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The basie formula (0 Evley):
#vertuees - #edges + #foces
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The generalized formuwla un dum d :

Theorem 1 (“EulerPoincaré formula”; Schlafli [5] 1852). Let P be a
convex polytope in RY, and denote by f¢, c € {0,1,

...,d}, the numbers of faces
of P of dimension c. Then
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e.g., . 4:

A duchargung proof again ?
- not guite yet, need a different view- un 3D flrst
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Generolized discharging proof i a :

Denote shhortly by EF.[A] ovwwr formula
Fo—frafre (-1t =1

Proving by wdietion on k>Z
EP[k-1] & EFP.[k] => EF.[k+1]

Covsider a polytope uv dumension k+1, and
choose a gen. posifon ne ¢ "prercing’ two- facety

X6

Chovge vertiees by +2Z, edges by -7, polygy by +7,
.oe—dim foces by (-2)°; of [P+ (F) =1
The duschargung rule for a face F (of dim <k ):

o Take (any) pount xx un Hre rel. untfercor of £

o cut the polytope by He plone Hrouwglh ¢ & xf,
o andl send Hrie charge from F to-the two facets
determ by two- edges of xp un Hive cut—polyg.
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o Now,, all faces duischrarged to- O except the facets.

e A "pierced! facet: all s faces send indo- iH

1/ 2x "EP[k]" = 1/2

"“hmes fwol = 1

o A'ddeant! facet 7 guwes a more versatule plcture...
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Set £:= g N hyperplane(T), thew.
Face F sends half-charge to-the facet 7

<=>
the straigiht lne 7 xp passes thurough cak(T)
<=>
the face F iy destroyed by a projection of T
from e point #.

o Last bit - where hag Hhe wnit charge of tive full
polytope "disappeared ?
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o Nowhere; actually, we have cheated a bit...

o The "E.P[k]” formuda of eaci of Hre two- pilerced
foacety wsed wp ondy 1/2 of the focet charge, and

o the remaiining two- halves exactly cancel witiv
uwnilt charrge of the wiole polytope.

Conclusionsy

o While tivere exist otiver simple indunctive combin
proofs of the E.-P. formuda, they all assume
shellab ity of polytopes (hghly nontrivial).

e We are uwsing ondy very simple "2D" geometry and
basics of linear algebpra and conwexity.
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Thank yow for yowr affensfron:
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