Computing the Expected Accumulated Reward and Gain for a Subclass of Infinite Markov Chains

Tomáš Brázdil^⋆ and Antonín Kučera^{⋆⋆}

Faculty of Informatics, Masaryk University, Botanická 68a, 60200 Brno, Czech Republic, {brazdil,kucera}@fi.muni.cz

Abstract. We consider the problem of computing the expected accumulated reward and the average gain per transition in a subclass of Markov chains with countable state spaces where all states are assigned a non-negative reward. We state several abstract conditions that guarantee computability of the above properties up to an arbitrarily small (but non-zero) given error. Finally, we show that our results can be applied to probabilistic lossy channel systems, a well-known model of processes communicating through faulty channels.

1 Introduction

Methods for qualitative and quantitative analysis of stochastic systems have been rapidly gaining importance in recent years. Stochastic systems are used for modeling systems that exhibit some kind of uncertainty caused by, e.g., unpredictable errors, randomness, or underspecification. The semantics of stochastic systems is usually defined in terms of Markov chains or Markov decision processes [19, 22]. So far, problems related to formal verification of stochastic systems have been studied mainly for finite-state systems [24, 11, 6, 12, 19, 10]. Only recently, some of these results were extended to certain classes of infinite-state systems, in particular to probabilistic pushdown automata [13, 9, 14, 7], recursive Markov chains [16, 15], and probabilistic lossy channel systems [2, 3, 5, 4, 18, 23].

A more abstract approach has been adopted in [1], where the problems of qualitative and quantitative reachability are studied for a subclass of Markov chains with a finite attractor. In [1], it is shown that the problems of qualitative reachability and qualitative repeated reachability are decidable in the considered subclass, and that the quantitative variants of these problems can be solved up to an arbitrarily small given error. These abstract results are then applied to probabilistic lossy channel systems. Moreover, in the same paper it is shown that the exact probability of (repeated) reachability is not expressible in first order

⋆ Supported by the Czech Science Foundation, grant No. 201/03/1161. ⋆⋆ Supported by the research centre Institute for Theoretical Computer Science (ITI), project No. 1M0021620808.

theory of the reals for probabilistic lossy channel systems (unlike for probabilistic pushdown automata or recursive Markov chains [13, 9, 16, 15]). Our contribution: In this paper we adopt an abstract approach similar to the one of [1]. We identify an abstract class of infinite Markov chains where the expected accumulated reward between two given states and the average reward per transition can be effectively approximated up to a given precision. Our results are applicable to a similar class of systems as the results of [1], in particular to various versions of probabilistic lossy channel systems. These problems have previously been considered and solved for probabilistic pushdown automata by showing that these parameters are effectively expressible in first order theory of the reals [14]. However, this approach cannot be used for any class of Markov chains that subsumes probabilistic lossy channel systems; by adapting the results of [1], one can easily show that these values are (provably) not expressible in first order theory of the reals.

The problem of computing the expected accumulated reward can be roughly formulated as follows: assume that each state of a given Markov chain is assigned a rational reward, which is collected when the state is visited. We are interested in the expected reward accumulated when going from a given state s to another given state t. In particular, if the reward function returns 1 for every state, then the expected accumulated reward corresponds to the expected number of transitions between s and t, and can also be interpreted as the expected termination time. Another important parameter which is well-known from general theory of Markov chains is the gain, i.e., the average reward per transition along a given infinite run. The gain (computed w.r.t. various reward functions) plays an important role in performance analysis and can be used to evaluate various long-run system properties (such as the expected throughput, expected service time, etc.)

Since the expected accumulated reward and the average gain can take irrational values, the best we can hope for is to compute rational lower and upper approximations that are arbitrarily close. Our approach is similar to the one of [21] used for approximating the probability of reaching a given state t from another given state s. Roughly speaking, the algorithm successively computes the probability p^−_n of reaching t from s in at most n steps. This yields a sequence of lower approximations p^−_1 , p^−_2 , . . . of p. It holds (without any additional assumptions) that lim_{n→∞} p^−_n equals the probability p of reaching t from s, and that p^−_1 ≤ p^−_2 ≤ . . . ≤ p. However, it is not clear which p^−_n is “close enough” to p in the sense that p − p_n ≤ ε for a given precision ε > 0. Therefore, one also computes the probabilities d_n of reaching a “dead” state in at most n steps (a state s^′ is dead if t is not reachable from s^′). Putting p^+_i = 1 − d_i for every i ∈ N, we obtain a sequence of upper approximations p^+_1 ≥ p^+_2 ≥ · · · of p. If the Markov chain contains a finite attractor, then lim_{n→∞} p^−_n = p = lim_{n→∞} p^+_n , and it suffices to compute a sufficiently large n such that p^+_n − p^−_n ≤ ε.

We use a similar approach for computing the expected accumulated reward and the average gain by showing that there are effectively computable sequences E^+_1 , E^+_2 , . . . and E^−_1 , E^−_2 , . . . of upper and lower approximations which converge to the value of the considered parameter. For the expected accumulated reward, the sequence of lower approximations is easy to find, using a similar technique as in the case of reachability. In Section 3 we show how to construct the sequence of upper approximations for a subclass of Markov chains that satisfy certain abstractly formulated conditions. We show that an infinite Markov chain M of this class can be effectively approximated with a sequence of finite-state Markov chains so that the expected accumulated rewards computed in these approximations converge to the expected accumulated reward in M. In order to prove this convergence, we use results of perturbed Markov chains theory [17]. The problem of computing the expected gain is solved along similar lines, but the problem (and hence also the techniques involved) become more complicated. In particular, there is no simple method for constructing a sequence of lower approximations as in the case of the expected accumulated reward, and we have to compute both lower and upper approximating sequences using the sequence of finite-state Markov chains mentioned above.

Due to space constraints, all proofs are omitted. These can be found in a full version of this paper [8].

2 Preliminaries

In the paper we use Q, R, and R^+ to denote the sets of rational numbers, real numbers, and non-negative real numbers, respectively. We also use Q_∞ and R^+_∞ to denote the set Q ∪ {∞} and R^+ ∪ {∞}, respectively. The symbol ∞ is treated according to the standard conventions.

Definition 1. A (discrete) Markov chain is a triple M = (S, →, Prob) where S is a finite or countably infinite set of states, → ⊆ S × S is a transition relation, and Prob is a function which to each transition s → t of M assigns its probability Prob(s → t) ∈ (0, 1] so that for every s ∈ S we have ∑ s→t Prob(s → t) = 1.

In the rest of this paper we write s^x→ t instead of Prob(s → t) = x. A path in M is a finite or infinite sequence w = s_0, s_1, . . . of states such that s_i → s_{i+1} for every i. We say that a state t is reachable from a state s if there is a path from s to t. We say that a Markov chain M is irreducible, if for all states s, t of M there is a path from s to t in M. The length of a given path w is the number of transitions in w. In particular, the length of an infinite path is ∞, and the length of a path s, where s ∈ S, is zero. We also use w(i) to denote the state s_i of w (by writing w(i) = s we implicitly impose the condition that the length of w is at least i). The prefix s_0, . . . , s_i of w is denoted by w^i. A run is an infinite path. The sets of all finite paths and all runs of M are denoted FPath and Run, respectively. Similarly, the sets of all finite paths and runs that start with a given w ∈ FPath are denoted FPath(w) and Run(w), respectively. In particular, Run(s), where s ∈ S, is the set of all runs initiated in s.

We are interested in probabilities of certain events that are associated with runs. To every s ∈ S we associate the probabilistic space (Run(s), F, P) where F is the σ-field generated by all basic cylinders Run(w) where w ∈ FPath(s), and P : F → [0, 1] is the unique probability function such that P(Run(w)) = Π^{m−1}_{i=0} x_i where w = s_0, · · · , s_m and s_i^{xi}→ s_{i+1} for every 0 ≤ i < m (if m = 0, we put P(Run(w)) = 1).

For every s ∈ S and every A ⊆ S, we use P[s, A] to denote the probability of reaching A from s. Formally, P[s, A] = P({w ∈ Run(s) | ∃i ≥ 0 : w(i) ∈ A}). We write P[s, t] instead of P[s, {t}].

Definition 2. A set A⊆S is recurrent if for all s ∈ A we have that s → t implies P[t, A] = 1.

Note that whenever a run leaves a recurrent set A, then it almost surely (i.e., with probability one) returns back to A in the future.

A reward function is a function f : S → R^+. We extend f to finite paths by putting f(s_0, . . . , s_n) =

∑_n i=0 f(s_i). Thus, f assigns to each path its accumulated reward. The special reward function which assigns 1 to every s ∈ S is denoted 1 (i.e., 1(s) = 1 for each s ∈ S).

3 Computing the expected accumulated reward and gain

In this section we show how to compute certain quantitative properties in certain classes of Markov chains up to an arbitrarily small ε > 0. More precisely, we show that these properties are effectively approximable in the following sense:

Definition 3. Let O be a class of objects, and let P : O → R^+_∞. We say that P is effectively approximable if there is an algorithm which, for a given o ∈ O, enumerates two sequences E^+_1 , E^+_2 , . . . and E^−_1 , E^−_2 , . . . where E^+_i , E^−_i ∈ Q_∞ such that for all i ≥ 1 we have E^−_i ≤ P (o) ≤ E^+_i and lim_{i→∞} E^+_i = lim_{i→∞} E^−_i .

The sequences E^+_1 , E^+_2 , . . . and E^−_1 , E^−_2 , . . . are called the upper/lower approximating sequences of P (o), respectively.

If P is effectively approximable, then the value of P (o) can effectively be approximated up to an arbitrarily small ε > 0 by enumerating the upper and lower sequences simultaneously until they become sufficiently close.

3.1 The expected accumulated reward

For the rest of this subsection, let us fix a Markov chain M = (S, →, Prob), two states s_{in} , s_{fin} ∈ S, and a reward function f : S → R^+. Moreover, we assume that given a state s ∈ S, the set {(s, x, t) | s^x→ t} of all transitions from s is effectively denumerable.

We define a random variable R : Run(s_{in} ) → R^+_∞ that counts the reward accumulated between s_{in} and s_{fin} . Formally, given a run w ∈ Run(s_{in} ), we define

R(w) = { f(w(0), . . . , w(n−1)) ∃n : w(n) = s_{fin} , w(i) ≠ s_{fin} for 1 ≤ i ≤ n−1; ∞ otherwise.

The expected value of R is denoted E(M, f) (the reason why we write E(M, f) and not just E(R) is that in our proofs we consider various modifications of the chain M and various reward functions, keeping s_{in} , s_{fin} fixed).

Our aim is to show that the function which to a given tuple (M, f, s_{in} , s_{fin} ) assigns the value E(M, f) is effectively approximable (cf. Definition 3) if M and f satisfy certain abstractly formulated conditions. To simplify our notation, we formulate these conditions directly for the previously fixed M and f, and show how to compute the sequences E^+_1 , E^+_2 , . . . and E^−_1 , E^−_2 , . . . if these conditions are satisfied.

First, let us realize that the lower approximating sequence E^−_1 , E^−_2 , . . . can be computed without any additional assumptions about M and f, because

• one can effectively compute a sequence P_1, P_2, . . . of finite sets of finite paths such that P_i ⊆ P_{i+1} for each i ≥ 1, and

⋃_∞

i=1 P_i is exactly the set of all finite paths w where w(0)=s_{in} , w(k)=s_{fin} for some k, and w(j)≠s_{fin} for all 0≤j<k;

• E^−_i can be defined as ∑ w∈P_i P(Run(w)) · f(w)

However, the upper approximating sequence E^+_1 , E^+_2 , . . . cannot be effectively constructed for general M and f. In order to formulate the promised sufficient conditions, we need to state one auxiliary definition.

Definition 4. Let h : S → R^+ be a reward function, A ⊆ S, and s ∈ A. We define a random variable O^{h,A}_s : Run(s) → R^+that counts the reward accumulated “before hitting the set A” as follows:

O^{h,A}_s (w) = { h(w(1), . . . , w(n−1)) ∃n : w(n) ∈ A, w(1), . . . , w(n−1) ∉ A; ⊥ otherwise.

The symbol EO^{h,A}_s denotes either the conditional expectation E(O^{h,A}_s | O^{h,A}_s ≠⊥) or 0, depending on whether P(O^{h,A}_s ≠⊥) is positive or zero, respectively.

The sufficient conditions which (as we shall see) enable an effective construction of E^+_1 , E^+_2 , . . . are the following:

1. there is an effectively computable sequence A_0 ⊆ A_1 ⊆ · · · of finite recurrent sets such that

⋃_∞ i=0 A_i = S;

2. there is an effectively computable number Ξ ∈ R^+ such that for all i ≥ 0 and all s ∈ A_i we have EO^{f,Ai}_s ≤ Ξ and EO^{1,Ai}_s ≤ Ξ (remember that 1 is the reward function which assigns 1 to each state);

3. given a finite set A ⊆ S and s, t ∈ A, it is decidable whether there is a finite path of the form s=s_0, . . . , s_n=t where s_i ∉ A for all 0 < i < n (i.e., whether s can reach t without visiting any state of A in the middle).

As we shall see, these conditions are satisfied by, e.g., Markov chains generated by various variants of probabilistic lossy channel systems. The intuitive meaning of these conditions is explained at appropriate places below. Note that we can safely assume that s_{in} , s_{fin} ∈ A_0.

For the rest of this subsection, let us assume that the conditions 1–3 are satisfied and s_{in} , s_{fin} ∈ A_0. First, let us deal with the case when P[s_{in} , s_{fin} ] < 1.

Then clearly E(M, f) = ∞. Moreover, one can easily prove that P[s_{in} , s_{fin} ] < 1 if and only if there is a state s ∈ A_0 such that s is reachable from s_{in} , and s_{fin} is not reachable from s (we use the fact that A_0 is recurrent and finite). Hence, using condition 3 we can effectively check whether P[s_{in} , s_{fin} ] < 1. If this is the case, then E(M, f) = ∞.

Now let us assume that P[s_{in} , s_{fin} ] = 1. We show that conditions 1–3 suffice for computing the upper approximating sequence E^+_1 , E^+_2 , . . . Loosely speaking, the algorithm computes a sequence of finite-state Markov chains that “approximate” the Markov chain M, and the expected reward accumulated between s_{in} and s_{fin} in these chains “approximates” E(M, f).

We start with some auxiliary definitions. Given a set A ⊆ S and two states s, t ∈ A, we define the set Out(A, s, t) ⊆ Run(s) of runs that reach t without visiting A in the middle:

Out(A, s, t) = {w ∈ Run(s) | ∃n : w(n) = t, w(1), . . . , w(n−1) ∉ A}

We put Out(A, s) = {w ∈ Run(s) | w(1) ∉ A}, and for all i ≥ 0 define a Markov chain M_i = (S_i, →_i, Prob_i), where S_i = A_i ∪ {s̄ | s ∈ A_i, P(Out(A_i, s)) > 0} and the transitions are determined as follows: • if s, t ∈ A_i, then s^x→_i t iff s^x→ t;

• if s ∈ A_i and s̄ ∈ S_i, then s^x→_i s̄ iff x = P(Out(A_i, s));

• if s, t ∈ A_i and s̄ ∈ S_i, then s̄^x→_i t iff x = P(Out(A_i, s, t) | Out(A_i, s)) > 0. Note that M_i has finitely many states. Now we define a reward function f_i : S_i → R^+ where f_i(s) = f(s) and f_i(s̄) = EO^{f,Ai}_s for every s ∈ A_i. The following (crucial) lemma states that each (M_i, f_i) is a faithful abstraction of (M, f) with respect to the expected reward accumulated between s_{in} and s_{fin} .

Lemma 1. For all i ≥ 0 we have that E(M, f) = E(M_i, f_i).

Note that if we were able to compute (M_i, f_i) for some i, we would be done, because the expected accumulated reward can easily be computed for finite-state Markov chains using standard methods. Unfortunately, we cannot compute the transition probabilities of M_i precisely (the transitions of the form s̄^x→_i t cause the problem), and the definition of f_i is not effective either. However, we can use condition 2 to design a reward function f^+_i that approximates f_i — for every i ≥ 0 and every s ∈ A_i we define f^+_i (s) = f(s) and f^+_i (s̄) = Ξ. Condition 2 implies that f_i ≤ f^+_i for all i ≥ 0, hence E(M_i, f_i) ≤ E(M_i, f^+_i ). The following lemma states that the difference between E(M_i, f_i) and E(M_i, f^+_i ) approaches 0 as i grows.

Lemma 2. For each ε > 0 there is i ≥ 0 s.t. 0 ≤ E(M_j , f^+_j ) − E(M_j , f_j ) ≤ ε for every j ≥ i.

The only problem left is that we are not able to compute transition probabilities in the chains M_i. This is overcome by showing that, for a given δ > 0, one can effectively approximate the transition probabilities of M_i and compute a finite-state Markov chain M^δ_i = (S_i, →_i, Prob^δ_i ) with the transition matrix P^δ_i so that ‖P_i − P^δ_i ‖_∞ ≤ δ (the norm ‖ · ‖_∞ of a matrix P = {p_{ij} } is defined as ‖P ‖_∞ = max_i ∑ j |p_{ij} |). Then, we show that for every M^δ_i there is an effectively computable number c_δ ∈ R^+ such that |E(M^δ_i , f^+_i ) − E(M_i, f^+_i )| ≤ c_δ · δ. Moreover, the number c_δ approaches a bounded value as δ goes to zero. Here we employ results of perturbed Markov chains theory and develop some new special tools that suit our purposes. In this way, we obtain the following lemma:

Lemma 3. For every i ≥ 0 and every ε > 0 there is an effectively computable δ > 0 such that |E(M^δ_i , f^+_i ) − E(M_i, f^+_i )| ≤ ε.

Note that since the definition of M^δ_i is effective, we can compute E(M^δ_i , f^+_i ) by standard methods for finite-state Markov chains.

Now we can define the upper approximating sequence E^+_1 , E^+_2 , . . . of E(M, f) as follows: For each i ≥ 1 we put E^+_i = E(M^{δi}_i , f^+_i )+^1_{2i+1} , where δ_i > 0 is the δ of Lemma 3 computed for the considered i and ε =^1_{2i+1} . Now it is easy to see that 0 ≤ E^+_i −E(M_i, f^+_i ) ≤^1_{2i} . By combining this observation together with Lemma 1 and Lemma 2, we obtain that lim_{i→∞} E^+_i = E(M, f) and E^+_i ≥ E(M, f) for all i ≥ 1. Moreover, the approximations E^+_1 , E^+_2 , . . . are effectively computable. Thus, we obtain our first theorem:

Theorem 1. For every ε > 0 there is an effectively computable number x such that |E(M, f) − x| ≤ ε.

3.2 The average gain

Similarly as in Section 3.1, we fix a Markov chain M = (S, →, Prob), a state s_{in} ∈ S, and a reward function f : S → R^+, such that for each s ∈ S the set {(s, x, t) | s^x→ t} is effectively denumerable.

We define a function G(M, f) : Run(s_{in} ) → R^+_∞ as follows

G(M, f)(w) = { lim_{n→∞}^{f (wn)}_n if the limit exists; ⊥ otherwise.

Hence, G(M, f)(w) corresponds to the gain (i.e., “average reward per transition”), which is a standard notion in stochastic process theory (see, e.g., [20]). As we shall see in Section 3.3, the gain can be used to compute other interesting characteristics which reflect long-run properties of a given system.

Note that G(M, f)(w) can be undefined for some w ∈ Run(s_{in} ). As we shall see, for Markov chains that satisfy conditions 1–3 of Section 3.1, the total probability of all such runs is zero. Since G(M, f)(w) can take infinitely many values, a standard problem of stochastic process theory is to compute E(G(M, f)), the expected value of G(M, f). However, one should realize that the information provided by E(G(M, f)) is relevant only in situations when a system is repeatedly restarted and runs “sufficiently long” so that the average reward per transition approaches its limit. In our setup, we can provide a bit more detailed information about the runs of Run(s_{in} ), which is not reflected in the “ensemble average”

E(G(M, f)). We show that in the subclass of Markov chains that satisfy conditions 1–3, the variable G(M, f) can take only finitely many values with a positive probability, and we give an algorithm which approximates these values as well as the associated probabilities up to an arbitrarily small ε > 0. Thus, we obtain a “complete picture” about possible limit behaviours of runs initiated in s_{in} . Note that E(G(M, f)) can be effectively approximated simply by taking the weighted sum of the finitely many admissible values of G(M, f). It is worth noting that similar results have recently been achieved for an incomparable class of Markov chains generated by probabilistic pushdown automata [7] by using completely different methods.

The class of Markov chains considered in this subsection is the same as in Section 3.1, i.e., we assume that the previously fixed chain M satisfies conditions 1–3 (cf. Section 3.1). We also assume (without restrictions) that s_{in} ∈ A_0. Since the constructions and techniques employed in this section are hard to explain at an intuitive level, we only state our main theorem and refer to [8] for missing details.

Theorem 2. There are finitely many pairwise disjoint sets R_1, . . . , R_n ⊆ Run(s_{in} ) and numbers x_1, . . . , x_n ∈ R^+ such that

• Prob(

⋃_n i=1 R_i) = 1, and Prob(R_i) > 0 for every 1 ≤ i ≤ n;

• for every 1 ≤ i ≤ n and every w ∈ R_i we have G(M, f)(w) = x_i; • for every ε > 0 and every 1 ≤ i ≤ n, there is an effectively computable number y_i such that |x_i − y_i| ≤ ε;

• for every 1 ≤ i ≤ n, it is decidable whether Prob(R_i) = 1; moreover, for every ε > 0 and every 1 ≤ i ≤ n, there is an effectively computable number r_i such that |Prob(R_i) − r_i| ≤ ε.

3.3 The average ratio

The gain can be used to define some interesting characteristics of Markov chains, like, e.g., the frequency of visits to a distinguished family of states along an infinite run. In performance analysis, one is also interested in features that cannot be directly specified as gains, but as limits of fractions of two reward functions.

Let us start with a simple motivating example. Let M = (S, →, Prob) be a Markov chain, s_{in} ∈ S an initial state, f : S → R^+ a reward function, and T ⊆ S a set of triggers. Intuitively, a trigger is a state initiating a finite “service” of a certain request. Hence, each run with infinitely many triggers can be seen as an infinite sequence of finite services, where each service corresponds to a finite path between two consecutive occurrences of a trigger. What we are interested in is the average accumulated reward per service. Formally, the average accumulated reward per service can be defined as follows: we fix another reward function g where g(s) returns 1 if s ∈ T ∪ {s_{in} }, and 0 otherwise. Now we define a random variable R : Run(s_{in} ) → R^+_∞ as follows:

R(w) = { lim_{n→∞}^{f (wn)}_{g(wn)} if the limit exists; ⊥ otherwise.

It is easy to see that R(w) indeed corresponds to the average accumulated reward per service in the run w. For the reasons which have been discussed at the beginning of Section 3.2, we are interested not only in E(R) (the expected average accumulated reward per service), but in a complete classification of admissible values of R and their associated probabilities. Of course, this is possible only under some additional assumptions about the chain M; as we shall see, conditions 1–3 are sufficient.

Now we move from the above example to a general setup. For the rest of this section, we fix a Markov chain M = (S, →, Prob), a state s_{in} ∈ S, and two reward functions f, g : S → R^+. In order to simplify our presentation, we assume that g(s_{in} ) > 0. We define the average ratio R^f_g : Run(s_{in} ) → R^+_∞ as follows.

R^f_g (w) = { lim_{n→∞}^{f (wn)}_{g(wn)} if the limit exists; ⊥ otherwise.

First we observe that the average ratio can be expressed in terms of gains.

Lemma 4. Let w ∈ Run(s_{in} ) be a run. If both G(M, f)(w) and G(M, g)(w) are defined and finite, and if G(M, f)(w) + G(M, g)(w) > 0, then

R^f_g (w) =

G(M, f)(w) G(M, g)(w)

Here we use the convention that c/0 = ∞ for c > 0.

For the rest of this section, we assume that the chain M satisfies conditions 1–3 of Section 3.1. First, let us consider the special case when the chain M_0 is irreducible. It follows from Theorem 2 that G(M, f) and G(M, g) are constant almost everywhere and finite. Moreover, the values G(M, f) and G(M, g) can be effectively approximated up to a given ε > 0. The case when G(M, g) = 0 requires some attention.

Lemma 5. G(M, g) = 0 iff for all s ∈ S reachable from s_{in} we have that g(s)=0.

Now we consider the general case when M_0 is not necessarily irreducible. We obtain that the values of G(M, g) are determined by the bottom strongly connected components of the underlying transition system T_{M0} of M_0. The value associated with a given component C is 0 iff all states s ∈ S that are reachable from a state of C ∩ A_0 satisfy g(s) = 0 iff for all runs w ∈ Run(s_{in} ) that enter a state of C ∩ A_0 there is k ≥ 0 such that for all j ≥ k we have g(w(j)) = 0. Thus, we obtain the following generalization of Theorem 2.

Theorem 3. Let us assume that for each s ∈ A_0 it is decidable whether there is t ∈ S reachable from s such that g(t) > 0, and the same for the reward function f. Then there are finitely many pairwise disjoint sets Z_f , Z_g , Z_{f,g}, R_1, . . . , R_n ⊆ Run(s_{in} ) and numbers x_1, . . . , x_n ∈ R^+ such that • Prob(

⋃_n i=1 R_i ∪ Z_f ∪ Z_g ∪ Z_{f,g} ) = 1, and

− R^f_g (w) = x_i > 0 for all w ∈ R_i and all 1 ≤ i ≤ n;

− R^f_g (w) = 0 for all w ∈ Z_f ; − R^f_g (w) = ∞ for all w ∈ Z_g.

• for all w ∈ Z_{f,g} there is k ≥ 0 such that j ≥ k implies f(w(j)) = g(w(j)) = 0. • for every ε > 0 there are effectively computable y_1, . . . , y_n such that |x_i −y_i| ≤ ε for 1 ≤ i ≤ n;

• the probabilities Prob(R_i) for 1 ≤ i ≤ n, Prob(Z_f ), Prob(Z_g ), and Prob(Z_{f,g} ) can be effectively approximated up to a given ε > 0; moreover, for each of these probabilities, it is decidable whether the probability is equal to 1 or not.

4 Probabilistic lossy channel systems

Lossy channel systems (LCS) [2] have been proposed as a model for processes communicating via faulty communication channels. A lossy channel system consists of a finite-state control unit and a finite set of FIFO channels. A configuration of LCS consists of the current control state and the current contents of the channels. A computational step from a given configuration consists of adding/removing one message to/from a channel, and possibly changing the control state. Moreover, during each transition, one or more messages can be lost from the channels.

A probabilistic lossy channel system (PLCS) is a probabilistic variant of LCS. In PLCS, transitions and message losses are chosen randomly according to a given probability distribution. There are several models of PLCS that differ mainly in the treatment of message losses. The model considered in [18] assumes that each step of a system is either a message loss or a “perfect” step that is performed consistently with transition function. There is a fixed probability λ > 0 that the next step will be a message loss. This model is called a globalfault model in [23]. Another variant of PLCS was considered in [5], where it is assumed that each message can be lost independently of the other messages with some given probability λ > 0. Then each step of a system consists of a perfect step followed by a loss of (zero or more) messages, where each message is lost with the probability λ, independently of the other messages. This model is also called a local-fault model. See [23] for a deeper explanation of the above models of PLCS.

We show that the abstract results of Section 3 are applicable both to the global-fault and the local-fault variant of PLCS. In our discussion, we use the following result for one-dimensional random walks: For each 0 < λ < 1 we define a Markov chain M_λ = (N_0, →, Prob) where the transitions are defined as follows. For all n ≥ 0 we put n^{1−λ}→ n + 1, for all n ≥ 1 we put n^λ→ n − 1, and we also put 0^λ→ 0. It is easy to prove that if λ >^1_2 , then the expected number of transitions needed to reach 0 from 1 equals^1_{2λ−1} .

Let L be a PLCS, and let us assume that f is a reward function that assigns a rational reward to configurations of L. Moreover, let us assume that f is effectively bounded, i.e., there is an effectively computable constant ξ such that for every configuration s we have f(s) ≤ ξ.

Let us first consider the global-fault model. We argue that if λ >^1_2 , then the conditions 1–3 of Section 3.1 are satisfied, and hence Theorems 1, 2, and 3 apply. For all i ≥ 0 we define the set A_i consisting of all configurations where the total number of messages stored in the channels is bounded by i. Since at most one message can be added into channels during a perfect step and each step is lossy with probability λ, we obtain that the expected time to reach A_i after leaving A_i is bounded from above by the expected number of transitions needed to reach 0 from 1 in M_λ. Hence, condition 2 is satisfied because f is effectively bounded. Condition 3 can be proved using similar arguments as in Theorem 8 in [1].

In the local-fault model, the probability of a message loss converges to 1 as the number of stored messages increases. In particular, there is n ∈ N such that for each configuration where the total number of stored messages exceeds n we have that the probability of losing at least two messages in the next step is greater than^1_2 (since at most one message can be added to channels in a single step, the number of messages stored in the next configuration decreases with probability greater than^1_2 ). It is easy to see that the number n is computable from λ. Hence, if we define A_i to be the set of all configurations where the number of stored messages is less than or equal to n + i, we obtain that conditions 2 and 3 are satisfied, using the same argument as for the global-fault model above. Hence, the general results of Theorems 1, 2, and 3 apply.

References

1. P. Abdulla, N.B. Henda, and R. Mayr. Verifying infinite Markov chains with a finite attractor or the global coarseness property. In Proceedings of LICS 2005, pp. 127–136. IEEE, 2005.

2. P. A. Abdulla and B. Jonsson. Verifying programs with unreliable channels. I&C, 127(2):91–101, 1996.

3. P.A. Abdulla and A. Rabinovich. Verification of probabilistic systems with faulty communication. In Proceedings of FoSSaCS 2003, vol. 2620 of LNCS, pp. 39–53. Springer, 2003.

4. C. Baier and B. Engelen. Establishing qualitative properties for probabilistic lossy channel systems: an algorithmic approach. In Proceedings of 5th International AMAST Workshop on Real-Time and Probabilistic Systems (ARTS’99), vol. 1601 of LNCS, pp. 34–52. Springer, 1999.

5. N. Bertrand and Ph. Schnoebelen. Model checking lossy channel systems is probably decidable. In Proceedings of FoSSaCS 2003, vol. 2620 of LNCS, pp. 120–135. Springer, 2003.

6. A. Bianco and L. de Alfaro. Model checking of probabalistic and nondeterministic systems. In Proceedings of FST&TCS’95, vol. 1026 of LNCS, pp. 499–513. Springer, 1995.

7. T. Brázdil, J. Esparza, and A. Kučera. Analysis and prediction of the long-run behavior of probabilistic sequential programs with recursion. In Proceedings of FOCS 2005. IEEE, 2005. To appear.

8. T. Brázdil and A. Kučera. Computing the expected accumulated reward and gain for a subclass of infinite markov chains. Technical report FIMU-RS-2005-10, Faculty of Informatics, Masaryk University, 2005.

9. T. Brázdil, A. Kučera, and O. Stražovský. On the decidability of temporal properties of probabilistic pushdown automata. In Proceedings of STACS’2005, vol. 3404 of LNCS, pp. 145–157. Springer, 2005.

10. C. Courcoubetis and M. Yannakakis. Verifying temporal properties of finite-state probabilistic programs. In Proceedings of FOCS’88, pp. 338–345. IEEE, 1988.

11. C. Courcoubetis and M. Yannakakis. The complexity of probabilistic verification.

JACM, 42(4):857–907, 1995.

12. L. de Alfaro, M.Z. Kwiatkowska, G. Norman, D. Parker, and R. Segala. Symbolic model checking of probabilistic processes using MTBDDs and the Kronecker representation. In Proceedings of TACAS 2000, vol. 1785 of LNCS, pp. 395–410. Springer, 2000.

13. J. Esparza, A. Kučera, and R. Mayr. Model-checking probabilistic pushdown automata. In Proceedings of LICS 2004, pp. 12–21. IEEE, 2004.

14. J. Esparza, A. Kučera, and R. Mayr. Quantitative analysis of probabilistic pushdown automata: Expectations and variances. In Proceedings of LICS 2005, pp. 117–126. IEEE, 2005.

15. K. Etessami and M. Yannakakis. Algorithmic verification of recursive probabilistic systems. In Proceedings of TACAS 2005, vol. 3440 of LNCS, pp. 253–270. Springer, 2005.

16. K. Etessami and M. Yannakakis. Recursive Markov chains, stochastic grammars, and monotone systems of non-linear equations. In Proceedings of STACS’2005, vol. 3404 of LNCS, pp. 340–352. Springer, 2005.

17. E. Cho G and C. D. Meyer. Markov chain sensitivity measured by mean first passage times. Linear Algebra and its Applications, 316(1–3):21–28, 2000.

18. S.P. Iyer and M. Narasimha. Probabilistic lossy channel systems. In Proceedings of TAPSOFT’97, vol. 1214 of LNCS, pp. 667–681. Springer, 1997.

19. M.Z. Kwiatkowska. Model checking for probability and time: from theory to practice. In Proceedings of LICS 2003, pp. 351–360. IEEE, 2003.

20. M. Puterman. Markov Decision Processes. John Wiley and Sons, 1994. 21. A. Rabinovich. Quantitative analysis of probabilistic lossy channel systems. In Proceedings of ICALP 2003, vol. 2719 of LNCS, pp. 1008–1021. Springer, 2003.

22. J. Rutten, M. Kwiatkowska, G. Norman, and D. Parker. Mathematical Techniques for Analyzing Concurrent and Probabilistic Systems, vol. 23 of CRM Monograph Series. American Mathematical Society, 2004.

23. Ph. Schnoebelen. The verification of probabilistic lossy channel systems. In Validation of Stochastic Systems: A Guide to Current Research, vol. 2925 of LNCS, pp. 445–465. Springer, 2004.

24. M. Vardi. Automatic verification of probabilistic concurrent finite-state programs.

In Proceedings of FOCS’85, pp. 327–338. IEEE, 1985.