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Abstract

We study Markov decision processes (MDPs) with multiple limit-average (or
mean-payoff) functions. We consider two different objectives, namely, expectation
and satisfaction objectives. Given an MDP with k reward functions, in the expec-
tation objective the goal is to maximize the expected limit-average value, and in
the satisfaction objective the goal is to maximize the probability of runs such that
the limit-average value stays above a given vector. We show that under the ex-
pectation objective, in contrast to the single-objective case, both randomization and
memory are necessary for strategies, and that finite-memory randomized strategies
are sufficient. Under the satisfaction objective, in contrast to the single-objective
case, infinite memory is necessary for strategies, and that randomized memoryless
strategies are sufficient for e-approximation, for all € > 0. We further prove that the
decision problems for both expectation and satisfaction objectives can be solved in
polynomial time and the trade-off curve (Pareto curve) can be e-approximated in
time polynomial in the size of the MDP and %, and exponential in the number of
reward functions, for all € > 0. Our results also reveal flaws in previous work for
MDPs with multiple mean-payoff functions under the expectation objective, correct
the flaws and obtain improved results.



1 Introduction

Markov decision processes (MDPs) are the standard models for probabilistic dynamic
systems that exhibit both probabilistic and nondeterministic behaviors [14, 7]. In each
state of an MDP, a controller chooses one of several actions (the nondeterministic choices),
and the system stochastically evolves to a new state based on the current state and the
chosen action. A reward (or cost) is associated with each transition and the central ques-
tion is to find a strategy of choosing the actions that optimizes the rewards obtained over
the run of the system. One classical way to combine the rewards over the run of the sys-
tem is the limit-average (or mean-payoff) function that assigns to every run the long-run
average of the rewards over the run. MDPs with single mean-payoff functions have
been widely studied in literature (see, e.g., [14, 7]). In many modeling domains, how-
ever, there is not a single goal to be optimized, but multiple, potentially dependent and
conflicting goals. For example, in designing a computer system, the goal is to maximize
average performance while minimizing average power consumption. Similarly, in an
inventory management system, the goal is to optimize several potentially dependent
costs for maintaining each kind of product. These motivate the study of MDPs with
multiple mean-payoff functions.

Traditionally, MDPs with mean-payoff functions have been studied with only the
expectation objective, where the goal is to maximize (or minimize) the expectation of
the mean-payoff function. There are numerous applications of MDPs with expectation
objectives in inventory control, planning, and performance evaluation [14, 7]. In this
work we consider both the expectation objective and also the satisfaction objective for a
given MDP. In both cases we are given an MDP with k reward functions, and the goal is
to maximize (or minimize) either the k-tuple of expectations, or the probability of runs
such that the mean-payoff value stays above a given vector.

To get some intuition about the difference between the expectation/satisfaction ob-
jectives and to show that in some scenarios the satisfaction objective is preferable, con-
sider a filehosting system where the users can download files at various speed, de-
pending on the current setup and the number of connected customers. For simplicity,
let us assume that a user has 20% chance to get a 2000kB/sec connection, and 80%
chance to get a slow 20kB/sec connection. Then, the overall performance of the server
can be reasonably measured by the expected amount of transferred data per user and
second (i.e., the expected mean payoff) which is 416kB/sec. However, a single user
is more interested in her chance of downloading the files quickly, which can be mea-
sured by the probability of establishing and maintaining a reasonably fast connection
(say, > 1500kB/sec). Hence, the system administrator may want to maximize the ex-
pected mean payoff (by changing the internal setup of the system), while a single user
aims at maximizing the probability of satisfying her preferences (she can achieve that,
e.g., by buying a priority access, waiting till 3 a.m., or simply connecting to a different
server; obviously, she might also wish to minimize other mean payoffs such as the price
per transferred bit). In other words, the expectation objective is relevant in situations



when we are interested in the “average” behaviour of many instances of a given sys-
tem, while the satisfaction objective is useful for analyzing and optimizing particular
executions.

In MDPs with multiple mean-payoff functions, various strategies may produce in-
comparable solutions, and consequently there is no “best” solution in general. Infor-
mally, the set of achievable solutions

(i) under the expectation objective is the set of all vectors vV such that there is a strategy
to ensure that the expected mean-payoff value vector under the strategy is at least
v;

(ii) under the satisfaction objective is the set of tuples (v, V) where v € [0,1] and V is
a vector such that there is a strategy under which with probability at least v the
mean-payoff value vector of a run is at least V.

The “trade-offs” among the goals represented by the individual mean-payoff functions
are formally captured by the Pareto curve, which consists of all minimal tuples (wrt.
componentwise ordering) that are not strictly dominated by any achievable solution.
Intuitively, the Pareto curve consists of “limits” of achievable solutions, and in principle
it may contain tuples that are not achievable solutions (see Section 3). Pareto optimality
has been studied in cooperative game theory [12] and in multi-criterion optimization
and decision making in both economics and engineering [10, 17, 16].

Our study of MDPs with multiple mean-payoff functions is motivated by the fol-
lowing fundamental questions, which concern both basic properties and algorithmic
aspects of the expectation/satisfaction objectives:

Q.1 What type of strategies is sufficient (and necessary) for achievable solutions?
Q.2 Are the elements of the Pareto curve achievable solutions?
Q.3 Is it decidable whether a given vector represents an achievable solution?

Q.4 Given an achievable solution, is it possible to compute a strategy which achieves
this solution?

Q.5 Is it decidable whether a given vector belongs to the Pareto curve?
Q.6 Isitpossible to compute a finite representation/approximation of the Pareto curve?

We provide comprehensive answers to the above questions, both for the expectation
and the satisfaction objective. We also analyze the complexity of the problems given in
Q.3-Q.6. From a practical point of view, it is particularly encouraging that most of the
considered problems turn out to be solvable efficiently, i.e., in polynomial time. More
concretely, our answers to Q.1-Q.6 are the following;:

la. For the expectation objectives, finite-memory strategies are sufficient and neces-
sary for all achievable solutions.



1b. For the satisfaction objectives, achievable solutions require infinite memory in
general, but memoryless randomized strategies are sufficient to approximate any
achievable solution up to an arbitrarily small ¢ > 0.

2. All elements of the Pareto curve are achievable solutions.

3. The problem whether a given vector represents an achievable solution is solvable
in polynomial time.

4.a For the expectation objectives, a strategy which achieves a given solution is com-
putable in polynomial time.

4.b For the satisfaction objectives, a strategy which e-approximates a given solution is
computable in polynomial time.

5. The problem whether a given vector belongs to the Pareto curve is solvable in
polynomial time.

6. A finite description of the Pareto curve is computable in exponential time. Fur-
ther, an e-approximate Pareto curve is computable in time which is polynomial in
1/e and the size of a given MDP, and exponential in the number of mean-payoff
functions.

A more detailed and precise explanation of our results is postponed to Section 3.

Let us note that MDPs with multiple mean-payoff functions under the expectation
objective were also studied in [3], and it was claimed that randomized memoryless
strategies are sufficient for e-approximation of the Pareto curve, for all ¢ > 0, and an NP
algorithm was presented to find a randomized memoryless strategy achieving a given
vector. We show with an example that under the expectation objective there exists ¢ > 0
such that randomized strategies do require memory for e-approximation, and thus reveal
a flaw in the earlier paper (our results not only correct the flaws of [3], but also signifi-
cantly improve the complexity of the algorithm for finding a strategy achieving a given
vector).

Similarly to the related papers [4, 6, 8] (see Related Work), we obtain our results
by a characterization of the set of achievable solutions by a set of linear constraints,
and from the linear constraints we construct witness strategies for any achievable solu-
tion. However, our approach differs significantly from the previous works. In all the
previous works, the linear constraints are used to encode a memoryless strategy either di-
rectly for the MDP [4], or (if memoryless strategies do not suffice in general) for a finite
“product” of the MDP and the specification function expressed as automata, from which
the memoryless strategy is then transfered to a finite-memory strategy for the original
MDP [6, 8, 5]. In our setting new problems arise. Under the expectation objective with
mean-payoff function, neither is there any immediate notion of “product” of MDP and
mean-payoff function and nor do memoryless strategies suffice. Moreover, even for
memoryless strategies the linear constraint characterization is not straightforward for



mean-payoff functions, as in the case of discounted [4], reachability [6] and total reward
functions [8]: for example, in [3] even for memoryless strategies there was no linear con-
straint characterization for mean-payoff function and only an NP algorithm was given.
Our result, obtained by a characterization of linear constraints directly on the original
MDP, requires involved and intricate construction of witness strategies. Moreover, our
results are significant and non-trivial generalizations of the classical results for MDPs
with a single mean-payoff function, where memoryless pure optimal strategies exist,
while for multiple functions both randomization and memory is necessary. Under the
satisfaction objective, any finite product on which a memoryless strategy would exist is
not feasible as in general witness strategies for achievable solutions may need an infi-
nite amount of memory. We establish a correspondence between the set of achievable
solutions under both types of objectives for strongly connected MDPs. Finally, we use
this correspondence to obtain our result for satisfaction objectives.

Related Work. In [4] MDPs with multiple discounted reward functions were studied.
It was shown that memoryless strategies suffice for Pareto optimization, and a polyno-
mial time algorithm was given to approximate (up to a given relative error) the Pareto
curve by reduction to multi-objective linear-programming and using the results of [13].
MDPs with multiple qualitative w-regular specifications were studied in [6]. It was
shown that the Pareto curve can be approximated in polynomial time; the algorithm
reduces the problem to MDPs with multiple reachability specifications, which can be
solved by multi-objective linear-programming. In [8], the results of [6] were extended
to combine w-regular and expected total reward objectives. MDPs with multiple mean-
payoff functions under expectation objectives were considered in [3], and our results
reveal flaws in the earlier paper, correct the flaws, and present significantly improved
results (a polynomial time algorithm for finding a strategy achieving a given vector as
compared to the previously known NP algorithm). Moreover, the satisfaction objective
has not been considered in multi-objective setting before, and even in single objective
case it has been considered only in a very specific setting [1].

2 Preliminaries

We use N, Z, Q, and R to denote the sets of positive integers, integers, rational numbers,
and real numbers, respectively. Given two vectors v, € R¥, where k € N, we write
v<uiffvi <tu;foralll <i<k,and v <uiff v<udandv; < u; forsome 1 <1i<k.

We assume familiarity with basic notions of probability theory, e.g., probability space,
random variable, or expected value. As usual, a probability distribution over a finite or count-
ably infinite set X is a function f : X — [0, 1] such that erx f(x) = 1. We call f positive
if f(x) > 0 for every x € X, rational if f(x) € Q for every x € X, and Dirac if f(x) = 1 for
some x € X. The set of all distributions over X is denoted by dist(X).

Markov chains. A Markov chain is a tuple M = (L, —, n) where L is a finite or countably
infinite set of locations, — C L x (0, 1] x Lis a transition relation such that for each fixed
tel,) ,x,x=1,and pis the initial probability distribution on L.
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A run in M is an infinite sequence w = {;{,... of locations such that 5 0y for

every i € N. A finite path in M is a finite prefix of a run. Each finite path w in M
determines the set Cone(w) consisting of all runs that start with w. To M we associate
the probability space (Runsy, F,P), where Runsy, is the set of all runs in M, F is the
o-field generated by all Cone(w), and P is the unique probability measure such that
P(Cone(ty,...,4)) = u(&)-]_[li:]] xi, where €; =5 i, forall 1 < i < k (the empty product
isequal to 1).
Markov decision processes. A Markov decision process (MDP) is a tuple G = (S, A, Act, d)
where S is a finite set of states, A is a finite set of actions, Act : S — 27\ () is an action
enabledness function that assigns to each state s the set Act(s) of actions enabled at s,
and 6 : S x A — dist(S) is a probabilistic transition function that given a state s and
an action a € Act(s) enabled at s gives a probability distribution over the successor
states. For simplicity, we assume that every action is enabled in exactly one state, and
we denote this state Src(a). Thus, henceforth we will assume that 6 : A — dist(S).

A run in G is an infinite alternating sequence of states and actions w = sja;s,a,...
such that for alli > 1, Src(a;) = s; and 6(a;)(sit1) > 0. We denote by Runsg the set of
all runs in G. A finite path of length k in G is a finite prefix w = sja; ... ax_s¢ of a run
in G. For a finite path w we denote by last(w) the last state of w.

A pair (T,B) with ) # T € Sand B C J,.; Act(t) is an end component of G if (1) for
all a € B, whenever 6(a)(s’) > 0then s’ € T; and (2) for all s,t € T there is a finite path
w = sjay... a8 such that s; = s, sy = t, and all states and actions that appear in w
belong to T and B, respectively. (T, B) is a maximal end component (MEC) if it is maximal
wrt. pointwise subset ordering. Given an end component C = (T,B), we sometimes
abuse notation by using C instead of T or B, e.g., by writing a € C instead of a € B for
aecA.

Strategies and plays. Intuitively, a strategy in an MDP G is a “recipe” to choose actions.
Usually, a strategy is formally defined as a function o : (SA)*S — dist(A) that given
a finite path w, representing the history of a play, gives a probability distribution over
the actions enabled in last(w). In this paper, we adopt a somewhat different (though
equivalent — see Appendix A.5) definition, which allows a more natural classification of
various strategy types. Let M be a finite or countably infinite set of memory elements. A
strategy is a triple o = (oY, oy, &), where 0y, : AXSxM — dist(M) and 0, : SxM — dist(A)
are memory update and next move functions, respectively, and « is an initial distribution
on memory elements. We require that for all (s, m) € S x M, the distribution o, (s, m)
assigns a positive value only to actions enabled at s. The set of all strategies is denoted
by X (the underlying MDP G will be always clear from the context).

Let s € S be an initial state. A play of G determined by s and a strategy o is a
Markov chain G{ (or just G° if s is clear from the context) where the set of locations is
S x M x A, the initial distribution p is positive only on (some) elements of {s} x M x A
where p1(s, m, a) = a(m) - o, (s, m)(a), and (t,m,a) = (t',m’, a’) iff

X = 5(&)(t,) : Gu(a)t,)m)(m/) : Gn(t,)m/)(a,) > 0.



Hence, Gy starts in a location chosen randomly according to « and o,. In a current
location (t, m, a), the next action to be performed is a, hence the probability of entering
t’ is 8(a)(t’). The probability of updating the memory to m’ is o,(a,t’,m)(m’), and
the probability of selecting a’ as the next action is o, (t’, m’)(a’). We assume that these
choices are independent, and thus obtain the product above.

In this paper, we consider various functions over Runsg that become random vari-
ables over Runsg after fixing some o and s. For example, for F C S we denote by
Reach(F) € Runsg the set of all runs reaching F. Then Reach(F) naturally determines
Reachy (F) C Runsge by simply “ignoring” the visited memory elements. To simplify
and unify our notation, we write, e.g., P¢[Reach(F)] instead of P¢[Reach( (F)], where P¢
is the probability measure of the probability space associated to GJ. We also adopt this
notation for other events and functions, such as Ir¢(T) or lr,(7) defined in the next
section, and write, e.g., E¢[lrin¢(7)] instead of E [lrjn¢(T)J].

Strategy types. In general, a strategy may use infinite memory, and both o, and o,, may
randomize. According to the use of randomization, a strategy, o, can be classified as

e pure (or deterministic), if « is Dirac and both the memory update and the next move
function give a Dirac distribution for every argument;

e deterministic-update, if o is Dirac and the memory update function gives a Dirac
distribution for every argument;

e stochastic-update, if «, 0y, and o, are unrestricted.

Note that every pure strategy is deterministic-update, and every deterministic-update
strategy is stochastic-update. A randomized strategy is a strategy which is not necessarily
pure. We also classify the strategies according to the size of memory they use. Impor-
tant subclasses are memoryless strategies, in which M is a singleton, n-memory strategies,
in which M has exactly n elements, and finite-memory strategies, in which M is finite. By
IM we denote the set of all memoryless strategies. Memoryless strategies can be spec-
ified as o : S—dist(A). Memoryless pure strategies, i.e., those which are both pure and
memoryless, can be specified as 0 : S—A.

For a finite-memory strategy o, a bottom strongly connected component (BSCC) of G
is a subset of locations W C S x M x A such thatforall{; e Wand {, € S x M x A we
have that (i) if {, is reachable from ¢{;, then ¢, € W, and (ii) for all {;,{, € W we have
that £, is reachable from {;. Every BSCC W determines a unique end component ({s |
(s,mya) € Wh{a| (s,m,a) € W}) of G, and we sometimes do not strictly distinguish
between W and its associated end component.

As we already noted, stochastic-update strategies can be easily translated into “or-
dinary” strategies of the form o : (SA)*S — dist(A), and vice versa (see Appendix A.5).
Note that a finite-memory stochastic-update strategy o can be easily implemented by
a stochastic finite-state automaton that scans the history of a play “on the fly” (in fact, GJ
simulates this automaton). Hence, finite-memory stochastic-update strategies can be
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Figure 1: Example MDPs

seen as natural extensions of ordinary (i.e., deterministic-update) finite-memory strate-
gies that are implemented by deterministic finite-state automata.

A running example (I). As an example, consider the MDP G = (S, A, Act, §) of Fig. 1a.
Here, S = {s1,...,s4}, A = {a1,..., ag}, Act is denoted using the labels on lines going
from actions, e.g., Act(s;) = {ai, a,}, and 8 is given by the arrows, e.g., 5(a4)(ss) = 0.3.
Note that G has four end components (two different on {s3, s4}) and two MECs.

Let sy be the initial state and M = {m,, m,}. Consider a stochastic-update finite-
memory strategy o = (0o, Oy, @) where & chooses m; deterministically, and o, (my,s1) =
[a; — 0.5,a; — 0.5], o,(my,s3) = [as — 1] and otherwise o, chooses self-loops. The
memory update function o, leaves the memory intact except for the case o,(m,s3)
where both m; and m, are chosen with probability 0.5. The play G¢, is depicted in
Fig. 1c.

3 Main Results

In this paper we establish basic results about Markov decision processes with expectation
and satisfaction objectives specified by multiple limit average (or mean payoff) functions.
We adopt the variant where rewards are assigned to edges (i.e., actions) rather than
states of a given MDP.

Let G = (S,A,Act,6) bea MDP, and r : A — Q a reward function. Note that r may
also take negative values. For every j € N, let A; : Runsg — A be a function which
to every run w € Runsg assigns the j-th action of w. Since the limit average function
Ir(r) : Runsg — R given by



may be undefined for some runs, we consider its lower and upper approximation Ir¢(r)
and Irg.p () that are defined for all w € Runs as follows:

Irine(r)(w) = hmme Zr A(w

Irgp(T)(w) = limsup — Zr Adw)).

T—oo

For a vector ¥ = (r1,...,7) of reward functions, we similarly define the R*-valued
functions
Ir(¥) = (Ir(r),...,Ir(re)),
lrinf(F) = (lrinf(rl )) v )lrinf(rk)))
lrsuph—:) = (lrsup(ﬁ )) se >lrsup(rk))-

Now we introduce the expectation and satisfaction objectives determined by 7.

o The expectation objective amounts to maximizing or minimizing the expected value
of Ir(¥). Since lIr(7) may be undefined for some runs, we actually aim at maximiz-
ing the expected value of Iri,¢(¥) or minimizing the expected value of lr, () (wrt.
componentwise ordering <).

o The satisfaction objective means maximizing the probability of all runs where Ir(¥)
stays above or below a given vector V. Technically, we aim at maximizing the
probability of all runs where Iri¢ () > V or lrgp (T) < V.

The expectation objective is relevant in situtaions when we are interested in the aver-
age or aggregate behaviour of many instances of a system, and in contrast, the satis-
faction objective is relevant when we are interested in particular executions of a sys-
tem and wish to optimize the probability of generating the desired executions. Since
Iring(f) = —lrsyp(—T), the problems of maximizing and minimizing the expected value
of Irin¢(7) and Irp (¥) are dual. Therefore, we consider just the problem of maximizing
the expected value of Irj,¢(7). For the same reason, we consider only the problem of
maximizing the probability of all runs where lrin¢(¥) > V.

If k (the dimension of T) is at least two, there might be several incomparable solutions
to the expectation objective; and if V is slightly changed, the achievable probability of
all runs satisfying lrin(¥) > vV may change considerably. Therefore, we aim not only at
constructing a particular solution, but on characterizing and approximating the whole
space of achievable solutions for the expectation/satisfaction objective. Let s € S be some
(initial) state of G. We define the sets ACEX(Ir;¢(7)) and AcSt(Ir;¢ (7)) of achievable vectors
for the expectation and satisfaction objectives as follows:

=3y

ACEX (Irjn¢(
AcSt(1rn¢(

)=V |3Jo € : E{llrine(T)] > v},
N={(v,V) | do € X: P{[lrjne(¥) > V] > v

=3y
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Intuitively, if V, U are achievable vectors such that vV > i, then V represents a “strictly
better” solution than 1. The set of “optimal” solutions defines the Pareto curve for
ACEX(Irin¢()) and AcSt(lriy¢(T)). In general, the Pareto curve for a given set Q C R¥
is the set P of all minimal vectors v € R* such Vv £ 1 for all & € Q. Note that P may
contain vectors that are not in Q (for example, if Q = {x € R | x < 2}, then P = {2}).
However, every vector v € P is “almost” in Q in the sense that for every ¢ > 0 there
isiu € Qwithv < 1+ € where € = (g,...,¢). This naturally leads to the notion of an
e-approximate Pareto curve, P,, which is a subset of Q such that for all vectors v € P of the
Pareto curve there is a vector i € P, such that v < 1 + €. Note that P, is not unique.

A running example (II). Consider again the MDP G of Fig. 1a, and the strategy o con-
structed in our running example (I). Let ¥ = (r,12), where 11(ag) = 1, r2(a3) = 2,
12(a4) = 1, and otherwise the rewards are zero. Let

w = (s] yml, Clz)(S3, my, as) ((33) ma, (14)(34) my, a6))w

Then Ir(7)(w) = (0.5,0.5). Considering the expectation objective, we have that E{, [Iri,¢(7)] =
(53—2, %). Considering the satisfaction objective, we have that (0.5,0,2) € AcSt(¥) be-
cause P{ [Iri(7) > (0,2)] = 0.5. The Pareto curve for ACEX(Irin(T)) consists of the
points {(%x, %x +2(1—x)) | 0 < x < 0.5}, and the Pareto curve for AcSt(lrj¢(T)) is
{(1,0,2)}U{(0.5,x,1—x) [ 0 <x; < 33}.
Now we are equipped with all the notions needed for understanding the main re-
sults of this paper. Our work is motivated by the six fundamental questions given in

Section 1. In the next subsections we give detailed answers to these questions.

3.1 Expectation objectives

The answers to Q.1-Q.6 for the expectation objectives are the following:

A.1 2-memory stochastic-update strategies are sufficient for all achievable solutions,
ie., for all V. € ACEx(lrin(¥)) there is a 2-memory stochastic-update strategy o
satisfying EJ [lrin¢(T)] > V.

A.2 The Pareto curve P for ACEX(lrin(7)) is a subset of ACEX(lri¢(7)), i.e., all optimal
solutions are achievable.

A.3 There is a polynomial time algorithm which, given v € Q¥, decides whether v €
ACEX(Ir;n¢ (7).

A4 If Vv € ACEX(Irin¢(7)), then there is a 2-memory stochastic-update strategy o con-
structible in polynomial time satisfying E{ [lrin¢(7)] > V.

A.5 There is a polynomial time algorithm which, given v € R¥, decides whether Vv be-
longs to the Pareto curve for ACEX(Iri¢(7)).

11



A.6 AcEX(Irin¢(7)) is a convex hull of finitely many vectors that can be computed in
exponential time. The Pareto curve for ACEX(Iriy(T)) is a union of all facets of
AcCEX(Irin¢ (7)) whose vectors are not strictly dominated by vectors of ACEX(1rjn¢(T)).
Further, an e-approximate Pareto curve for ACEX(Iri(7)) is computable in time
polynomial in %, |G|, and maxgea max;<i<k [Ti(a)|, and exponential in k.

Let us note that A.1 is tight in the sense that neither memoryless randomized nor pure
strategies are sufficient for achievable solutions. This is witnessed by the MDP of Fig. 1b
with reward functions 1y, 7, such that ri(a;) = 1 and ri(a;) = 0 for i # j. Consider a
strategy o which initially selects between the actions a; and b randomly (with probabil-
ity 0.5) and then keeps selecting a; or a,, whichever is available. Hence, E{ [Irin¢((11,72))] =
(0.5,0.5). However, the vector (0.5,0.5) is not achievable by a strategy o’ which is mem-
oryless or pure, because then we inevitably have that E‘;/ [Irin¢((11,72))] is equal either to
(0,1) or (1,0).

On the other hand, the 2-memory stochastic-update strategy constructed in the proof
of Theorem 4.1 can be efficiently transformed into a finite-memory deterministic-update
randomized strategy, and hence the answers A.1 and A.4 are also valid for finite-memory
deterministic-update randomized strategies (see Appendix A.3). Observe that A.2 can be
seen as a generalization of the well-known result for single payoff functions which says
that finite-state MDPs with mean-payoff objectives have optimal strategies (in this case,
the Pareto curve consists of a single number known as the “value”). Also observe that
A.2 does not hold for infinite-state MDPs (a counterexample is trivial to construct).

Finally, note that if o is a finite-memory stochastic-update strategy, then G? is a finite-
state Markov chain. Hence, for almost all runs w in G{ we have that 1r(¥)(w) exists
and it is equal to lryy(¥)(w). This means that there is actually no difference between

—

maximizing the expected value of lr;¢(T) and the expected value of Ir(¥)

3.2 Satisfaction objectives

The answers to Q.1-Q.6 for the satisfaction objectives are presented below.

B.1 Achievable vectors require strategies with infinite memory in general. However,
memoryless randomized strategies are sufficient for e-approximate achievable vec-
tors, i.e., for every € > 0 and (v, V) € AcSt(Iri,¢(7)), there is a memoryless random-
ized strategy o with

P lring(¥) >V — € > v —e.

Here € = (g,...,¢).

B.2 The Pareto curve P for AcSt(Irin¢(T)) is a subset of AcSt(lri(7)), i.e., all optimal
solutions are achievable.

B.3 There is a polynomial time algorithm which, given v € [0, 1] and v € Q¥, decides
whether (v, V) € AcSt(Irj¢(7)).

12



B.4 If (v,V) € AcSt(Irin(7)), then for every ¢ > 0 there is a memoryless randomized
strategy o constructible in polynomial time such that P [Irj,¢(¥) >V —¢€] > v —e.

B.5 There is a polynomial time algorithm which, given v € [0,1] and v € R¥, decides

whether (v, V) belongs to the Pareto curve for AcSt(Irin¢(T)).

B.6 The Pareto curve P for AcSt(lri¢(¥)) may be neither connected, nor closed. How-
ever, P is a union of finitely many sets whose closures are convex polytopes, and,
perhaps surprisingly, the set {v | (v,V) € P}is always finite. The sets in the union
that gives P (resp. the inequalities that define them) can be computed. Further, an
e-approximate Pareto curve for AcSt(Irj¢()) is computable in time polynomial in
%, |G|, and max,ea max;<i<k [i(a)|, and exponential in k.

The algorithms of B.3 and B.4 are polynomial in the size of G and the size of binary
representations of v and .

The result B.1 is again tight. In Appendix A.4 we show that memoryless pure strate-
gies are insufficient for e-approximate achievable vectors, i.e., there are ¢ > 0 and
(v,V) € AcSt(Irin(T)) such that for every memoryless pure strategy o we have that
PYllrine(¥) >V —¢€] < v—e.

As noted in B.1, a strategy o achieving a given vector (v,V) € AcSt(lri(7)) may
require infinite memory. Still, our proof of B.1 reveals a “recipe” for constructing such
a o by simulating the memoryless randomized strategies o, which e-approximate (v, V)
(intuitively, for smaller and smaller ¢, the strategy o simulates o, longer and longer; the
details are discussed in Section 5). Hence, for almost all runs w in G§ we again have
that Ir(¥) (w) exists and it is equal to Iri¢(T) (w).

4 Proofs for Expectation Objectives

The technical core of our results for expectation objectives is the following:

Theorem 4.1. Let G = (S, A, Act,d) be a MDP, ¥ = (r1,...,1y) a tuple of reward functions,
and v € R¥. Then there exists a system of linear inequalities L constructible in polynomial time
such that

e cvery nonnegative solution of L induces a 2-memory stochastic-update strategy o satisfy-
ing ES [Irine(¥)] > Vi

o if Vv € ACEX(lrin¢(T)), then L has a nonnegative solution.

As we already noted in Section 1, the proof of Theorem 4.1 is non-trivial and it is
based on novel techniques and observations. Our results about expectation objectives
are corollaries to Theorem 4.1 and the arguments developed in its proof. For the rest
of this section, we fix an MDP G, a vector of rewards, ¥ = (r1,...,1¢), and an initial
state s, (in the considered plays of G, the initial state is not written explicitly, unless it is
different from s;).
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s)—i—Zya-é(a)(s): Z Ya+ys forallseS$ €))]

acA a€Act(s)
ZUS =1 (2)
seS
> ys= Y xq forall MEC Cof G ®)
seC aeANC
D xa-8(a)(s)= ) xq forallseS (4)
acA a€Act(s)
Zxa Ti(a) > Vi forall1<i<n (5)
acA

Figure 2: System L of linear inequalities. (We define 1;,(s) = 1if s = 5o, and 1,,(s) =0
otherwise.)

Consider the system L of Fig. 2 (parametrized by V). Obviously, L is constructible in
polynomial time. Probably most demanding are Eqns. (1) and Eqns. (4). The equations
of (1) are analogous to similar equalities in [6], and their purpose is clarified at the end
of the proof of Proposition 4.4. The meaning of Eqns. (4) is explained in Lemma 4.3.

As both directions of Theorem 4.1 are technically involved, we prove them sepa-
rately as Propositions 4.2 and 4.4.

Proposition 4.2. Every nonnegative solution of the system L induces a 2-memory stochastic-
update strategy o satisfying E¢ [lri¢ ()] > v.

Proof of Proposition 4.2

First, let us consider Eqn. (4) of L. Intuitively, this equation is solved by an “invariant”
distribution on actions, i.e., each solution gives frequencies of actions (up to a multi-
plicative constant) defined foralla € A, s € S, and o € X by

freq(o,s,a) = lim — ZIP"T = al

Tooo |

assuming that the defining limit exists (which might not be the case—cf. the proof of
Proposition 4.4). We prove the following;:

Lemma 4.3. Assume that assigning (nonnegative) values X, to x, solves Eqn. (4). Then there
is a memoryless strategy & such that for every BSCCs D of G, every s € D N S, and every
a € DNA, we have that freq(&, s, a) equals a common value freq(&, D, a) :==Xo/ D

a’eDnA Xa’-

A proof of Lemma 4.3 is given in Appendix A. Assume that the system L is solved
by assigning nonnegative values X, to x, and Uy to y, where x € A US. Let & be
the strategy of Lemma 4.3. Using Eqns. (1), (2), and (3), we will define a 2-memory
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stochastic update strategy o as follows. The strategy o has two memory elements, m;
and m,. A run of G° starts in s, with a given distribution on memory elements (see
below). Then o plays according to a suitable memoryless strategy (constructed below)
until the memory changes to m,, and then it starts behaving as & forever. Given a BSCC
D of G¥, we denote by P¢ [switch to & in D] the probability that o switches from m; to
m, while in D. We construct o so that

Pg [switch to £ in D] = Z Xa - (6)

aeDNA

Then freq(o,sp,a) = Pg [switch to & in D] - freq(&, D, a) = X,. Finally, we obtain the
following:
o UTing ()] Z Ti(a . (7)
acA

A complete derivation of Eqn. (7) is given in Appendix A.1.2. Note that the right-hand
side of Eqn. (7) is greater than or equal to Vi by Inequality (5) of L.

So, it remains to construct the strategy o with the desired “switching” property ex-
pressed by Eqn. (6). Roughly speaking, we proceed in two steps.

1. We construct a finite-memory stochastic update strategy & satisfying Eqn. (6). The
strategy & is constructed so that it initially behaves as a certain finite-memory
stochastic update strategy, but eventually this mode is “switched” to the strategy
& which is followed forever.

2. The only problem with & is that it may use more than two memory elements in
general. This is solved by applying the results of [6] and reducing the “initial part”
of & (i.e., the part before the switch) into a memoryless strategy. Thus, we transform
0 into an “equivalent” strategy o which is 2-memory stochastic update.

Now we elaborate the two steps.

Step 1. For every MEC C of G, we denote by yc the number } U5 = > ,canc Xa-
By combining the solution of L with the results of Sections 3 and 5 of [6] (the details are
given in Appendix A, Lemma A.1), one can construct a finite-memory stochastic-update
strategy ¢ which stays eventually in each MEC C with probability yc.

The strategy & works as follows. For a run initiated in s, the strategy & plays accord-
ing to ¢ until a BSCC of G® is reached. This means that every possible continuation of
the path stays in the current MEC C of G. Assume that C has states s, ..., sx. We denote
by %s the sum 3, Xa- At this point, the strategy & changes its behavior as follows:
First, the strategy ¢ strlves to reach s; with probability one. Upon reaching s, it chooses
(randomly, with probablhty o) either to behave as & forever, or to follow on to s;. If
the strategy & chooses to go on to s,, it strives to reach s, with probablhty one. Upon
reaching s, the strategy & chooses (randomly, with probability ~—<—) either to behave
as & forever, or to follow on to s3, and so, till si. That is, the probablhty of switching to
& in s; is ﬁ

15



Since ¢ stays in a MEC C with probability yc, the probability that the strategy &
switches to & in s; is equal to x,,. However, then for every BSCC D of G* satisfying
D N C # 0 (and thus D C C) we have that the strategy & switches to § in a state of D
with probability } ;s X = 2 .cpna Xa- Hence, 6 satisfies Eqn. (6).

Step 2. Now we show how to reduce the first phase of & (before the switch to £) into a
memoryless strategy, using the results of [6, Section 3]. Unfortunately, these results are
not applicable directly. We need to modify the MDP G into a new MDP G’ as follows:
For each state s we add a new absorbing state, d;. The only available action for d; leads
to a loop transition back to d; with probability 1. We also add a new action, ag, to every
s € S. The distribution associated with a¢ assigns probability 1 to d,.

Let us consider a finite-memory stochastic-update strategy, o', for G’ defined as fol-
lows. The strategy o’ behaves as 6 before the switch to &. Once & switches to &, say in a
state s of G with probability ps, the strategy o’ chooses the action a? with probability ps.
It follows that the probability of & switching in s is equal to the probability of reaching
ds in G’ under ¢’. By [6, Theorem 3.2], there is a memoryless strategy, o, for G’ that
reaches d, with probability p;. We define o in G to behave as o with the exception that,
in every state s, instead of choosing an action a? with probability p; it switches to be-
have as & with probability ps (which also means that the initial distribution on memory
elements assigns ps, to my). Then, clearly, o satisfies Eqn. (6) because

P¢ [switch in D] = Z IP)SO” fire af] = Z IP’SOI fire a]
seD seD

= IP’G [switch in D] Z Xa-

aceDNA

This concludes the proof of Proposition 4.2.

Proposition 4.4. If V.e ACEX(Irin¢(7)), then L has a nonnegative solution.

Proof of Proposition 4.4

Let p € I be a strategy such that Ef [Iri,¢()] > v. In general, the frequencies freq(p, so, a)
of the actions may not be well defined, because the defining limits may not exist. A
crucial trick to overcome this difficulty is to pick suitable “related” values, f(a), lying
between lim inf7_,, ]T Z; P? [A; = a] and limsup;_, % ZL P? [A; = a], which can be
safely substituted for x, in L. Since every infinite sequence contains an infinite conver-
gent subsequence, there is an increasing sequence of indices, To, Ty, ..., such that the
following limit exists for each action a € A

Setting x, = f(a) for all a € A satisfies Ings. (5) and Eqns. (4) of L. Indeed, the former
follows from E¢ [Ir;¢(7)] > v and the following inequality, which holds forall T <1i < k:

D Tila)-fla) > B [rine(F)]. 8)

acA
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A proof of Inequality (8) is given in Appendix A.1.3. To prove that Eqns. (4) are satisfied,
it suffices to show that for all s € S we have

> f(a)-8(a Z f(a )

acA acAct(s

A proof of Eqn. (9) is given in Appendix A.1.4.

Now we have to set the values for y,, x € AU S, and prove that they satisfy the rest
of L when the values f(a) are assigned to x,. Note that every run of G® eventually stays
in some MEC of G (cf,, e.g., [5, Proposition 3.1]). For every MEC C of G, let y¢ be the
probability of all runs in G that eventually stay in C. Note that

aeANC acANC =
Te
o]
=lim=3 3 PYIA = (10)
YT aeAnc

—eli)r?o—EZIP’p [AreCl=
Here the last equality follows from the fact that lim,_,, P [A7, € C] is equal to the prob-
ability of all runs in G that eventually stay in C (recall that almost every run stays
eventually in a MEC of G) and the fact that the Cesaro sum of a convergent sequence is
equal to the limit of the sequence.

To obtain y, and y;, we need to simplify the behavior of p before reaching a MEC
for which we use the results of [6]. As in the proof of Proposition 4.2, we first need
to modify the MDP G into another MDP G’ as follows: For each state s we add a new
absorbing state, d;. The only available action for d, leads to a loop transition back to
d; with probablhty 1. We also add a new action, a¢, to every s € S. The distribution
associated with a¢ assigns probability 1 to ds;. By [6, Theorem 3.2], the existence of p
implies the existence of a memoryless pure strategy C for G’ such that

Z ]P’C [Reach(ds)] = yc. (11)
seC
Let U, be a function over the runs in G’ returning the (possibly infinite) number of times

the action a is used. We are now ready to define the assignment for the variables y, of
L.

Yo = ES [U,] foralla € A

So

¢ [Uga] = P5 [Reach(ds)] foralls € S.

So

ys =E

Note that [6, Lemma 3.3] ensures that all y, and y, are indeed well-defined finite
values, and satisfy Eqns. (1) of L Eqns (3) of L are satisfied due to Egns. (11) and (10).
Eqn. (11) together with }_ =1 imply Eqn. (2) of L. This completes the proof of
Proposition 4.4.

aeA
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The item A.1 in Section 3.1 follows directly from Theorem 4.1. Let us analyze A.2.
Suppose V is a point of the Pareto curve. Consider the system L’ of linear inequalities
obtained from L by replacing constants v; in Ings. (5) with new variables z;. Let Q C R™
be the projection of the set of solutions of L’ to z,...,z,. From Theorem 4.1 and the
definition of Pareto curve, the (Euclid) distance of v to Q is 0. Because the set of solutions
of L’ is a closed set, Q is also closed and thus Vv € Q. This gives us a solution to L with
variables z; having values Vi, and we can use Theorem 4.1 to get a strategy witnessing
that v € ACEX(lrin¢(7)).

Now consider the items A.3 and A.4. The system L is linear, and hence the prob-
lem whether Vv € ACEXx(Iri(T)) is decidable in polynomial time by employing polyno-
mial time algorithms for linear programming. A 2-memory stochastic-update strategy
o satisfying E?[Iri,¢(¥)] > Vv can be computed as follows (note that the proof of Propo-
sition 4.2 is not fully constructive, so we cannot apply this proposition immediately).
First, we find a solution of the system L, and we denote by X, the value assigned to
Xq. Let (Ty,By),..., (Ty, By) be the end components such that a € |}, B; iff X, > 0,
and Ty,..., T, are pairwise disjoint. We construct another system of linear inequali-
ties consisting of Eqns. (1) of L and the equations } (1 Ys = 3 1. 2 ,cacs) Xa for all
1 <1 < n. Due to [6], there is a solution to this system iff in the MDP G’ from the proof
of Proposition 4.2 there is a strategy that for every i reaches d, for s € T; with probabil-
ity D et 2_acncs) Xa- Such a strategy indeed exists (consider, e.g., the strategy o’ from
the proof of Proposition 4.2). Thus, there is a solution to the above system and we can
denote by {J; and {j, the values assigned to y; and y,. We define o by

Un(s)ml)(a) = ga/za’eAct(s)gﬂ/
Gn(S,mz)(Cl) = 7_c(l/Za’EAcif(s)i(a'

and further o,(a,s, my)(m;)=ys, ou(a, s, my)(m;)=1, and the initial memory distribu-
tion assigns (1—ys,) and ys, to my and m,, respectively. Due to [6] we have P] [change memory to m;
s, and the rest follows similarly as in the proof of Proposition 4.2.

The item A.5 can be proved as follows: To test that V. € ACEX(lrin¢(¥)) lies in the
Pareto curve we turn the system L into a linear program LP by adding the objective to
maximize ) ;.. 2 .caXa - Ti(a). Then we check that there is no better solution than
Z1§i§n Vi

Finally, the item A.6 is obtained by considering the system L’ above and comput-
ing all exponentially many vertices of the polytope of all solutions. Then we compute
projections of these vertices onto the dimensions z,...,z, and retrieve all the maxi-
mal vertices. Moreover, if for every v € {{- ¢ | L € ZAN—M, < (- ¢ < M,}* where
M, = maXq.ea maxj<i<x [Fi(a)| we decide whether v € ACEX(Iriy(T)), we can easily con-
struct an e-approximate Pareto curve.

18



5 Proofs for Satisfaction Objectives

In this section we prove the items B.1-B.6 of Section 3.2. Let us fix a MDP G, a vector of
rewards, ¥ = (1,...,Ty), and an initial state so. We start by assuming that the MDP G is
strongly connected (i.e., (S, A) is an end component).

Proposition 5.1. Assume that G is strongly connected and that there is a strategy m such that
PT [lring(¥) > V] > 0. Then the following is true.

1. There is a strategy & satisfying P5[lryn(¥) > V] =1 forall s € S.

2. For each £>0 there is a memoryless randomized strategy &, satisfying P& lrine(¥) >V — €] =
1foralls € S.

Moreover, the problem whether there is some Tt such that P [lrine(¥) > V] > 0 is decidable in
polynomial time. Strategies &, are computable in time polynomial in the size of G, the size of the
binary representation of ¥, and 1.

Proof. By [2,9], P, lring(¥) > V] > Oimplies that there is a strategy & such that IPSEO lrine(¥) > V] =
1 (the details are given in Appendix A.2). This gives us item 1. of Proposition 5.1 and
also immediately implies V € ACEX(Iri¢(7)). It follows that there are nonnegative values
Xq for all a € A such that assigning X, to x, solves Eqns. (4) and (5) of the system L (see
Fig. 2). Let us assume, w.Lo.g., that ), %X, = 1.
Lemma 4.3 gives us a memoryless randomized strategy ¢ such that for all BSCCs D
of G4 alls € DN Sand all a € DN A we have that freq((, s, a) s We denote

) " Taconate
by freq(¢, D, a) the value ﬁ

Now we are ready to prove the item 2 of Proposition 5.1. Let us fix ¢ > 0. We
obtain &, by a suitable perturbation of the strategy ¢ in such a way that all actions get
positive probabilities and the frequencies of actions change only slightly. There exists
an arbitrarily small (strictly) positive solution x, of Eqns. (4) of the system L (it suffices
to consider a strategy T which always takes the uniform distribution over the actions
in every state and then assign freq(T, so, a)/N to x, for sufficiently large N). As the
system of Eqns. (4) is linear and homogeneous, assigning X, + x to x, also solves this
system and Lemma 4.3 gives us a strategy &, satisfying freq(&;, so, a) = (Xa + x)/X.
Here X =3 . caXar+Xq =143 caxe- We may safely assume that 3/, xo < 530
where M, = maxgeca maxj<i<k [Ti(a)|. Thus, we obtain

D freq(&c,so,0) - Ti(a) > vi —e. (12)

acA

A proof of Inequality (12) is given in Appendix A.2.1. As G¥ is strongly connected,
almost all runs w of G* initiated in s, satisfy

Iring(F)(w) = ) freq(&,s0, ) - F(a)

acA

%
<
|
ol

This finishes the proof of item 2.
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Concerning the complexity of computing &,, note that the binary representation of
every coefficient in L has only polynomial length. As X,’s are obtained as a solution of
(a part of) L, standard results from linear programming imply that each X, has a binary
representation computable in polynomial time. The numbers x; are also obtained by
solving a part of L and restricted by Y .. x./| < s Which allows to compute a
binary representation of x, in polynomial time. The strategy &, defined in the proof of
Proposition 5.1, assigns to each action only small arithmetic expressions over X, and x/.
Hence, &, is computable in polynomial time.

To prove that the problem whether there is some & such that P [lri¢(¥) > V] > 0 is
decidable in polynomial time, we show that whenever v € ACEX(lri¢(T)), then (1,V) €
AcSt(Irin¢(7)). This gives us a polynomial time algorithm by applying Theorem 4.1. Let
V € ACEX(Iryn¢(¥)). We show that there is a strategy & such that P{[lr(7) > V] = 1. The
strategy o needs infinite memory (an example demonstrating that infinite memory is
required is given in Appendix A.4).

Since Vv € ACEX(Irin¢(T)), there are nonnegative rational values X, for all a € A such
that assigning X, to x4 solves Eqns. (4) and (5) of the system L. Assume, without loss of
generality, that ), %, =1.

Givena € A, let [, : A — {0, 1} be a function given by I (a) = 1 and I4(b) = 0 for all
b # a. For every i € N, we denote by &; a memoryless randomized strategy satisfying
P& [Irin¢(Iq) > %o —27'] = 1. Note that for every i € N there is ; € N such that for all
ac Aands € Sweget

.
Pt mf-ZIa(At)zfca—z—i >1-2"1

Now let us consider a sequence ng, ny, ... of numbers where n; > «; and ZK‘ <2t
and K‘*‘ < 271, We define & to behave as &; for the first n; steps, then as &2 for the
next nz steps, then as &3 for the next n; steps, etc. In general, denoting by N; the sum
2_;-i 1y, the strategy & behaves as &; between the Ni’th step (inclusive) and Ny, th step
(non-inclusive).

Let us give some intuition behind &. The numbers in the sequence ny,ny, ... grow
rapidly so that after &; is simulated for n; steps, the part of the history when §; for j < i
were simulated becomes relatively small and has only minor impact on the current av-

erage reward (this is ensured by the condition Z’“ L < 271). This gives us that almost
every run has infinitely many prefixes on whlch the average reward w.r.t. I, is arbi-
trarily close to X, infinitely often. To get that X, is also the limit average reward, one
only needs to be careful when the strategy & ends behaving as &; and starts behaving as
&i+1, because then up to the ki steps we have no guarantee that the average reward is
close to X,. This part is taken care of by picking n; so large that the contribution (to the
average reward) of the n; steps according to &; prevails over fluctuations introduced by
the first ki, steps according to &;,; (this is ensured by the condition K‘“ <27H.

Let us now prove the correctness of the definition of £ formally. We prove that almost
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all runs w of G& satisfy

M%

lim inf

T—oo

) > Ra.
=0
Denote by E; the set of all runs w = syaes1ay ... of G* such that for some «; < d < n; we

have
Ni+d

—ZI q) < Re — 27

We have ]Pfo [Ei] < 27! and thus Zi:] 5 Bl = % < o0. By Borel-Cantelli lemma [15], al-
most surely only finitely many of E; take place. Thus, almost every run w = spagsiay ...
of G¢ satisfies the following: there is { such that for alli > { and all k; < d < n; we have

that
Z (@) > %g—27%

=N;

Consider T € N such that N; < T < Nj;; where i > {. We prove the following (see
Appendix A.2.2):

]
1Y Lia) > (Ra—2790-2"). (13)
t=0

Since the above sum converges to X, as i (and thus also T) goes to co, we obtain

liminf
T—o0

) > Ra.
t=0 0

I\/]_i

We are now ready to prove the items B.1, B.3 and B.4. Let C;, ..., C; be all MECs of
G. We say that a MEC C; is good for V if there is a state s of C; and a strategy 7t satisfying
PT{lring(¥) > V] > 0 that never leaves C; when starting in s. Using Proposition 5.1, we
can decide in polynomial time whether a given MEC is good for a given V. Let C be
the union of all MECs good for V. Then, by Proposition 5.1, there is a strategy & such
that for all s € C we have P:[lriy¢(T) > V] = 1 and for each ¢ > 0 there is a memoryless
randomized strategy &, computable in polynomial time, such that for all s € C we have

P [lring(¥) > v — €.

Consider a strategy T, computable in polynomial time, which maximizes the proba-
bility of reaching C. Denote by o a strategy which behaves as T before reaching C and
as & afterwards. Similarly, denote by o, a strategy which behaves as T before reaching C
and as &, afterwards. Note that o, is computable in polynomial time.

Clearly, (v,V) € AcSt(Ir(7)) iff P{ [Reach(C)] > v because o achieves v with proba-
bility P§ [Reach(C)]. Thus, we obtain that v < IP{ [Reach(C)] < IPE; (rine(¥) > v — €.

Finally, to decide whether (v, V) € AcSt(lriy¢(T)), it suffices to decide whether P} [Reach(C)] >
v in polynomial time.

Now we prove item B.2. Suppose (v, V) is a vector of the Pareto curve. We let C be the
union of all MECs good for V. Recall that the Pareto curve constructed for expectation
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objectives is achievable (item A.2). Due to the correspondence between AcSt and ACEx
in strongly connected MDPs we obtain the following. There is A > 0 such that for every
MEC D not contained in C, every s € D, and every strategy o that does not leave D, it
is possible to have P{[lrj¢(¥) > 1] > 0 only if there is i such that Vi — t; > A, i.e.,, when
V is greater than U by A in some component. Thus, for every ¢ < A and every strategy
o such that P{, [Irine(¥) > V— €] > v — ¢ it must be the case that Pg [Reach(C)] > v — «.
Because for single objective reachability the optimal strategies exist, we get that there is
a strategy T satisfying IP{ [Reach(C)] > v, and by using methods similar to the ones of
the previous paragraphs we obtain (v, V) € AcSt(lrjn¢(T)).

The polynomial-time algorithm mentioned in item B.5 works as follows. First check
whether (v,V) € AcSt(Iri(7)) and if not, return “no”. Otherwise, find all MECs good
for v and compute the maximal probability of reaching them from the initial state. If the
probability is strictly greater than v, return “no”. Otherwise, continue by performing
the following procedure for every 1 < i < k, where k is the dimension of v: Find all
MECs C for which there is ¢ > 0 such that C is good for i, where 1 is obtained from v
by increasing the i-th component by ¢ (this can be done in polynomial time using linear
programming). Compute the maximal probability of reaching these MECs. If for any i
the probability is at least v, return “no”, otherwise return “yes”.

The first claim of B.6 follows from Running example (II). The other claims of item
B.6 require further observations and they are proved in Appendix A.6.
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A Omitted proofs

A.1 Proofs of Section 4
A.1.1 Proof of Lemma 4.3

For all s € S we set X%, = } 4 % and define & by &(s)(a) = 3 if %, > 0, and
arbitrarily otherwise. We claim that the vector of values X; forms an invariant measure
of G¢. Indeed, noting that D ac Act(s &(s)(a) - 8(a)(s’) is the probability of the transition
s — s’ in G

Y % Z £(s)(a) - 5(a)(s")
seS a€Act(s
=Y Y =& %-6(«1)@’)
SES acAct(s)
:ZTca Z Xq = Xg'.

acA acAct(s’)

As a consequence, X, > 0 iff s lies in some BSCC of G*. Choose some BSCC D, and
denote by Xp the number }  .pa%a = 2 cpns Xs- Also denote by If the indicator of
Ay = a, given by I = Tif A, = a and 0 otherwise. By the Ergodic theorem for finite
Markov chains (see, e.g. [11, Theorem 1.10.2]), foralls € D NS and a € D N A we have

BRI YNNORIE TS .
N

s’eDNS

EE

Because |I{| < 1, Lebesgue Dominated convergence theorem (see, e.g. [15, Chapter 4,
Section 4]) yields E$ [limT_,oo 1 ZI : I“} = lim7_,o T ZI , E5[1¢] and thus freq(&,s, a) =
Xa — freq(&, D, a). This finishes the proof of Lemma 4.3.
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A.1.2 Proof of the equation (7)

.
ES [Irig(11)] = E liminf]—Zr(At)

T—oo T —
- T
T
= lim T;ESO[T(At)]
T
= lm =3 > nla) P A =d
t=1 a€A
- Y@ m 3 P
acA
= Zrl - freq(o, so, a)
aceA
= ZH(G) X
aceA

Here the second equality follows from the fact that the limit is almost surely defined,
following from the Ergodic theorem applied to the BSCCs of the finite Markov chain
G°. The third equality holds by Lebesgue Dominated convergence theorem, because
Ir(A4)l < maxqea [r(a)l. The seventh equality follows because freq(o, so, a) = Xq.

A.1.3 Proof of the inequality (8)

Zri(a ZTI }E{L TgZP

acA aceA

>11Trgg)1f—ZZr1 = al

t]aeA

> hmmf— ZE ri(Ay)]

T—o0
> ES [Iring(7 i)] .

Here, the first equality is the definition of f(a), and the second follows from the linearity
of the limit. The first inequality is the definition of lim inf. The second inequality relies
on the linearity of the expectation, and the final inequality is a consequence of Fatou’s
lemma (see, e.g. [15, Chapter 4, Section 3]) — although the function r;(A.) may not be
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non-negative, we can replace it with the non-negative function r;(A;)
and add the subtracted constant afterwards.

A.1.4 Proof of the equation (9)

> f(a)

acA

{—o00 Tg —
T
hm—Z Z P? [A; = a
tmoo To 4 aCAct(s) ’
1
L p _
}%nZ%w a
a€Act(s) t=
Y fla
a€Act(s)

- minaeA Ty ( Cl)

Here the first and the seventh equality follow from the definition of f. The second and
the sixth equality follow from the linearity of the limit. The third equality follows by
the definition of 5. The fourth equality follows from the following;:

&ﬁnZP&H

=3s] — lim —

ZIP

lP’EO [Sey1 =5 — PSO [S¢ =)

1
= fim (P,

A.1.5 Proof of the existence of the strategy ¢

(St = s] = P¢ [S;

=s]) =0.

Lemma A.1. Consider numbers Gy for all x € S U A such that the assignment y,, = Uy is a
part of some non-negative solution to L. Then there is a finite-memory stochastic update strategy
C which, starting from s, stays eventually in each MEC C with probability yc = ) ¢ Us.

Proof. As in the proofs of Propositions 4.2 and 4.4, in order to be able to use results of [6,
Section 3] we modify the MDP G and obtain a new MDP G’ as follows: For each state
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s we add a new absorbing state, d;. The only available action for d, leads to a loop
transition back to ds with probability 1. We also add a new action, a?, to every s € S.
The distribution associated with a¢ assigns probability 1 to d.

Let us call K the set of constraints of the LP on Figure 3 in [6]. From the values 1, we
now construct a solution to K: for every state s € S and every action a € Act(s) we set
Ys,a) = Ya, and Y q0) = Ys. The values of the rest of variables in K are determined by
the second set of equations in K. The non-negative constraints in K are satisfied since 7,
are non-negative. Finally, the equations (1) from L imply that the first set of equations
in K are satisfied, because 7, are part of a solution to L.

By Theorem 3.2 of [6] we thus have a memoryless strategy p for G’ such that P;°[Reach(d;)] >
ys for all s € S. The strategy C then mimics the behavior of p until the moment when
p chooses an action to enter some of the new absorbing states. From that point on,
¢ may choose some arbitrary fixed behavior to stay in the current MEC. As a conse-
quence: P [stay eventually in C] > yc, and in fact, we get equality here, because of the
equations (2) from L. Note that ¢ only needs a finite constant amount of memory. O

A.2 Proofs of Section 5

Explanation of Proposition 5.1. The result that P, [Irine(¥) >Vl > 0 implies that there
is a strategy 7’ such that ]P’?O/ [rine(¥) > V] = 1 can be derived from the results of [2, 9]
as follows. Since lrjn¢(¥) > V is a tail or prefix-independent function, it follows from
the results of [2] that if PT [Irjn(¥) > V] > 0, then there exists a state s in the MDP with
value 1, i.e., there exists s such that sup_P7[lri¢(¥) > V] = 1. It follows from the results
of [9] that in MDPs with tail functions, optimal strategies exist and thus it follows that
there exist a strategy 7t; from s such that P [Iri¢(7) > V] = 1. Since the MDP is strongly
connected, the state s can be reached with probability 1 from s, by a strategy 7,. Hence
the strategy m,, followed by the strategy m; after reaching s, is the witness strategy 7’
such that IP’ZO' rine(7) > V] = 1.
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A.2.1 Proof of the inequality (12)

Zfreq(ég, so, a) - Ti(a)

acA
s /
=y XX g (g (def)
X
acA
1 . 1 P )
=X Xa - Tila) + X Xq - Ti(a) (rearranging)
acA acA
= ( Xq - Tila) + PTX : Xa ?1(a)>
acA acA
+ % Y xg - Tila) (rearranging)
acA
> Y s wle) - | Y KR
acA acA
— % . Z x4 - Ti(a) (property of abs. value)
acA
Z 7_(a : ?i(a)
acA
—((1—X)-Z>‘<a Fla)| + ng-ﬁ(a)) (from X > 1)
acA acA
> Z Xa Fl(a)
acA
— ((1 —X) - Z R - |Fi(a)] + Z X4 Iﬂ(a)l> (property of abs. value and X > 1)
acA acA
> Z Xa - Tl(a)
acA
— <(1 —X)- M, + Z X5 Mr> (property of M,)
acA
> Z Xa - Tl(a)
acA
— ( <Z xé) -M; + (Z xé) . Mr) (property of X and rearranging)
acA acA
= Xq - Tila) —2- (Z xé) - M, (rearranging)
acA acA
>V —2- <Z xé) M, (property of V)
aceA
>Vi—¢ (property of €)
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A.2.2 Proof of the inequality (13)

First, note that
1 J ] Nt 1T
T Z L(a) > T Z Io(a¢) + T Z Io(ay)
t=0 t=Nj_1 t=N;
and that
1\ 1N n n
T Ia(at) - E Z Ia(at) ' T Z (Xa _271)?
t=N;i_1 t=N; 4
which gives
]il (@) > (Rg—2 9 4+ L il (ay)
T alt) Z a T T albt
t=0 t=N;
Now, we distinguish two cases. First, if T — N; < ki1, then
ni > ng —1_ Ni_1 + Kip > (1—2'"9
T 7 N + 1y + Ky Ni1 + N + K
and thus, by Equation (14),
1TI > (kg —27H(1 =2
T Z alay) (Xq )1 — )
t=0
Second, if T — N; > ki,1, then
T T
1 1 T—N;
T Z Io(ay) = TN, Z I(ay) T
t=N;+1 t=Ni+1
N',‘] _I_ n:
> Xq 2—1—1 1— 1 1
(x ) ( . )
. n:
> (5 —i—1 i
(R — 277 (1 2 T)
and thus, by Equation (14),
]—il (@) > (Ra =279 + (e — 27 (1-27 = )
T — a t) — a T a —l—

which finishes the proof of (13).
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A.3 Deterministic-update Strategies for Expectation Objectives

Recall the system L of linear inequalities presented on Figure 2 on page 14.

Proposition A.2. Every nonnegative solution of the system L induces a finite-memory deterministic-
update strategy o satisfying E¢ [lrin¢ ()] > v.

Proof. The proof proceeds almost identically to the proof of Proposition 4.2. Let us re-
call the important steps from the said proof first. There we worked with the num-
bers X4, a € A, which, assigned to the variables x,, formed a part of the solution
to L. We also worked with two important strategies. The first one, a finite-memory
deterministic-update strategy ¢, made sure that, starting in sy, a run stays in a MEC C
forever with probability yc = > ,.anc Xa- The second one, a memoryless strategy o”,
had the property that when the starting distribution was o(s) == %; = 3, 4(s) %a then
ES [Iring ()] > V. ' To produce the promised finite-memory deterministic-update strat-
egy o we now have to combine the strategies ¢ and o’ using only deterministic memory
updates.

We now define the strategy o. It works in three phases. First, it reaches every MEC C
and stays in it with the probability yc. Second, it prepares the distribution «, and finally
third, it switches to o’. It is clear how the strategy is defined in the third phase. As for
the first phase, this is also identical to what we did in the proof of Proposition 4.2 for &:
The strategy o follows the strategy ¢ from beginning until in the associated finite state
Markov chain G a bottom strongly connected component (BSCC) is reached. At that
point the run has already entered its final MEC C to stay in it forever, which happens
with probability yc.

The last thing to solve is thus the second phase. Two cases may occur. Either there is
a state s € C such that |Act(s) N C| > 1, i.e., there are at least two actions the strategy can
take from s without leaving C. Let us denote these actions a and b. Consider an enumer-
ation C = {sy,..., sy} of vertices of C. Now we define the second phase of 0 when in C.
We start with defining the memory used in the second phase. We symbolically represent
the possible contents of the memory as {WAITy, ..., WAIT,, SWITCH,, ..., SWITCHy}.
The second phase then starts with the memory set to WAIT;. Generally, if the memory
is set to WAIT; then o aims at reaching s with probability 1. This is possible (since s is
in the same MEC) and it is a well known fact that it can be done without using memory.
On visiting s, the strategy chooses the action a with probability X /(yc — Z;} Xs;) and
the action b with the remaining probability. In the next step the deterministic update
function sets the memory either to SWITCH; or WAIT..;, depending on whether the last
action seen is a or b, respectively. (Observe that if i = k then the probability of taking
b is 0.) The memory set to SWITCH; means that the strategy aims at reaching s; almost
surely, and upon doing so, the strategy switches to the third phase, following o’. It is
easy to observe that on the condition of staying in C the probability of switching to the

'Here we extend the notation in a straightforward way from a single initial state to a general initial
distribution, o.
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Figure 3: MDP for Appendix A.4

third phase in some s; € C is X;,/yc, thus the unconditioned probability of doing so is
Xs,, as desired.

The remaining case to solve is when |Act(s) N C| =1 for all s € C. But then switching
to the third phase is solved trivially with the right probabilities, because staying in C
inevitably already means mimicking o’. O

A4 Sufficiency of Strategies for Satisfaction Objectives

Lemma A.3. There is an MDP G a vector of reward functions ¥ = (ry,12), and a vector (v, V) €
AcSt(lrine (7)) such that there is no finite-memory strategy o satisfying P9 [lrys(¥) > V] > v.

Proof. We let G be the MDP from Fig. 3, and the reward function r; (for i € {1,2}) re-
turns 1 for b; and 0 for all other actions. Let s; be the initial vertex. It is easy to see
that (0.5,0.5) € ACEX(lrj,¢(7)): consider for example a strategy that first chooses both
available actions in s; with uniform probabilities, and in subsequent steps chooses self-
loops on s; or s, deterministically. From the results of Section 5 we subsequently get
that (1,0.5,0.5) € AcSt(Irins(7)).

On the other hand, let o be arbitrary finite-memory strategy. The Markov chain it
induces is by definition finite and for each of its BSCC C we have the following. One of
the following then takes place:

e C contains both s; and s,. Then by Ergodic theorem for almost every run w we
have Ir(I,,, w) + Ir(I4,, w) > 0, which means that Ir(I,, w) + Ir(Iy,,w) < 1, and
thus necessarily lrin¢ (7, w) # (0.5,0.5).

e C contains only the state s; (resp. s;), in which case all runs that enter it satisfy
lrinf(ﬁ w) < (] ) O) (resp‘ lrinf(ﬁ CU) - (0> 1 ))

From the basic results of the theory of Markov chains we get P, [Irin¢(7) > (0.5,0.5)] =
0. [l

Lemma A.4. There is an MDP G a vector of reward functions ¥ = (r,12), a number ¢ > 0
and a vector (v,V) € ACSt(Irin¢(T)) such that there is no memoryless-pure strategy o satisfying
Pl (¥) >V —€l > v —¢€.

Proof. We can reuse G and T from the proof of Lemma A.3. Weletv = 1 and Vv =
(0.5,0.5). We have shown that (v,V) € AcSt(Iriy¢(7)). Taking e.g. € = 0.1, it is a trivial
observation that no memoryless pure strategy satisfies P{[lrjn¢(¥) >V —¢] >v—¢. O
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A.5 Equivalence of Definitions of Strategies

In this section we argue that the definitions of strategies as functions (SA)*S — dist(A)
and as triples (o, oy, &) are interchangeable.

Note that formally a strategy 7 : (SA)*S — dist(A) gives rise to a Markov chain G™

. .\ 5
with states (SA)*S and transitions w NI as for all w € (SA)*S, a € A and

s € S. Given 0 = (0y,0n, &) and a run w = (sg, My, ap)(s7, My, a;)... of G° denote
wli] = spapsiag ... si_1a;_1s;. We define f(w) = wl0lw[1]w[2]....

We need to show that for every strategy o = (oy,0n, ) there is a strategy 7 :
(SA)*S — dist(A) (and vice versa) such that for every set of runs W of G™ we have
P? [f7'(W)] = PT[W]. We only present the construction of strategies and basic argu-
ments, the technical part of the proof is straightforward.

Given 7t : (SA)*S — dist(A), one can easily define a deterministic-update strategy o =
(0w, O, &) which uses memory (SA)*S. The initial memory element is the initial state s,
the next move function is defined by o(s,w) = m(w), and the memory update function
o, is defined by o, (a, s, w) = was. Reader can observe that there is a naturally defined
bijection between runs in G™ and in G°, and that this bijection preserves probabilities of
sets of runs.

In the opposite direction, given o = (o, on, @), we define 7 : (SA)*S — dist(A) as
follows. Given w = spQy . ..Spn—_1an_15y € (SA)*Sand a € A, we denote U} the set of all
paths in G° that have the form

(305 mo, (10)(31,m1, Cl]) LR (Sn71 y Mn—1, Qn, )(Snv My, Cl)

P U]
Za’GA Pgo[urf/] '
of correctness of this construction is that the probability of U} in G° is equal to proba-

bility of taking a path w and then an action a in G™.

for some my,...m,. We put t(w)(a) = The key observation for the proof

A.6 Details from the proof of B.6

Here we prove the rest of B.6. We start with proving that the set N := {v | (v,V) € P},
where P is the Pareto curve for AcSt(lrin¢(T)), is indeed finite. As we already showed,
for every fixed V there is a union C of MECs good for v, and (v, V) € AcSt(Iri,¢(7)) iff the
C can be reached with probability at least v. Hence |N| < 2/, because the latter is an
upper bound on a number of unions of MECs in G.

To proceed with the proof of B.6, let us consider a fixed v € N. This gives us
a collection R(v) of all unions C of MECs which can be reached with probability at
least v. For a MEC C let Sol(C) be the set ACEX(Irin(T)) of the MDP given by re-
stricting G to C. Further, for every C € R(v) we set Sol(C) = [\ccc SolL(C). Finally,
Sol(R UCGR Sol(C). From the analysis above we already know that Sol(R(v)) =
V| (v v) € ACSt(lrmf( r)}. As a consequence, (v,V) € Piff v € N and Vv is maximal
in Sol(R(v)) and v ¢ Sol(R(v')) for any v/ € N, v/ > v. In other words, P is also
the Pareto curve of the set Q = {(v,V) | v € N,V € Sol(R(v))}. Observe that Q is a
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tinite union of bounded convex polytopes, because every Sol(C) is a bounded convex
polytope. Finally, observe that N can be computed using the algorithms for optimiz-
ing single-objective reachability. Further, the inequalities defining Sol(C) can also be
computed using our results on ACEX. By a generalised convex polytope we denote a set of
points described by a finite conjunction of linear inequalities, which may be both strict
and non-strict.

Claim A.5. Let X be a generalised convex polytope. The smallest convex polytope containing X
is its closure, c1(X). Moreover, the set cl(X) \ X is a union of some of the facets of cl(X).

Proof. Let I by the set of inequalities defining X, and denote by I’ the modification of
this set where all the inequalities are transformed to non-strict ones. The closure cl(X)
indeed is a convex polytope, as it is described by I'. Since every convex polytope is
closed, if it contains X then it must contain also its closure. Thus cl(X) is the smallest
one containing X. Let o < {3 be a strict inequality from I. By I'(o« = 3) we denote the set
I’ U{a = B}. The points of cl(X) \ X form a union of convex polytopes, each one given
by the set I'(«x = 3) for some « < 3 € I. Thus, it is a union of facets of cl(X). H

The following lemma now finishes the proof of B.6:

Lemma A.6. Let Q be a finite union of bounded convex polytopes, Q1, ..., Qm. Then its Pareto
curve, P, is a finite union of bounded generalised convex polytopes, P, ..., Py. Moreover, if the
inequalities describing Q; are given, then the inequalities describing P; can be computed.

Proof. We proceed by induction on the number m of components of Q. If m = 0 then P =
() is clearly a bounded convex polytope easily described by arbitrary two incompatible
inequalities. For m > 1 we denote set Q' := [J™,' Q;. By the induction hypothesis,
the Pareto curve of Q' is some P’ := UL P; where every P;, 1 < i < n’is a bounded
generalised convex polytope, described by some set of linear inequalities. Denote by
dom/(X) the (downward closed) set of all points dominated by some point of X. Observe
that P, the Pareto curve of Q, is the union of all points which either are maximal in Q,
and do not belong to dom(P’) (observe that dom(P’) = dom(Q’)), or are in P’ and do
not belong to dom(Q,,). In symbols:

P = (maximal from Q,, \ dom(P")) U (P’ \ dom(Qu)).

The set dom(P’) of all X for which there is some §y € P’ such that §y > X is a union of
projections of generalised convex polytopes — just add the inequalities from the defini-
tion of each P; instantiated with § to the inequality § > X, and remove X by projecting.
Thus, dom(P’) is a union of generalised convex polytopes itself. A difference of two
generalised convex polytopes is a union of generalised convex polytopes. Thus the set
“maximal from Q,\dom(P’)” is a union of generalised bounded convex polytopes, and
for the same reasons so is P’ \ dom(Q,).

Finally, let us show how to compute P. This amounts to computing the projection,
and the set difference. For convex polytopes, efficient computing of projections is a
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problem studied since the 19th century. One of possible approaches, non-optimal from
the complexity point of view, but easy to explain, is by traversing the vertices of the
convex polytope and projecting them individually, and then taking the convex hull of
those vertices. To compute a projection of a generalised convex polytope X, we first
take its closure cl(X), and project the closure. Then we traverse all the facets of the
projection and mark every facet to which at least one point of X projected. This can be
verified by testing whether the inequalities defining the facet in conjunction with the
inequalities defining X have a solution. Finally, we remove from the projection all facets
which are not marked. Due to Claim A.5, the difference of the projection of cl(X) and
the projection of X is a union of facets. Every facet from the difference has the property
that no point from X is projected to it. Thus we obtained the projection of X.
Computing the set difference of two bounded generalised convex polytopes is easier:
Consider we have two polytopes, given by sets I; and I, of inequalities. Then subtract-
ing the second generalised convex polytope from the first is the union of generalised
polytopes given by the inequalities I; U{ox £ 3}, where o« < {3 ranges over all inequali-
ties (strict or non-strict) in L. O]
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