-determinism among internal

T transitions is resolved using a (history-dependent) scheduler o [ I
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Let us fix a closed IMC C = (S, Act™, —, ~~, sg). The IMC C under a scheduler 0 moves
from state to state, and in every state may wait for a random time. This produces a run
which is an infinite sequence of the form sotos;ty--- where s, is the n-th visited state
and t,, is the time spent there. After n steps, the scheduler resolves the non-determinism

based on the history h = sotp- - - Sn_1tn_1 Sn as follows.

Definition 2.4 (Scheduler). A scheduler' for an IMC C = (S, Act™, <, ~, s) is a measurable
function o : (SxRxs0)* xS — S such that for each history ) = soto sy - - - s with succ(sn) # 0
we have o(h) € succ(sn). The set of all schedulers for C is denoted by S(C).

The decision of the scheduler o(h) determines t,, and s, as follows. If succ(s,) #
(), then the run proceeds immediately, i.e. in time t,, := 0, to the state s,1 = o(h).
Otherwise, if succ+(sy,) = ), then only Markovian transitions are available in s,,. In such
a case, the run moves to a randomly chosen next state s, with probability P(s,, sn1)
after waiting for a random time t,, chosen according to the exponential distribution with
the rate E(s,,).

One of the fundamental problems in verification and performance analysis of
continuous-time stochastic systems is the time-bounded reachability. Given a set of
goal states G C S and a time bound T € Ry, the value of time-bounded reachability is
defined as sup g PE[0="G] where P¢[0=TG] denotes the probability that a run of
C under the scheduler o visits a state of G before time T. The pivotal problem in the
algorithmic analysis of IMC is to compute this value together with a scheduler that
achieves the supremum. As the value is not rational in most cases, the aim is to provide
an efficient approximation algorithm and compute an e-optimal scheduler. The value
of time-bounded reachability can be approximated up to a given error tolerance ¢ > 0
in time O(|S|? - (AT)?/¢) [ ], where A is the maximal rate of C, and the procedure
also yields an e-optimal scheduler. We generalize both the notion of the value as well as
approximation algorithms to the setting of open IMC, i.e. those that are not closed, and

motivate this extension in the next section.

!For the sake of simplicity, we only consider deterministic schedulers in this paper.
ZMore precisely, 0~ (s) is measurable in the product topology of the discrete topology on S and the

Borel topology on R>.



3 Compositional Verification

In this section we turn our attention to the central questions studied in this paper. How
can we decide how well an IMC component C performs (w.r.t. time-bounded reachabil-
ity) when acting in parallel with an unknown environment? And how to control the
component to establish a guarantee as high as possible?

Speaking thus far in vague terms, this amounts to finding a scheduler o for C which
maximizes the probability of reaching a target set G before T no matter what environ-
ment E is composed with C. As we are interested in compositional modeling using IMC,
the environments are supposed to be IMC with the same external actions as C (thus re-
solving the external non-determinism of C). We also need to consider all resolutions
of the internal non-determinism of E as well as the non-determinism arising from syn-
chronization of C and E using another scheduler 7t. So we are interested in the following
value:

sup inf P[G is reached in composition of C and E before T using o and .

s BT

Now, let us be more formal and fix an IMC C = (S, Act™,—,~+,so). For a given

environment IMC E with the same action alphabet Act™, we introduce a composition
C(E) = (C [lact E)\Act

where all open actions are hidden, yielding a closed system. Note that the states of C(E)
are pairs (c, e) where c is a state of C and e is a state of E. We consider a scheduler o of C
and a scheduler 7 of C(E) respecting o on internal actions of C. We say that 7t respects o,
denoted by m € &(C(E), o), if for every history h = (co, €o0) to- - - tn_1(cn, en) of C(E) the

scheduler 7t satisfies one of the following conditions:
e 1t(h) = (c,e) where c, <% cand e, <% e  (mresolves synchronization)
e 71(h) = (cn,e) where e, S e (7t chooses a move in the environment)
e 71(h) = (o(he), en) where he = coto- -t 1Cn (7 chooses a move in C according to o).

Given a set of goal states G C S and a time bound T € R, the value of compositional

time-bounded reachability is defined as

sup - inf - e [0%7Ge] “
0€6(C) e &(C(E),0)



where ENV denotes the set of all IMC with the action alphabet Act™ and Gg = G X
S¢ where Sg is the set of states of E. As for the closed IMC, our goal is to efficiently
approximate this value together with a maximizing scheduler. Before we present an

approximation algorithm based on discretization, we illustrate some of the effects of

f@@

IMC on which we approximate the value (x) for
T = 2 and G = {done}. From the initial state do,
the system may go randomly either to the target interrupt

the open system perspective.
Example. The figure on the right depicts an

done or to fail. Concurrently, the external action interru pt may switch the run to the state
?, where the scheduler o chooses between two successors (1) the state fast allowing fast
but risky run to the target and (2) the state fix that guarantees reaching the target but
takes longer time. The value (x) is approximately 0.47 and an optimal scheduler goes
to fix only if there are more than 1.2 minutes left. Note that the probability of reaching
the target in time depends on when the external action interrupt is taken. The most
“adversarial” environment executes interrupt after 0.8 minutes from the start.

Results. We now formulate our main result concerning efficient approximation of
the value of compositional time-bounded reachability. In fact, we provide an approxi-
mation algorithm for a restricted subclass of IMC defined by the following two assump-

tions:
Assumption 1. Each cycle contains a Markovian transition.

This assumption is standard over all analysis techniques published for
IMC [ , , , , , ]. It implies that the probability
of taking infinitely many transitions in finite time, i.e. of Zeno behavior, is zero. This is
a rather natural assumption and does not restrict the modeling power much, since no
real system will be able to take infinitely many transitions in finite time anyway. Fur-
thermore, the assumed property is a compositional one, i.e. it is preserved by parallel

composition and hiding.

Assumption 2. Internal and external actions are not enabled at the same time, i.e. for each state

s, either succe(s) = () or succ(s) = ().

Note that both assumptions are met by the above mentioned example. However, As-
sumption 2 is not compositional; specifically, it is not preserved by applications of the

hiding operator. A stronger assumption would require the environment not to trigger
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external actions in zero time after a state change. This is indeed implied by Assump-
tion 2 which basically asks internal transitions of the component to be executed before
any external actions are taken into account.” In fact, the reverse precedence cannot be
implemented in real systems, if internal actions are assumed to be executed without
delay. Any procedure implemented in C for checking the availability of external actions
will involve some non-zero delay (unless one resorts to quantum effects). From a techni-
cal point of view, lifting Assumption 2 makes the studied problems considerably more

involved; see Section 6 for further discussion.

Theorem 3.1. Let ¢ > 0 be an approximation bound and C = (S, Act™, —, ~=, so) be an IMC
satisfying Assumptions 1 and 2. Then one can approximate the value of compositional time-
bounded reachability of C up to € and compute an e-optimal scheduler in time O(|S|*- (AT)?/¢),

where A is the maximal rate of C and T is the reachability time-bound.

In the remainder of the paper, we prove this theorem and discuss its restrictions.
First, we introduce a new kind of real-time games, called CE games, that are played
on open IMC. Then we reduce the compositional time-bounded reachability of C to
time-bounded reachability objective in the CE game played just on the component C
(see Proposition 4.1). In Section 5, we show how to reduce, using discretization, the
time-bounded reachability in CE games to step-bounded reachability in discrete-time
stochastic games (see Proposition 5.2), that in turn can be solved using simple backward
propagation. Finally, we show, in Proposition 5.3, how to transform optimal strategies

in the discretized stochastic games to e-optimal schedulers for C.

4 Game of Controller and Environment

In order to approximate (x), the value of compositional time-bounded reachability, we
turn the IMC C into a two-player controller—environment game (CE game) G. The CE game
naturally combines two approaches to real-time systems, namely the stochastic flow of
time as present in CTMC with the non-deterministic flow of time as present in timed
automata. The game G is played on the graph of an IMC C played by two players:
con (controlling the component C) and env (controlling/simulating the environment).

In essence, con chooses in each state with internal transitions one of them, and env

3To see this one can construct a weak simulation relation between a system violating Assumption 2
and one satisfying it, where any state with both internal and external transitions is split into two: the first

one enabling the internal transitions and a new T to the second one only enabling the external ones.
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chooses in each state with external (and hence synchronizing) transitions either which
of them should be taken, or a delay t. € R.o. Note that, due to Assumption 2, the
players control the game in disjoint sets of states, hence G is a turn-based game. The
internal and external transitions take zero time to be executed once chosen. If no zero
time transition is chosen, the delay t. determined by env competes with the Markovian
transitions, i.e. with a random time sampled from the exponential distribution with the
rate E(s). We consider time-bounded reachability objective, so the goal of con is to reach
a given subset of states G before a given time T, and env opposes it.

Formally, let us fix an IMC C = (S, Act™, —, ~», s¢) and thus a CE game G. A run of
G is again an infinite sequence sotos;t;--- where s,, € S is the n-th visited state and
tn € Ry is the time spent there. Based on the history soto- - - tn_1 sn went through so

tar, the players choose their moves as follows.
e If succ.(sn) # 0, the player con chooses a state s € succ(sn).

e Otherwise, the player env chooses either a state s. € succe(sy), oradelay t. € R.,.

(Note that if succe(sn) = 0 only a delay can be chosen.)

Subsequently, Markovian transitions (if available) are resolved by randomly choosing a
target state sy according to the distribution P(sy,, -) and randomly sampling a time tp
according to the exponential distribution with rate E(s,,). The next waiting time t,, and

state s, are given by the following rules in the order displayed.
e If succ(sn) # 0 and s, was chosen, then t, = 0 and s, ;1 = s+
e If s, was chosen, then t, = 0and s, ;1 = se.
e If t, was chosen then:

— if succpm(sn) =0, then t,, = te and s, 1 = sy
— ifte < tpm, thent, =t.and s,.1 1 = sy
- iftpm < te, thent, =ty and s = sm.
According to the definition of schedulers in IMC, we formalize the choice of con as
a strategy 0 : (S X R>o)* x S — S and the choice of env as a strategy 71 : (S x R>o)* x S —

S UR.o. We denote by £ and TT the sets of all strategies of the players con and env,

respectively. In order to keep CE games out of Zeno behavior, we consider in TT only
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those strategies of the player env for which the induced Zeno runs have zero measure,
i.e. the sum of the chosen delays diverges almost surely no matter what con is doing.

Given goal states G C S and a time bound T € R, the value of G is defined as

sup inf P"[0="G] (%)
ocx TN

where P§™[0=TG] is the probability of all runs of G induced by o and 7 and reaching

a state of G before time T. We now show that the value of the CE game coincides with the

value of compositional time-bounded reachability. This result is interesting and impor-

tant as it allows us to replace unknown probabilistic behaviour with non-deterministic

choices.
Proposition 4.1. (x) = (xx), i.e.

o, by P[0TI = nfm5(oie)

Proof Idea. We start with the inequality (%) > (xx). Let 0 € £ (= &(C)) and let us fix
an environment E together with a scheduler m € G(C(E), o). The crucial observation is
that the purpose of the environment E (controlled by 7) is to choose delays of external
actions (the delay is determined by a sequence of internal and Markovian actions of E
executed before the external action), which is in fact similar to the role of the player env
in the CE game. The only difference is that the environment E “chooses” the delays
randomly as opposed to deterministic strategies of env. However, using a technically
involved argument, we show how to get rid of this randomization and obtain a strategy
7’ in the CE game satisfying Pg™ [0=TG] < PZ¢,[0=TGg].

Concerning the second inequality () < (*x), we show that every strategy of env can
be (approximately) implemented using a suitable environment together with a sched-
uler 7t. The idea is to simulate every deterministic delay, say t, chosen by env using
a random delay tightly concentrated around t (roughly corresponding to an Erlang
distribution) that is implemented as an IMC. We show that the imprecision of delays

introduced by this randomization induces only negligible alteration to the value. O
5 Discretization

In this section we show how to approximate the value (xx) of the CE game up to an

arbitrarily small error ¢ > 0 by reduction to a discrete-time (turn-based) stochastic game
A.
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Figure 1: Four gadgets for transforming a CE game into a discrete game. The upper
part shows types of states in the original CE game, the lower part shows correspond-
ing gadgets in the transformed discrete game. In the lower part, the square-shaped,
diamond-shaped and circle-shaped vertices belong to V, Vi, and V5, respectively. Bi-
nary branching is displayed only in order to simplify the figure.

A stochastic game A is played on a graph (V, —) partitioned into VgwV,WV. A play
starts in the initial vertex vy and forms a run vov; - - - as follows. For a history vy - - - v;,
the next vertex vy satisfying v; +— vy is determined by a strategy o € L, of player
O if vi € Vo and by a strategy 7 € Tl of player ¢ if v; € V. Moreover, vi;; is chosen
randomly according to a fixed distribution Prob(v;) if vi € V(5. For a formal definition,
see, e.g., [ ].

Let us fix a CE game G and a discretization step 6 > 0 that divides the time bound
T into N € N intervals of equal length (here 5 = T/N). We construct a discrete-time
stochastic game A by substituting each state of G by a gadget of one or two vertices (as
illustrated in Figure 1).* Intuitively, the game A models passing of time as follows. Each
discrete step “takes” either time 6 or time 0. Each step from a vertex of V, takes time &
whereas each step from vertex of Vo U V,, takes zero time. The first gadget transforms
internal transitions into edges of player [J taking zero time. The second gadget trans-

forms Markovian transitions into edges of player () taking time & where the probability

“We assume w.l.o.g. that (1) states with internal transitions have no Markovian transitions available
and (2) every state has at least one outgoing transition.This is no restriction since (1) Markovian transi-
tions are never taken in such states and (2) any state without transitions can be endowed with a Marko-

vian self-loop transition without changing the time-bounded reachability.
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p is the probability that any Markovian transition is taken in G before time 6. The third
gadget deals with states with both external and Markovian transitions available where
the player ¢ decides in vertex s in zero time whether an external transition is taken or
whether the Markovian transitions are awaited in s for time 6. The fourth gadget is
similar, but no Markovian transition can occur and from s the play returns into s with
probability 1.

Similarly to (*) and (*x), we define the value of the discrete-time game A as

sup inf PR"[0%="G) )

where P{7[0%<NG] is the probability of all runs of A induced by o and 7 that reach

G before taking more than N steps from vertices in V5. According to the intuition above,
such a step bound corresponds to a time bound N - 6 =T.

We say that a strategy is counting if it only considers the last vertex and the current

count # of steps taken from vertices in V. We may represent it as a function V x

{0,...,N} = Vsince it is irrelevant what it does after more than N steps.

Lemma 5.1. There are counting strategies optimal in (* x x). Moreover, they can be computed
together with (* * x) in time O(N[V/|?).

We now show that the value () of the discretized game A approximates the value

(#x) of the CE game G and give the corresponding error bound.

Proposition 5.2 (Error bound). For every approximation bound ¢ > 0 and discretization step
§ < &/(A*T) where A = maxyes E(s), the value (x * ) induced by & satisfies

(k% %) < (k%) < (xx%%)+e.

Proof Idea. The proof is inspired by the techniques for closed IMC [ I. Yet, there are
several new issues to overcome, caused mainly by the fact that the player env in the CE
game may choose an arbitrary real delay t. > 0 (so env has uncountably many choices).
The discretized game A is supposed to simulate the original CE game but restricts pos-
sible behaviors as follows: (1) Only one Markovian transition is allowed in any interval
of length 6. (2) The delay t. chosen by player ¢ (which simulates the player env from
the CE game) must be divisible by 6. We show that none of these restrictions affects the

value.
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ad (1) As pointed out in [ ], the probability of two or more Markovian transitions
occurring in an interval [0, 8] is bounded by (A8)?/2 where A = maxcs E(s). Hence,
the probability of multiple Markovian transitions occurring in any of the discrete

steps of Ais < e.

ad (2) Assuming that at most one Markovian transition is taken in [0, 8] in the CE game,
we reduce the decision when to take external transitions to minimization of a lin-
ear function on [0, 8], which in turn is minimized either in 0, or . Hence, the
optimal choice for the player env in the CE game is either to take the transitions
immediately at the beginning of the interval (before the potential Markovian tran-

sition) or to wait for time § (after the potential Markovian transition). H

Finally, we show how to transform an optimal counting strategy o : V x{0,...,N} —
V in the discretized game A into an ¢-optimal scheduler ¢ in the IMC C. For every

p=soto: - Sn_1tn1snweputo(p) = o(sn, [(to+...+tn)/d]).

Proposition 5.3 (e-optimal scheduler). Let ¢ > 0, A be a corresponding discrete game, and G

be induced by an optimal counting strategy in A, then

(+) < _inf Pl [OSTGE} T
ne&(C(E),o)
This together with the complexity result of Lemma 5.1 finishes the proof of Theo-

rem 3.1.

6 Discussion and Future Work

In this subsection we argue that lifting Assumption 2 makes analysis considerably more
involved as the studied game may contain imperfect information and concurrent deci-
sions. Let us illustrate the problems on an example.

Consider an IMC depicted on the right hand side. a
This IMC violates Assumption 2 in its state no. Let us H@ @ ’
fix an arbitrary environment E (controlled by 7) and a AN+ )9
scheduler o. Since internal transitions of E take zero :
time, the environment must spend almost all the time in states without internal tran-
sitions. Hence, E is almost surely in such a state when ? is entered. Assume E is in a

state with the (external) action a being available. The scheduler o wins if he chooses the

15



internal transition to yes since the synchronizing transition a is then taken immediately,
and fails if he chooses to proceed to no, as a (reasonable) scheduler 7t will now force
synchronization on action a. If, otherwise, on entering state ?, E is in a state without the
action a being available, the scheduler o fails if he chooses yes because a (reasonable)
environment never synchronizes, and wins if he chooses no since the environment E
cannot immediately synchronize and the 7 transition is taken. Note that the scheduler
o cannot observe whether a is available in the current state of E. As this is crucial for
the further evolution of the game from state ?, the game is intrinsically of imperfect
information.

We conjecture that solving even this special case of imperfect information games
is PSPACE-hard. Yet, the complexity might only increase in the number of internal
transitions that can be taken in a row. For systems, where a bound on the length of
internal transition sequences can be assumed, this problem would then still be feasible.

Another possibility of dealing with this issue (that is also interesting on its own) is to
limit the knowledge and power of the environment. In our approach, the environment
knows the scheduler and the current state of the component and, moreover, can choose
whether a synchronizing transition, an internal transition in E, or an internal transition
in C is taken. One could consider giving some of this power either to the scheduler o
or to a third player resolving the synchronization of C and E who is either random or

non-deterministic.

7 Summary

This paper has discussed the computation of maximal timed bounded reachability for
IMC operating in an unknown IMC environment to synchronize with. All prior analy-
sis approaches considered closed systems, implicitly assuming that external actions do
happen in zero time. Our analysis for open IMC works essentially with the opposite as-
sumption, which is arguably more realistic. We have shown that the resulting stochastic
two-player game has the same extremal values as a CE-game, where the player control-
ling the environment can choose exact times. The latter is approximated up to a given
precision by a discretization approach. The resulting control strategy can be translated
back to a scheduler of the IMC achieving the bound.
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A Proofs

A.1 Notation and preliminaries

For the whole appendix, we fix a IMC C = (S, Act™, —, ~=, so) satisfying Assumptions 2
and 1, a set of goal states G, and a time bound T. Without loss of generality, we assume
that the goal states are absorbing, i.e. G C Sy and for every s € G we have P(s,s’) > 0
only if s” € G. We further assume, that there are no Markovian self-loop transition. This
is w.l.o.g. since to any IMC C we can construct an equivalent IMC where intuitively
each state is duplicated and the Markovian self-loops are converted into a pair of tran-
sitions going from a state s into its duplicate s’ and back from s’ into s. Formally, C' =
(S, Act™, —' ~' so) where S =SU{s’ | s € S}, =" = > U{(s’,a,s") | (s,a,s”) € <},
and ~~' = {(s1,1,s2), (87, 7,82) | (s1,7,82) € ~>, 81 # s2}U{(s,1,8), (s, 1,8) | (s,7,8) € ~>].

We denote by S, S¢, Sm the set of states with only internal, external, and Markovian
transitions available, respectively. By S.;m we denote the set of states with both exter-
nal and Markovian transitions available. From Assumption 2 and from the maximal
progress assumption, we have S = S; W S ) Sp W Seym. Furthermore, by A we denote
the maximal rate of a state in C, i.e. A = max,sE(s). For the sake of readability, we
will consistently use the notions histories and strategies in the context of CE games and
the notions paths (instead of histories) and schedulers in the context of IMC. The set of
all paths of a IMC C is denoted by Paths(C), the set of all histories of a CE game G is
denoted by Histories(G). For a history h = sotosity...tn_15n, we denote by > h the
total time of the history, i.e. 3 [ t:.

Let A be a finite or countably infinite set. A probability distribution on A is a function
f: A — Rypsuchthat } _,f(a) =1. The set of all distributions on A is denoted by
D(A). A o-field over a set Q is a set F C 2% that includes Q and is closed under com-
plement and countable union. A measurable space is a pair (), F) where Q is a set called
sample space and F is a o-field over () whose elements are called measurable sets. Given
a measurable space (Q, F), we say that a function f : QO — R is a random variable if the
inverse image of any real interval is a measurable set. A probability measure over a mea-
surable space (Q, F) is a function P : F — R such that, for each countable collection
{Xi}ier of pairwise disjoint elements of F, we have P [J,.; Xi] = X_i.; P [Xi] and, more-
over, P [Q)] = 1. A probability space is a triple (Q, F,P), where (Q), F) is a measurable
space and P is a probability measure over (Q,F). All integrals in the following text

should be understood as Lebesgue integral even when we use Riemann-like notation.
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A.2 Semantics of CE games

Let us formally define the semantics of the CE game G induced by C. We define the o-
field over the set of histories by F = o(| >, 25®B5°®---®B-°,®23) where o(X) is the
o-field generated from the set X, the operator ® denotes product o-field, B=° denotes
the Borel o-field over the set R>o.

A (randomizing) strategy o of the controller is a measurable function o
Histories(G) — D(S) such that for each history h = soto - - - th_15n With succ(sn) # 0
we have for each s € S that o(h)(s) > 0 implies s € succ(sy), i.e. 0 can assign posi-
tive probability only to the internal successors of s,,. A (randomizing) strategy 7 of the
environment is a measurable function that assigns to each history a probability mea-
sure over the measurable space (S U R-o, 0(2° U 8-°). Furthermore, for each history
h = soto---th_15n with succe(s,,) # 0 it must hold for each s € S that 7t(h)({s}) > 0
implies s € succe(sn).

We say that a strategy o € X is deterministic if for any history b it holds o(h)(s) =1
for some s € S. Similarly, we say that a strategy 7 € TT is deterministic if for any history
b it either holds 7t(h)(s) = 1 for some state s € S or it holds 7t(h)(w) = 1 for some
w e Ro.

For a pair of strategies 0 and 7 and a starting history ho we define a Markov chain

as follows.

e The state space is the set Histories with its o-field F;

e the chain starts in the history by, i.e. the initial measure p, satisfies po(A) = 1 if

ho € A and po(A) = 0, otherwise;

e the chain moves according to the following rules expressed by a transition kernel
Po. Let b = soto---tn15n be a history. If s, € S;, we have for any s, 1 €

SuCC(Sn)
P (0, {00sni1}) = 0(b) (sni1)
If s € S, only the environment chooses the waiting time, for any A C R., it holds
Pe (b, {bwsn [w € A}) = m(h)(A),
and for any s,1 € succesy it holds

Pp(0,{b 0 snia}) = 7t(b) ({snia}).
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If s € Spm, we have for each s, € S

b
Po7 (b, {hwsny1 [ w € [a,bl]}) :J E(sn) - € B X P(s,, snt)dx.

a

Finally, if s € Scinm, the chain either takes the external transition

P (0,{b 0 sni1}) = 7u(h) ({sni1}),

or it stays in the same state if the delay picked by the player envoccurs sooner

than any Markovian transition

P (b, [hwsn | w € [, b])) = J el %),

x€la,b]

or it takes a Markovian transition into s,y with probability that it occurs sooner

than the delay of the player env

b
Pe (b, {bwsnit [w € [a,bl}) :J E(sn)e ® % Plsy, i) - 7i(h)((x, 00))dx.

a

By Pgy, we denote the probability measure on the set of runs of the Markov chain
defined above. Furthermore, by PS"™ we denote the probability measure of the Markov

chain that starts in the initial state s, i.e. P .

A.3 Value in the CE game

Some parts of proofs in this section are inspired by [ ]. Let 0=TG denote the set of

runs that reach the set of goal states G in time T, i.e. that have a prefix h = soto- - th_15n

such that s, € Gand ) h < T. Similarly, let <>§G denote the set of runs that reach the

set of goal states in time T and in at most k non-self-loop transitions, i.e. that have a prefix

h=soto - thispsuchthats, € G, ) h<T,and [{i|0 <i<mn,s;+# s} <k Let
v(s,t) =sup inlf173§,';‘[<>§T’tG]

ocx €

0k(s, t) = sup inf PITOS] G
ocx TEM ) N

denote the respective values when starting in state s with remaining time T — t.
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We define a higher-order operator Q : (S x R>o — [0,1]) — (S x R>o — [0, 1]) that

characterizes the functions v and vy:

0 ift>TorseS.\G
1 ift<Tands € G,
Q(F)(s,1) = Slerg&i):(s)F(s’,t) ift<Tands e S;\G,
AT —1t) ift<TandseSmu\G,
rV£1>1(r)1 (e ™. F(s',t+w)+Aw))} ift<Tands € S..m\G,
. s’Esucce (s)
where 1 = E(s) and A(u fo pe -3 s P(s,s”) - F(s”,t +x)dx. Furthermore, let us

denote by fp: S x R>o — [O, 1] a constant zero function.

Lemma A.1 (k-step value). For any k € Ny we have Q" (fy) = vy and v\ (s, ) is a measur-

able function that is continuous on [0, T].

Proof. By induction on k. For k = 0 the zero-step value v, is obviously 1 for s € G and
t < T and 0 elsewhere; hence, vo = o and v, is measurable and continuous on [0, T].
Letk >0andlets € Sand t € Rso. If t > T, then vi(s,t) = 0 because for any o €

and 7t € TT the measure of the set $=""'G is zero For the following we assume thatt < T.

o If s € S¢\ G, then also vi(s,t) = 0 because for any o € L and a strategy 7 that

starts by waiting T — t + 1 the measure of the set 0="'G is again zero.
e If s € G, then obviously vi(s,t) = 1.
e If s € S;\ G, we have

vi(s,t) = sup inIfTPg“;‘[ngtG]

oex 7€

= sup inf Z o(s)(s') - PSZos [OEE_tG]

mieTl
ok s’Esuccr (s)

= sup Y pl(s) - sup inf PTG, (055G,

peD(succr (s)) g/ esucer (s) ot

where X, denotes the set of strategies that choose p for history s. The linear com-

bination is maximized by giving weight 1 to any maximal element, i.e.

<T—t
= max sup inf PgsOs [0 1Gl,
s’esuccr (s )crell , e =
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where 1, is the Dirac distribution that assigns probability 1 to s’. By Markov
property,

= max sup mf Pg s O] [0S 1G],
s/Esuccy (s )GEZ =

where o[s0](h) := o(s0h) behaves in s’ as ¢ behaves in s0s’ and similarly for 7.

Finally,

= max supmf gs,[<>§1§]

s’Esuccr () ces el

= max v(s,t) = Qoa)(s,t) = QX (fo)(s, 1)

s’€succr (s)

The function vy is obviously measurable and continuous on [0, T].

o If s € Spm, we have from the definition of the Markov chain and by the same

arguments as above

vk(s,t) = sup me w-e . Z P(s,s’) - PGe ol il_t *Gldx,

mell
oex 0 s’esuccp (s)

= | p-e™. Z P(s,s’) - sup 1an ol zl_ﬁ_xG]d

e
J0 s’esuccpm (s) ok

o0

= | p-e™ Y P(s,s))ve(s], t+x)dx,

J0 s’esuccp (s)

rT—t
= w-e M. Z P(s,s’) - vx_1(s’,t +x)dx

Jo

s’esucepm (s)

= Q(vr1)(s,t) = Q" (fo)(s, ).
Again, the function vy is measurable and continuous on [0, T].

e Finally, if s € S.1m, we need to perform a nested induction on the count n of self-

loops performed by strategy 7t before taking a non-self-loop transition. We denote

by

<T—
Vrn(s,t) = sup inf PHI[0OZ, G,
oex el -
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where I, is the set of strategies that start by assigning positive probability to wait-
ing at most m times before taking an external transition with probability one. We
can separate the first decision p of 7 from the rest of the strategy and interchange
with o since o cannot influence the first step,

= infsup inf PSTI g_tG]

o} ceS niellp NI T

/

~
::VE,n (s,t)

and denote the outcome of p w.r.t. next k steps by vy . Letn = 0. We analyze
the outcomes of deterministic decisions p, i.e. p[{s’}] = 1 for some s’ € succe(s). It
holds

vpols,t) =sup inf  PIT [021 1G] = sup 1nf77 [021 1G]l = vi (s, 1),
' oex €M N oex €

By this we obtain that vy = mingegyee, (s) Vx—1(s’, t) since by randomizing over
finite number of successor one cannot achieve less then the minimum. Letn = 1.
We again start with deterministic decisions p. If p[{s’}] = 1 for some s’ € succe(s),

we also get 7112,1 (s,t) =vi_1(s’,t). If p[{w}] =1 for some w > 0, it holds

[o] . —pw | <T—t—w
vy (s, t) = su inf e ¥ G
kj( ) ) GEE ﬂeﬂpﬂrh ( gsws[<> ] +

J pe M Z P(s,s’) - Pgsxs,[Ogl_;[XG]dx)

0 s’esuccpm (s)
=e " .sup inf PS [OET Gl +
oex niello
w
J pe Hx Z P(s,s’) - sup711nf Pgol 21 T *Gldx
0 s’esucepm (s) oex
=e ™. min v (s, t+w)+
s’€succe (s)
w
J e M Z P(s,s’) - v_1(s’,t + x)dx.
0 s’esucepm (s)

We denote by p,, the deterministic decision for waiting time w > 0. Mixing the
deterministic waiting decision cannot yield better outcome than inf,,-o v (s, t)
since fx>of(x)dp > inf,.of(x) for any probability measure p over positive real
numbers and for any real measurable function f. Hence,

Uki(s,t) = min{ min v, _4(s’,t), mfv " (s, 1)}
s’Esucce (s)
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= inf (e ™ .o (s, t+w)+Aw)).

w>0,s’€succe (s)

From the continuity of v,_; on [0, T] and from the fact that for any w,w' > T we
have vy_1(s",w) = vx_1(s’,w’) and A(w) = A(w’) the function attains minimum;
it holds

= _min (e (s t+w) + Alw))

w>0,s’Esucce (s)

= Q(via)(s, 1) = Q" (fo)(s, 1),

At last, let n > 1. For deterministic decision p[{s’}] = 1 for some s’ € succ.(s), we

again get v{z‘n(s, t) =vi(s’, ). If p[{w}] =1 for some w > 0, we get

ol (s,t) =e ™ .sup inf PITIOIVG] +

oey M1
w
J e Hx Z P(s,s’) - sup inf PST[OZ, y “Gldx
0 sy TEN ’ -
s’€sucepm (s)
w
=e " vnals, t+w) "’J me ™ Y P(s,s’) o (s’ t 4 x)dx
0 s’esucepm (s)
— efuw . lnf (eiuwl . ’Uk'i'l(S/,t‘f—W‘}_W/) +A(W/)) +A(W)
w’>0,s’Esucce (s)

= inf (e*“(W“LW/)-ka1(s',t+w+w') ++A(w+w’)).

w’>0,s’Esucce (s)

Hence, we again obtain
Ukn(s,t) = min{ min oy _(s’,t), inf o (s,1)}
’ s’€succe (s) w>0

— inf inf (e—“(WW) o (s t+ w4 w) +A(w+w’))

w>0w’>0,s’€succe (s)

= inf (e_”(w) ‘o (sl t+w) + A(w))

W>0,s’Esucce (s)
= emin (e o (s tEw) + AW)) = QX (fo) (s, 1
Now we show that it suffices to consider strategies from [ J; ,TT,,. Let 7 be any
non-Zeno strategy, i.e. for any o we have that Pg;;‘[Z] = 0 where Z is the set
of Zeno runs. Then also P$[[X.] = 0 where X, is the set of runs with infinite
amount of self-loop transitions before any non-self-loop transition. For any ¢ > 0
there must be an amount of self-loop transitions k € Ny such that Pg;f[Xk] <

e. Hence, a strategy 7’ € Tl that emulates 7t in first k self-loop transitions and
gy p
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then takes an arbitrary external transition (and also emulates 7t in all following

transitions) guarantees the same value as 7t up to €. Hence, lim,,_, o, Uk n = k.

The function vy is again measurable and continuous on [0, T].
L]

Lemma A.2 (Tail bound on steps). For each ¢ > O there is k € N such that for every pair of

strategies o € L, 7 € TT we have
PEO=T(G)\ 0Zk(G)) < ¢

Proof. The proof is based on the Assumption 1 and on a tail bound for Poisson distri-
bution. From the Assumption 1, at least one transition on any cycle in Markovian. This
provides a bound on number of cycles that can be traversed: for any ¢ > 0 there is k’
such that Pr[X > k'] < ¢ for a random variable X ~ Pois(A - T) distributed according to
the Poisson distribution with rate A - T.

Let n < [S| be the maximal length of a cycle in the state space. We canset k :==k’-n

and get the desired property. O
Lemma A.3 (Value). The function v is a fixed point of the operator Q).

Proof. From Lemma A.2 we get that vy uniformly converges to v for k — co. From the
measurability of v, from Lemma A.1 we immediately get that v is measurable. The fact

that v is a fixed point follows from the fact that for any s € S and t € R it holds
v(s,t) = lim vy (s, t) = lim vy (s, t)
k—o0 k—o0
which is from Lemma A.1 and from continuity of Q) equal to

= lim Q(vy)(s,t) = Q(lim vy)(s,t)

k— o0 k— o0

= Q(v)(s,t)
[]

Lemma A.4. Let us fix & > 0 such that T = dn for some n € N. The function v satisfies for
any k € Ny the following. First, v(s,kd) = 0ifkd > Tors € Se, and v(s,kd) =1ifs € G
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and k& < T. Second, for any s ¢ G and kd < T it holds

/

max( ]v(s’,ké) ifs € S,
s’esuccr (s
A(8) +e ™. o(s, (k+1)8) ifs € Sm,

v(s,kd) = min (A(é) +e ™. o(s, (k+ 1)8),

min( | (e ™ .o(s' kd+w)+ A(W))> ifs € Sexm,
s’esucce (s),
0<w<d

\

where p = E(s) and A(u) = [ype™ - Y, sP(s,s") - v(s”, k8 + x)dx.

Proof. From Lemma A.3 we immediately get that v(s,kd) = 0if kd > Tors € Sg;
v(s,kd) =Tif s € Gand kd < T; and v(s, kd) = maxXe esyee. (s) V(s’, k0) if s € S\ G and
kd < T.Now lets € Spm \ G and k& < T. It holds that

T—t
v(s, k&) :J we - Y P(s,s") - v(s", kb + x)dx

0 s”eS
which can be rewritten by splitting the integral and further by substituting x + 6 for x

as

Tt
= A(d) —|—J e H*. Z P(s,s")-v(s”, kb + x)dx
5

s’eS
T—t-5
= A(%) +J e M+l Z P(s,s”) - v(s” kb +x + 8)dx
0 s7€S
Tt-5
= A(8) +e ™. J e M. Z P(s,s”)-v(s”, kb6 +x + 8)dx
0 N7

=A(B)+e - ou(s, (k+1)+9)
Finally, for s € Seym \ G and k6 < T, it holds

v(s,kd) = min (e™™ . F(s',t +w) + A(w))

w>0,s’ Esucce (s)

= min{ min (e .o(s", k& +w) + Aw)),

s’ esucce (s),Ww>8

min (e .o(s’ k& +w) + Aw))}.

s’esucce (8),0<wW<d
In the first line we can substitute w + & for w and yield similarly to the previous case

= min{A(8) + e - v(s, (k+1)8),
min (e ™™ .o(s", kd +w) + A(w))}.OI

s’esucce (s),0<wW<d
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We say that a strategy p € X U Tl is total time positional if for any two histories h =
soto- - tn_isnand b’ = sgti---t) _;siowith sy = s/, and > h = > b’ it holds p(h) =
p(h’). We denote by p(s,t) the decision of a total time positional strategy p for any
history h with 3 = t that ends with state s. Furthermore, we say that a deterministic
total time positional strategy 7 of the player envis consistent if it satisfies the following
implication. Lets € Sand t < T. If nr(s,t) = w for w > 0, we have for any y < w that
ni(s,t +y) = w —y and either the strategy waits beyond the bound T, ie. t+w > T
or it then chooses a transition, i.e. 7(s,t +w) = s’ for some s’ € succe(s). For any
deterministic total time positional strategy o of the player conwe say that it is consistent.

For the following lemma, let £’ and TT’ denote the set of consistent strategies.

Lemma A.5. Consistent strategies suffice for both players, i.e.

sup inf PF(0=TG] = sup inf PFTO=TG] = sup inf PFTO="G].

ocx TEM ocx ™€ oex/ TEM

Proof. Let us define a pair of consistent strategies o* and 7* using v as follows. Let us

fix an arbitrary linear order < over S. For any state s and total time t € R

e the strategy o* chooses the minimal state s’ € succ(s) w.r.t. < out of those that

maximize v(s’, t), and an arbitrary state if succ-(s) = (;

e the strategy 7" is defined by the following rules. If succe(s) = (), * chooses the
delay T + 1 — t. Otherwise, let

(syw)= argmin e " .ov(s';t+w)+ J pe H*. ZPss (s”,t+ x)dx.

s’ €succe (s),Ww>0 s”eS
1)

where the state s’ is minimal w.r.t. < if there are more states that minimize the
equation above. The strategy 7t* then chooses the state s’ if w = 0; and 7* chooses

the delay w if w > 0.

Clearly, o* and 7" are total time positional and deterministic. By the Markov property
of the equation that 7" minimizes, it is easy to show that 7* is consistent.

Now, let ¢ > 0. We show that ¢* and 7* are e-optimal. Observe that it suffices
for showing that both strategies are optimal. Indeed, it follows immediately since we
fix e arbitrarily. Let o(s+) and 7(s 1) denote some strategies that are (e/2)-optimal w.r.t.
the value v(s,t). For any n > 0, we define strategies o,, and 7, as follows. Let h =

Soto- - - tk_15k be a history.

30



o Weset o,,(h) = 0*(h) and 7, (h) = 7*(h) if there are < n non-self-loop transition in

b (i.e., 0, and 7, behave as 0* and 7t* in the first n steps, respectively).

e Otherwise, we set o,,(h) = 0, 0n(h”) and 7, (h) = 75, 1(h”) where t = > b/,
h' = soto: - - tm_15m is the shortest prefix of h with n non-self-loop transitions, and
h” = Smtm - - - tio1Sk be the remaining part of § (i.e., 0, and m,, then behave as an

e-optimal strategy).
Claim A.6. Foranyn € Ny, any s € S, and any t € R, it holds

inf ng’”[OST*tG] > o(s,t) — ¢,
niell ’

sup P [OSTG] < o(s,t) +e.

oex

Proof. By induction on n. The strategies 0y and 7y behave directly as e-optimal strate-
gies yielding the claim. Letn > 0. Fort > T, s € G or s € S, the claim is straightfor-

ward. Otherwise:
o If s € S, lets’ = oy,(s). We get

inf g7 [0=T'G] = mf 775“5,‘ TOSTG] > v(s’,t) —e = v(s, t) — ¢,

mell
sup P [OST'G] = max supchf,“ OSTG]
oex s’€succr () gex

> max o(s’,t)—e=0v(st)—

s’€succr (s)

e If s €€ Sy, let u = E(s). We have
Tt

mf P TOSTG] =J e Hx. Z P(s,s’) inIfTPg;T‘ TOST*Gldx
TIE ’

0 s’esucepm (s)

Tt
2| wer Y Plss ol b x) - elds

0 s’esuccpm (s)

ZU(S, t) -
and analogously for sup _, PST[0=T*G].

e Finally, if s €€ Sy, let (s’, w) be the successor state and waiting time minimizing

(1) and u = E(s). We have

sup PgT" [0=T"'G] =e " sup Pga ! [OST"GE]+

oeX ocxr
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J pe M Z P(s,s")sup Py [OST*Gldx

0 s”eS ocx

<e M(o(s’,t+w) +e)+

| e 3 Prs,s0(s” b x) + el
0 s”eS

<ov(s,t)+e¢

For infrer Pgny™[0="*G], it does not depend on oy, in the first step (analogously

0,7

to sup s P [0=T7'G] for s € S,). Therefore, it can be easily shown by similar

arguments as in Lemma A.1.
O
We conclude the proof of the lemma by a simple observation. Notice that for any 7t € TT
Pg0<TG) = P0G WX = P0G+ P X = P0G + PgX]

where X = <TG \ Q%lG. Since from Lemma A.2, Pg*"[X] — 0 asn — oo, we get that

PSTOSTG] — PS ™[O=TG]. Hence, there is n such that
: o AT > i on, AT . > o
71{2%739‘5 [0="G] > 71[2%7398 [0="G] —¢/2 > v(sp,t) —¢.

It proves that 0™ is e-optimal, and analogously that 7t* is e-optimal, concluding the proof.
O

A4 Proof of Proposition 4.1

By Lemma A.5 we can slightly abuse the notation and for the rest of the appendix denote
by L and IT the set of deterministic strategies.

Proposition 4.1. (x) = (xx), i.e.

sup inf  Pfy [0=TGg] = sup 1r61£I PIT[O=TG]

oex T

Proof. Firstly, we prove the inequality () > (#x). This amounts to showing that an
arbitrary environment E can be “simulated” by the player envin the CE game. Formally,

it is sufficient to prove
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Yo € £ 30’ € G(C) VE € ENV v € &(C(E), o) Ime € 1T
Péie)[0%1Ge] = Pg™[016] (V)

Note that every strategy o of the player conis actually also a scheduler for C. Thus we
set 0’ := 0 and then for every environment E and its scheduler 7, we give a strategy 7t¢
of the player envthat makes “equivalent” decisions as 7t in the “equivalent” history. We
then prove that g guarantees the same value as 7t does.

The idea of the simulation is the following. Whenever 7 synchronizes on an external
action a, 7tg chooses a. Whenever E waits with a rate A, 7tg chooses to wait, too. Here we
use randomizing strategies so that we can combine all waiting times t € R, with the
exponential distribution with rate A. In other words, 7¢ simulates the random waiting
of E using randomizing (which we can consider due to Lemma A.5). One can view this
kind of randomizing strategies as strategies where the co-domain contains not only R
but also exponential distributions and we will use this notation.

Let thus o, E, 7 be arbitrary but fixed. In the following, we define m¢ through a
function WC : Histories(G) — Paths(C(E)) transforming the histories of the CE game
into paths of C(E), which 7tg uses to ask what 7t would do. Since E can have probabilistic
branching, we need to pick one of possibly more paths of C(E) corresponding to the
history of the simulating play in G. We will pick one where the future chances are the
best for the environment, i.e. worst for the time bounded reachability, hence WC for the
“worst case”.

The functions 7 and WC are defined inductively and only on the reachable histories;
one can define them arbitrarily elsewhere. We start with WC(s§) := (s§, s5). For history
h with WC(h) ending in (cq, e1), we first define what 7t does after a (possibly empty)
sequence of internal steps in E. Formally, let n € N be the greatest such that there
is a sequence (cy,e1),...,(cn, en) Where T(WC(h)(cz,e2) - (ci,ei1)) = (Cit1,€i1) and
ci=crand e;<S ey fori < n. If n =1then (ca,ez2) - - (cn, €n) is empty. Depending on
the type of the transition between (cy,, e,) and (c, e) := TC(WC(E))(CZ, ez) - (cn, en)), we

define 7g(h) as follows:

o If either ¢, <% c and e,, <% e for some a € Act, /* external transition */
orcp,<3cande, =e /* internal transition in C */
then 7 (h) :=c.

The new history is then b’ = BhOc and we set WC(h') =
WC(h)(c2,e2) -+ - (cn, en)(c, €).
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e Else /* only Markovian transition(s) are enabled and m[o] is thus ignored*/

— if succpm(en) =0 then e (h) =T+ 1; /* E is blocked */
the new history is then either longer than T if no Markovian transition from
cn, occurs before T, or else a Markovian transition occurs after t still before T

and we set h’ = htcym given by the respective cp € succm(cr), and further
WC([J/) = Wc(b)(CZ) 62)) LR ] (CTL) en)(CM) en);

— else me(h) := Exp(E(e)); /* E waits */
then either a Markovian transition c~cp happens before t, in which case b’
and WC(h') are defined as in the previous case; or else pick arbitrary ey €

succmp(en) minimizing
Pai) [0<TGe | WC(y")]
where b’ := htc,and WC(h') := WC(h)(cz,e2),...,(cn,en)(cn, em).
Lemma A.8. Forevery o € S(C),E € ENV,m € &(C(E), o), we have
Péie [057Ge] = Pg™ [0576]

Proof. If there are no probabilistic choices in E then the values are the same. Indeed, the
only difference of the simulating probabilistic space to the original one is that whenever
there is a probabilistic choice, the environment is always “lucky”. Since the minimum
of elements is never greater than their affine combination, the result follows.

Formally, we proceed as follows.

Firstly, we define a measure P5™ on infinite histories of G directly induced by E and
7. As opposed to 7tg, the probabilistic choices of the environment are reflected here. Let
RealStep : Paths(C(E)) — Histories(G) project all internal transitions of the environment
out, i.e. it maps a run (co, eo)to(ci, e1)t;--- toarun coto--- where each c; t; is omitted
whenever c; = ¢i_7 and e;_1 <% e;. Then we define 735*“ =Pl © RealStepq. Clearly, as

T transitions take no time we have®
P (057Gl = PETIOTG]

Secondly, for i € Ny, consider the set Histories; C Histories(G) of histories of length
i, i.e. after the ith step is taken. Let p; € D(Histories;) denote the transient probability

>Note that E and 7t[o] do not induce any strategy that would copy the IMC behavior completely. For
this, one would need the notion of a strategy with a stochastic update, i.e. a strategy that can change its

“state” randomly and thus model where in E the original path currently is.
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measure according to PgE ™ol after i steps. Further let r; : Histories; — [0, 1] be given by

ri(h) = PgE’”[OSTGE | h]. Clearly, as states of G are absorbing we have

PSTOSTGel = Jl‘idPi

O,Ttg

Thirdly, let q; € D(Histories;) be the transient probability measure according to P
after the ith step is taken. A simple induction with case distinction from the definition
of g reveals that

Jridpi = Jriin
Indeed, all but one case preserve equality. The only interesting case is the Markovian
transition in E. As the minimum of elements is never greater than their affine combina-
tion, we obtain the desired inequality.

Finally, it remains to prove that

fim Jridqi = PI™[0<TG]
i.e. that the gains of the gradual replacements of the strategy converge to the gain of the
limiting strategy. This follows from r;(f)) being zero or one for each path f longer than
T only depending on the state at time T, and from the fact that the set of runs that never

exceed T is of zero measure due to Assumption 1. O

The previous lemma proves (V) by which the proof of () > (%) is concluded.

Secondly, we prove the inequality («x) > (x). We can divide the proof in three
steps: (a) we show that in the CE game grid strategies are sufficient for both players;
(b) this result is further employed in showing that exponential strategies are sufficient
for the player env; furthermore, (c) any exponential strategy of the player envcan be
straightforwardly simulated by a specific environment and scheduler in the IMC. Let
us first define the necessary notions.

We say that a strategy is a grid strategy on a grid of size > 0 if

e it decides only according to the current state and the integer k such that the total
time of the history belongs to the interval [kd, (k + 1)0), i.e. for any two histories
h=soty...thisnand b’ =sgtl.. .t/ si withs, =s/ and > b,> b’ € [kd, (k+
1)0) for some k € Ny we have o(h) = o(h’); and

e it is either a strategy of the player conor it chooses waiting times only on the 6-
grid, i.e. for any history h = spto. .. t,s the strategy o either chooses an action or

a time step t,.; such that } b + t,,41 = kd for some k € N.

35



Furthermore, for A € R we say that a strategy 7t of the player envis exponential with rate
A if

e it chooses to wait solely with the exponential distribution with rate A;

e for any history h = soto...tnsn withn > 0, t, > 0, and s, # s, it chooses to

wait;

o for other histories it behaves as a grid strategy for some & > 0, i.e. we have o(h) =

o(h’) for any two histories h = soty...th_1snand b’ = sjty. ..t s, with

/

— eithern=m=0ort, 1=t/ _;=00rs, =s,1=s, =s,_; and

/* the conditions above negated */

- sp=s,and ) b,> b’ € [kd,(k+1)d) for some k € Ny.  /* grid strategy */

Intuitively, a A-exponential strategy cannot take an action right after a Markovian
transition (resulting in s,, # sn—1 and t,,_; > 0). The set of all grid strategies is denoted

by Ly and TTy, the set of all A-exponential strategies is denoted by TT,.

Lemma A.9. Grid strategies are sufficient for both players, i.e.

sup inf Pg7[0=TG] = sup inf PZ[0="G] = sup inf P"[0="G]

ocx TEM ocx, TEM ocx T
Proof. The grid strategies closely correspond to the counting strategies in the discretized
game A. Therefore, we do the technical work on this lemma in Section A.8. Denoting
the three values by (1), (2), and (3), observe that (2) < (1) and (1) < (3) hold trivially.
As regards (1) < (2), we denote by Tl s the set of grid strategies on a grid of size 9.
Lemma A.16 implies for any ¢ > 0 and any & < 2¢/(A°T)

05(s0,0) < sup inf PI™OS"G],
o€y s Tell

which combined with the first part of Lemma A.18 results in

sup mfP TO=TG] < sup 1an TOSTG] 4 ¢

oex € oery s €

which proves the inequality by taking ¢ — 0. Similarly for (3) < (1) because we have
by combining the second part of Lemma A.18 with the first part of Lemma A.16

sup inf Pg TOSTG] < sup inf Pg’"[OSTG] +e.d

oex e ocx TEl
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Lemma A.10. Exponential strategies for the player envare sufficient against grid strategies, i.e.

for any grid strategy o we have

inf PS™0<TG] = _inf _ PI™[OSTG]

el Ty AER- o, i\ ETT
Proof. We fix arbitrary strategies 0 € X4 and 7 € Tly of the same grid size. We need to

find a sequence of strategies 7, for any A such that
PETO<TG] > lim PE™[0TG].

For any A > 0, we define m)(h) for b = spto - - - tn_15n using 7 as follows. Intuitively,
if 7 chooses to wait for time t and then makes action a, the simulating strategy 7,
repeatedly waits for random time with exponential distribution until the sum of the
random waiting times exceeds t and then makes action a; the larger the rate A, the more
precise is this simulation. Notice that the history of the play with strategy 7, contains a
lot of waiting steps that are not in the history of the play with strategy 7. Therefore, we
need a mapping destutter that removes these superfluous waiting steps. We define it
inductively by destutter(sy) = so and

q b 's/) destutter(h’ ts) t's’ if s #s’;and
estutter(h’ tst's’') =

destutter(h’ ts) ifs=s".
Notice that the second case corresponds to the situation when the last step is the waiting
step of the strategy 7 or any self-loop transition.

Furthermore, let a’ be the first action taken by 7 at total time t’ for history
destutter(h) if no Markovian transition occurs (notice that strategy 7 may decide to
wait subsequently for several times before it chooses an action; a’ is the first action
taken by 7t if none of the waiting is interrupted by a Markovian transition). We finally

set

(0) Exp(A) ifeither ) h < t’orboth t, ; > 0and s, # sn_1;
7l a’ if Y h>t'andeithert, ; =0o0rs, =s, 1.
where Exp(A) denotes the exponential distribution with rate A. Notice that the strategy
7, is from definition A-exponential.
We now define a set of runs X, in the game with 71, where the imprecision in the
simulation does not cause any difference with respect to the time bounded reachability.

Let > 0 be the grid size of 0 and 7. A run in the CE game with strategies o, 7, belongs
to X, if forall k € {0,1,...,T/6} we have that
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e no non-self-loop transition occurs at the total time neither in the interval [kd, ko +
§/+/A] nor in the interval [(k + 1)6 — §/V/A, (k + 1)8].

o the first transition after total time ko is a self-loop transition and occurs in the
interval [k&,kd + &/V/AJ;

The proof of the lemma is concluded by the following claim. O
Claim A.11. For A — oo we have

PEX — 1 )
PE™OSTG | Xl — PEOSTG] 3)

Proof. As regards (2), we deal with the conditions on runs in X, one by one. First, notice
that the Lebesgue measure of all the forbidden intervals tend to 0 as A goes to infinity;
hence, the probability of a Markovian transition occurring in any such interval tends to
0. Second, we can underestimate the probability of X, by considering only the waiting
transitions of 7, as self-loops. The probability that the waiting transition occurs in each

such interval can be bounded by
/5 /5
(1 . e%-é/ﬁ) — (‘l _ eﬁé) -1

since T/5 is constant and e¥* — 0 as A — oo.
As regards (3), notice that the delay caused by the exponential simulation does not

qualitatively change the behavior. Namely, under the condition of Xj,

e any transition made by 7 is simulated by 7, at most §/vA later;
the player concannot interfere meanwhile because if there is an external transition

enabled, there cannot be any internal transitions enabled by the Assumption 2;
e also no Markovian transition occurs meanwhile;

e the decision of the players after the delayed transition are the same as in the orig-

inal play, since both players have grid strategies.

The change is only quantitative because we limit the Markovian transitions, but this

change tends to zero as the probability of the set we condition by goes to one. O

Lemma A.12. An exponential strategy in G can be simulated by an IMC environment of C, i.e.

for any scheduler o we have

inf PgTOSTG] > inf P0G

AER~ o, €Ty ~  EE€ENV,ne&(C(E))
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Proof. We fix an arbitrary scheduler o and use the same strategy o (observe that a sched-
uler has the same type as a strategy of the player con). Furthermore, we fix an arbitrary
A € Ry and a A-exponential strategy m’. We choose E to be a two-state environment
with rate A depicted below and set 7t to be strategy that in a state (c, eq) chooses the
transition to (c, e,,) if 7’ chooses exponential waiting, and that chooses the transition
to (c’, eq) if ' chooses ¢’ (as a result of a synchronization over some external action a,
taking the self-loop in E).
Formally, for a path p = (co,e0) to(c1,e1)ts -+ th1(Cn,en) Act

where each c; is the state of the IMC component and each e; €

[,
{egq, ew ] is the state of E, we set H;\
A

o 7(p) = (cn, ew) if ' (proji(p)) chooses exponential waiting,
e 7t(p) = (Cny1, €a) if T'(proji(p)) chooses ¢ i1 € succe(cn)

where proj; : Paths(C(E,)) — Histories(G’) is the first projection of the path (leaving
out the states of the environment).

Again, it remains to show that
PSTI0STG] = PLAI0STGE

The key observation is that any path ending with a state of the form (c, e,,) where
the scheduler 7 cannot do anything is mapped by proj; on a history where the A-
exponential strategy must wait. Furthermore, in all other situations the decisions of
the schedulers and strategies coincide w.r.t. proj;. Again, it is easy to see that for any

measurable set of runs X in G we have Pg X = Pg{g)[projﬂ (X)]. O

Finally, the proof of (xx) > (x) follows easily from Lemmata A.9, A.10, and A.12

since we have

sup inf PS™O=TG] = sup inf PS™O='G] = sup _inf  PZ™[O=TG]
oex miell e, ey e, AER- o,m\ E€TT)
> sup inf Pg([g [0=TGelO
ey ECENV me6(C(E)

A.5 Value preservation under uniformization

We say that a game G is uniform if all the states with Markovian transitions have the
maximal rate A, i.e. every s € Sy U Sqym satisfies E(s) = A. After showing that the value

of C(E) equals the value of G we define a uniformized game G’ with value equal to G.
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Recall that we assume that there are no Markovian self-loops in G. The game G’ is
obtained by adding to each state s € SpUSem with E(s) < A a Markovian self-loop with
rate A — E(s) yielding an uniform game. The game now contains Markovian self-loops

which is not an issue for the following sections.

Lemma A.13.
sup inf PJ[0=TG] = sup inf P [O="G]

ocx € oex TN
Proof. Recall that thanks to Lemma A.5 it is sufficient to consider consistent strategies.
For the rest of the proof, let £ and TT denote consistent strategies. Intuitively, the val-
ues equal since the decision of same strategies in both games are completely the same
(thanks to the consistency) and the resulting Markov chains have the same probabilities
to reach the target by standard arguments.

More formally, we denote by E and P the total rate function and the probability
matrix of G’, by E~ and P~ the total rate function and the probability matrix of G. It is
sufficient to show that the k-step values coincide in the two games.

For k = 0 it is the same as in Lemma A.1. Let k > 0 and s € Syp. We proceed by
nested induction on the count n of Markovian self-loops that occur before any non-self-
loop transition. We denote by v, (s, t) the k-step value of G’ conditioned by the event
that at most n Markovian self-loops precede the first non-self-loop transition; for n =0,

we have directly from the definition of the Markov chain .

Vio(s,t) = sup 1an E(s)-e® @ 3 P(s,s)) P05 “Gldx

s’esucem (s

oL <o s’esuccp (s)
(oo

= | E(s)-e® B Z P (s,s’) - sup mfP o o [0S *Gldx
Jo s) ocx M€ -

= | E(s)-e " 3 P(s,s)) ora(s t+x)dx

s’esuccpm (s)

T
= E(s)-e B (. Z P (s,s') - vp_q1(s’,t + x)dx

JO

s’€sucepm (s)

= Uk(S,t).
For n > 0, we have

oals) = supin | E(S)’ew'( S ) ALl

nieTl
oL 0 s’esuccpm (s),s’#s

+ ( ) P ’sxs[ <1_t XG])dx>
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= J E(s) e Eex. Z P(s,s’) - vxq(s’, t+x)dx +

0 s’esucepm (s),s’#s

J E(s)- e B P(s,s) - v) (s, t +x)dx.
0

By the induction hypothesis, v; , (s, t+x) = vi(s, t + x); hence,

= JOO E(s)-e El)x. Z P (s,s) - E~(s) (st x)dx +

J E(s)-e B v, Z P (s,s') - 1(s’,t +x+y)dy | dx.
s’€sucepm (s)

Since the density function of the convolution of two exponential distributions with rates
E(s) and E~(s) equals E(s) - E~(s) - (e & (8)/& — e E(9) /&) where & = E(s) — E~(s) is the

rate of the self-loop transition, and since P(s, s) - E(s) = &, we have

= E(s)- e E)x. Z P (s,s') - v _q(s’,t +x)dx +

s’esuccpm (s)

E(s)- (e’Ef(s)"— e’E(S)X> : Z P (s,s') - vx_1(s’,t +x)dx

s’esuccpm ()

= E(s)-e B (x. Z P (s,s') - v _q1(s’,t + x)dx

JO

s’esucepm (s)

:vk(s,t).

This proves that vy (s, t) = vy (s, t) since v; ,(s,t) — vy (s,t) asn — oo.
For s € Seim it is similar (only more technical). Let w we the delay chosen by a
strategy 7rin state s. Until leaving s or until time w, the system behaves again as a CTMC

(thanks to the consistency of ), yielding again vy(s,t) = vy(s,t) for each n € No. O

Thanks to this value preservation, we will assume in the following sections that G is

uniform (and may contain Markovian self-loops). We will denote all rates by A.

A.6 Definition of the discrete game

Let us fix a discretization step & > 0 that divides the time bound T into k € N
pieces of equal length, ie. T = k-35. We construct a discrete game A = (V,—

, (Va, Vo, Vo), Prob, vp) for two players [ and ¢, who have antagonistic objectives, and
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Figure 2: Four gadgets for transforming a CE game into a discrete game. The upper part
shows types of states in the CE game, the lower part shows corresponding gadgets in
the discrete game. In the lower part, the square-shaped vertices belong to player [J, the

diamond-shaped vertices to player ¢ and the circle-shaped vertices to player .

a random player (). The game is played on a finite graph with vertices V and edges .
The vertices are assigned to players according to the partitioning VoU Vo, UV, =V, i.e.
s is assigned to @ if s € V, where © € {[J,0,(O}. A play starts in the initial vertex v,
and moves step by step from vertex to vertex forming an infinite sequence voviv; - - -,
called a run. In each vertex v; the assigned player chooses a successor vi;; such that
vi — Vvit1. The player O chooses the successor randomly according to the fixed distri-
bution Prob(v;), the players [J and ¢ choose according to their strategies. In our setting,
strategy is a function that assigns to each finite path vy - - - v; a successor vertex viyi. A
pair of such strategies 0 € £, and 7 € TT4 of respective players [J and ¢ and a vertex
v determine a probability measure P{7 over the measurable space of all runs such that
the play is started in vertex v. For a formal definition, see, e.g., [ ].

Formally, the set of verticesis V = SU{5 | s € S A succe(s) # 0}. The initial vertex is
Vo = so. The partitioning (Vg, Vo, Vo) and the transition function +— are constructed as

follows.
(i) Foreach s € S, wesets € Vgand s — s’ for s’ € succ(s).

(ii) For each s € Syy, wesets € V5 and s — s’ for s’ € succpm(s) U {s}.
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(iii) For each s € Seim, weset s € Vi, s — s’ for s’ € succe(s) U{s}, § € Vo, § — s’ for

s’ € sucem(s) U{s}.
(iv) Foreachs € S., wesets € Vi, s — s’ for s’ € succe(s) U{8},8§ € V,8—s.
The distribution Prob choosing the successors in the states of V( is set as follows.

e For each t equal to s of item (ii) or § of item (iii), and t’ such that t — t’, we set

1—e ™). P(t,t/ ift £t/
Prob(t,t') = ( ) Pt ) 7

(1—e™®) . P(t,t) +e ™M ift=t"

e For each 5 of item (iv), we set Prob(s,s) = 1.

A.7 Value in the discrete game

Recall that each discrete step from a vertex in V5 intuitively “takes” time 6(= T/N)
whereas each step from vertex in Vo U V,, “takes” zero time. The winning condition is
the step-bounded reachability of the set of vertices G in up to N steps where only the steps

from the vertices V5 are counted for this limit. Formally,
OB=NG ={vgvy -+ |3 (v € Gand # (vo- - vn1) < N)}

where # (vo---vnq) = {i | 0 <1 < mn,v; € Voj|l. Further, let us recall that we are
interested in the lower value of this game

sup inf P[0 =NG] (5 * *)

oETA niella

Finally, recall that we say that a strategy is counting if it only considers the last vertex
and the current count #. We may view it as a function V x {0,...,N} — V since it is
irrelevant what it does after more than N steps.

Observe that the value in game A is equivalent to the value in the following game
A’ with standard step-bounded reachability objective. In A’ we enhance the state space
with a counter 0 < k < N representing the count ¢*=N of steps from random vertices,
and by introducing a new sink (non-goal) state s which represents counting above N.
Indeed, it is sufficient to consider reachability up to [S| - N steps since from Assump-
tion 1 there cannot be more than [S| steps without a Markovian transition, i.e. without
increasing the counter k. Notice that in discrete reachability games it is sufficient to con-

sider memoryless deterministic strategies [ ]. Furthermore, notice that memoryless
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deterministic strategies in A’ correspond bijectively to counting deterministic strategies
in A (observe that we actually defined strategies to be deterministic in A which is now
justified by this bijection). Finally, notice that the game A’ is acyclic (except for the sink
state s where the value is trivially 0) which allows to compute the value and the optimal
memoryless deterministic by straightforward (|S|- N)-fold value iteration in polynomial

time as summarized by the following lemma.

Lemma 5.1. There are counting strategies optimal in (* * x). Moreover, they can be

computed together with (x * %) in time O(N|V/?).
Similarly to v, we now need to characterize the value in the discrete game A con-
structed for a given 6. Let

vs(s, k) = sup inf PX:Z[O%SN*G}

[N LSV

denote the value when starting in vertex s with remaining N — k random steps (or
equivalently, the value in A’ from the vertex (s, k)). The following characterization is

straightforward from the definition of A and A’ and from the discussion above.

Lemma A.15. The function vs satisfies for any k € Ny and s € S the following. First,
vs(s,k) = 0ifk > Nors € Se, and v(s,k) = 1ifs € Gand k < N. Second, for any
s ¢ Gand k < N it holds

;

max( )05(3’,k) ifs €S,
s’esuccr (s
vs(s, k) = B+e ™ uvs(s,k+1) ifs € Sm,

s’/ €succe (s)

min (B—I— e ™. vs(s,k+1), min 05(5’,k6)> ifs € Sexm,
\

where B=(1—e ™). ., sP(s,s")-vs(s" k+1).

A.8 Relating (*x) and (* * %)

Some parts of proofs in this section are also inspired by [ ]. Recall that we assume
that G is uniform thanks to Lemma A.13. Further, let us recall how a scheduler @ in the
IMC C is defined using a counting optimal strategy o in the discrete game A constructed
for some error ¢ > 0.

Foro:V x{0,... N} = V,wehave forany p =soto- - Sn_1tn_15n

o(p) = olsn, [(to+ ... +tn)/0]).
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Since a scheduler in C is also a strategy of the player conin the CE game G, we use the

same symbol ¢ also in the CE game setting.

Lemma A.16. Forany 6 > 0,s € Sand any 0 <k < N we have

vs(s, k) < (s, kd) (4)
The strategy © guarantees in G at least as much as the value in A, i.e.

vs(s, k) < 1nf7J [<><T kéG] 5)

Proof. We prove it by backwards induction on k relying heavily on the value charac-
terizations in Lemmata A.4 and A.15. For k = N, (4) is immediate from Lemmata A.4
and A.15. Furthermore, any strategy o satisfies (5). Let us fix 0 < k < N.

For s € GUS,, (4) isimmediate from Lemmata A.4 and A.15 and again, any strategy
o satisfies (5). For the following, we assume s ¢ G.

For s € Sy, first observe that the function P [<><T XG} is monotonous w.r.t. x
for any strategies 0 € ¥, m € Tl and any starting state s € S; and thus v(s, -) is also
monotonous by definition. We get (4) by replacing v(s”, (k 4+ 1)6) for v(s”, kb + x) and
applying the induction hypothesis

v(s, k) J Ae . Z P(s,s”) - v(s”, ké 4+ x)dx + e v(s, (k+ 1)3)
s7€S
>(1—e™)- Y P(s,s")-o(s”, (k+1)8) + e (s, (k+ 1)8)
//€S
> (1—e ™) ZPSS (s", k+1)+e ™ vs(s,k+1)
s€S
= ’(J5(S,k).

As regards (5), ¢ does not guarantee v(s”, kb + x) in state s” and elapsed time ké + x

because its possible decision o(s”,

[kd 4+ x|) may not be optimal for the elapsed time
k& + x. Nevertheless, again from monotonicity of P§7 [0="G] and from the induction
hypothesis, & guarantees there at least vs(s”, (k + 1)). From the definition of Pg7, &

guarantees in state s and elapsed time ko at least

J Ae ™. Z P(s,s” " (k4 1)8)dx +e ™. vs(s, (k+1)8) =uvs(s, k).

s"€S
Now we deal with the states where potentially no time is spent, i.e. s € Seypm U Se.

For these states, we need deal with the value for all elapsed times not only for multiples
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of 5. We define

maXs/esuces (s) Ul(S/, ko + W) ifs e S+
v (s, kb +w) = C(s,w) if s € Sy

min{c(svw)>mins’esucce{s) U,L(S,»ké +W)} ifs € Se+M

where C(s,w) = e M Wog(s, k4 1)+ (1—e M) 3, P(s,s")vs(s”, k+1). We need

the following claim in order to prove (4) and (5).
Claim A.17. Forany 0 <w < it holds v(s, kd +w) > v| (s, kd + w).

We prove the claim as well as (4) and (5) by a nested induction on the length n of
the longest path via internal and external transitions to a state in S\ U S U G. Such
length is bounded for any state by Assumption 1. Forn =0, i.e. for s € Sy, we already
discussed (4) and (5), the claim can be obtained by similar arguments as above and as

in Lemma A.4. Now letn > 0.

e For s € S, (4) is easy from Lemmata A.4 and A.15. Furthermore, the strategy ©
which takes any transition that maximizes the value v;s(s, ko) satisfies (5). Further-

more, the claim can be obtained by similar arguments as in Lemma A 4.

e Finally, for s € S¢;m it suffices to prove the claim. Indeed, (5) is trivial for s € S¢ym
from the induction hypothesis as ¢ is not involved in the first step. Furthermore,
from the claim we obtain (4) by setting w = 0 and by observing that v, (s, kd) =
vs(s, k) by definition,
v(s,kd) > min{C(s,0), min (s’ k8)} =min{C(s,0), min vs(s’, k)} =vs(s, k).

s’€succe (s) s’€succe (s)

As regards the claim, observe that we can obtain by similar arguments as in

Lemma A.4

v(s, k& +w) =min{A(5 —w) + e 2 . p(s, (k4 1)8), (6)
min( ) (e’AW/ ‘(s k6 +w+w') + A(W/)>} (7)

s’esucce (s),

o<w/<d—w

We prove the claim by showing that (6) > v,(s,kd + w) and (7) > v(s,kd + w).
First,

o—w
6) = J Ne ™. Y P(s,s”) - 0(s”, k8 + x)dx + e MO ofs, (k4 1)5)

0 s""eS
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> (1—e ™) 3 P(s,s") - 0(s”, (k+1)8) + e X - u(s, (k+1)5)

s”€S

> (1 — e Mo, ZPSS s(s” k+1)+e 2 pi(s k+1)

SNES

=C(s,w) > v(s,kd +w).

Let us focus on (7). We fix s’ € succe(s) and search for the minimal w. First, we

deal with Markovian successor s’ € Sp. It holds

—Aw’ !
iy (6 ol ks )+ ) 2
>  min (e (s’ k6~|—w+w)+A(w’))
o<w/<b—w
= min (e “We(s! w+w)+A(w/)>
0w/ <db—w
A(d—w—w') S A(—w—n) oo "
>O<Vrvr/1ggw< ( vs(s' k+1)+(1—e )%P(s,s Jos(s ,k+1)>
+(1—e™) Y P(s,s")os(s ”k+1)>
HES

_ e MW (va(s’,k+ 10— Y Pls’,s"osls" k+ 1)) +

s”€eS

min (MW’ > P(s/;s"os(s" k+ 1)+ (1—e™) Y P(s,s")os(s”, k + 1)) .

0<w/<db—w
S s”eS

Now comes the crucial observation of the proof: the formula above is minimized
either for w' = 0 or for w’ = & — w because of its linearity. By setting w’ = 0, we

get
e MO Wi (s k4 1) + (1 — e W) Z P(s’,s")vs(s”", k+1) =C(s',w).
s"eS
By setting w’ = & —w and from the definition of vs, we get

e MO Wos(s" k+ 1) 4+ (1T —e M) 3 P(s,s")vs(s" k + 1)

S”ES

> ef)\(éfw)vé(s’k_l_ 1) + (] o ef?\(éfw)) Z P(S,S”)vé(sﬂ,k—l_ ]) :C(S,W).

s//es

Now, we consider successor s’ € S.,pm. It holds
+

0w/ <db—w

(x) > min (e_m/ v (s", k0 +w+w) +A(w’)>
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o<w/<b—w s’ €succe (s')

— min (e"w/ - min {C(s',w +w'), min o(s" k8§ +w+ w')} + A(w’)> .

Observe, that similarly for s’ € S, we can obtain

(x) > min e™ . max o(s", k6+w+w)+AW)]|.
o<w/<6—w s’ esuccr (s')
For both the cases s’ € S; U S.ym, we get by unraveling the internal and external

transitions of v| according to definition

i (o i st )
where minimaxy is an operator that chooses a state with Markovian transitions
that is reachable from s’ (where s’ is also reachable from s’) that is the most
suitable for both players. Technically, it is a sequence of min and max opera-
tors that are combined according to the transition structure of G. Similarly to
the previous case, it is easy to show that for any fixed s” € Sy U Seqm it holds
MiNo<y<sw (€7 - C(s”, W +w') + A(w')) > min{C(s”,w),C(s,w)}. To sum up

all the cases,

(7)> min min {C(s,w), minimaxg C(s”,w)} = min {C(s,w), minimaxg C(s”, w)

s’€succe (s) s”€SpmUSerm s"eESMUSe 1M

which is by considering only the first “decision” in minimax; again

=min{C(s,w), min v (s’ kd+w)}=1v(s,kd+w).00

s/Esucce (s)

In the following lemma we denote by TTy 5 the set of grid strategies on a grid of size

Lemma A.18. Forany e > 0,6 < 2¢/(A’T), s € Sand any k € No we have

T—k
ofs,k8) < o5, k) e ®)

T—kd
sup inf PIT[O=T°G] < wvs(s, k) +¢- — )

oex 7'[6”#'5

Proof. Again, we prove it by backwards induction on k. For k = N, (8) is immediate

from Lemmata A.4 and A.15. Let us fix 0 < k < N. For s € GUS,, (8) isimmediate from

48

b



Lemmata A.4 and A.15. Observe that in these two situations, it is easy to derive (9) by
very similar arguments as in Lemma A.4. For the following, we assume s ¢ G.

For s € Sy we need to analyze first, what is the probability that two or more Marko-
vian transitions are taken in the interval [0, 3]. Let us denote by Runsy,, ;=1 the set of
runs where more than one Markovian transition occurs in the first 6 time units. Further-
more, we denote by <>§[0T,51S1 G = 0=TG\Runsy , -1 and Oilm 4G =05TGNRunsy, , ~1.
Next, we have

(s, k8) =sup 1nf Pg":f [0=TG]

oexr ™

—supmf [O;TkéGU<><Tké }

cex el # 0,8 >1
<T—kd G,T[ <T—kd
-sup g (P2 657256] P52 6572
oc

<sup 1r1]fT <77 [0;:61?1(3} + P [RUHS#O 5J>1D

oex 7€

<T-kb (o -
=sup inf P, [0#0 <1 } +Pg ¢ [Runs#m]ﬂ}

oex ell

where ¢ and 7" are arbitrary strategies. Indeed, notice that strategies in G have no

influence on the frequency of occurrence of Markovian transitions.

<sup inf P, [ ;oT& <1G} +
ocx TEM

—~
v_ (s,kd)

which follows from the properties of the Poisson distribution with parameter Ad using

the very same arguments as in [ , Lemma 6.2]. Finally, by § < 2¢/(A’T),

v_(s,k8) + ¢ - % (10)

This observation allows us to focus on paths where at most one Markovian transition
occurs.
v_(s,kd) = J Ae M. Z P(s,s” 118 —x)v,5 (", kS +x)dx +e - u(s, (k+ 1))
s"€S
where k(s”,8 — x) is the probability that (after the first Markovian transition occurs
at time x), no other Markovian transition occurs in the remaining time 6 — x; and
v/5-x(s8", kd 4 x) denotes the value in configuration (s”, kb +x) with no Markovian tran-

sition occurring in the next 8 — x time units. Now we show
v/5-x(s", k6 +x) <v(s”, (k+1)5) forany 0 < x <. (11)
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We proceed by nested induction on the length j of the longest path via internal and
external transitions to a state in Sy U Se U G. Such length is bounded for any state by
the Assumption 1.

Letj = 0. If s” € Sy, it is clear since the game waits there for sure until time (k+1)3.
If s” € G, both values equal to 1, and if s” € S, the strategy that waits until time (k+1)
gains value v(s”, (k + 1)6) = 0 which is optimal.

Assume j > 0,

o if s” € S, the player chooses successor state s” with maximal v ,5_(s",kd + x),
respectively. Thus, for such s”, v,5s_(s”, kd 4 x) equals v /5_,(s", kb + x) for which

we can use the induction hypothesis;

o if s” € Scpm, the value equals

min | v(s”, (k+1)8), mm( " V/sxw(s” k0 +x+w) | <ov(s” (k+1)5).
s’ esucc

we[0,6—x]

By (10), (11) and since 0 < k < 1, we get

v_(s,kd) J ZPss "(k4+1)8)dx +e ™ v(s, (k+1)8)

s"eS

and further by integrating the density and by applying the induction hypothesis

T—(k+1)0
< e ™) ZPss (s" k+1)+ vé(s,k+1)+s~#
//Es
T—(k+1)0
SU@(S,k)“f—e‘#

which in total yields the sought form v(s, k8) < vs(s, k) + ¢ - I5¥2. Similarly, as regards
(9), we can denote vy(s, k8) := sup s infrery, , PST [0=T°G], and analogously define
vy and vy /s_«. By similar arguments it can be shown that v(s, ko) < vg_(s,kd) + €d/T,
Vyss—x(s", kd+x) < vy(s”, (k+1)d) forany 0 < x < & (observe that a grid strategy that for

any x chooses to wait until the end of the interval guarantees the value vy(s”, (k 4 1)3)).

T—kd
- -

Now, let us proceed to the states where potentially no time is spent, i.e. s € S¢ pmUS-.

From these inequalities it is again easy to derive that vy(s, kd) < vs(s, k) + ¢ -

Again, we need to use a nested induction on the length of the longest path to a state in

Sm U S.U G. For length 0, we have already proven it. Assume length > 0,

50



e fors € S. we have

v(s,kd) = max wv(s’,kd)

s’Esucce (s)
T —kd
< ' kb :
o s’ersrlll(;ic)f(s) (05(8 ' ) te T )
T —kbd
= vs(s,kd) + ¢ - T

By similar arguments as in Lemma A.4 it is easy to see that vy(s,kd) =
MaXs esuce. (s) V#(8’, kd) and thus also vy(s, ko) < vs(s, kd) + (T —kd)/T.

e fors € Scinm we get

v(s,k8) =min [ A(5) +e ™ uv(s, (k+1)5), min() (e™ - o(s, kb +w) + A(w))
s’€succe (s),
0<w<d

which is surely increased by restricting the choice only to w € {0, 8} so that we
obtain v(s, ko) < vy(s, kd); which is further increased by restricting the choice only
tow € {0},

v4(s, k&) <min (A(é) +e ™. o(s,(k+1)8), min v(s’,ké)) .

s’ Esucce (s)

By the same arguments as for s € Sy, we obtain

T—kd
gmin(B—ke}‘é-vé(s,k—H), min vé(s’,k)>+e- O

s’€succe (s) T

Theorem 5.2. For every approximation bound ¢ > 0 and discretization step § < ¢/(A\*T)

where A = maxges E(s), the value (x * %) induced by b satisfies

(kx k) < (k%) < (x%%)+e.

Proof. Straightforward, by putting s := sp and k := 0 into Lemmata A.16 and A.18. [

Theorem 5.3. Let ¢ > 0, A be a corresponding discrete game, and ¢ be induced by an

optimal counting strategy in A, then

() < inf  Plg|0<TGe| +e
E€ENV
neS(C(E),0)
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Proof. By combining Theorem 5.2 and Lemma A.16 we get that

: 0,7t <T . o,TT <T
sup 1161]f[77g [0=7G] < inf PS™[0="G] + ¢

gex ™ mieTl

and further by Proposition 4.1

. (o] <T . o7t [ALT
sup Eg}\ﬁc Poe) [0='Ge] < 711r61£73g [0="G] + .
o€6(C) res(C(E),0)

Since the proof of Proposition 4.1 shows that for each strategy o it holds

inf PS™[0<TG] < _inf  PZg [0=TGe],

mieTl EcIMC
neS(C(E),0)

we can conclude the proof by

) <T : <T
sup - inf e [0%°6e] = nf Pag [07Ge] +eD
0€B(C) ne&(C(E),0) ne&(C(E),0)
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