Chapter 3

Expectation, inequalities
and laws of large numbers

3.1 Expectation and Variance

Indicator random variable

Let us suppose that the event A partitions the sample space S, i.e. AUA = S.
The indicator of an event A is the (indicator) random variable I4 defined by

1 ifseA
Ta(s) = .
0 ifsgA
The event A occurs if and only if 74 = 1. The probability distribution is
p1,(0) = P(A) =1 - P(A)
p1a(1) = P(A).

The corresponding distribution function reads

0 for x <0
Fr,(z)=¢PA) for0<z<1
1 for x > 1.

Exercise 3.1 (Indicator random variable)

Consider a probabilistic space over a set S. Show that for every event A C S and
its indicator 4 it holds E (I4) = P(A). (An indicator is defined as I4(w) =1
for all w € A and T4(w) =0 for all w ¢ A.)

Solution of Exercise 3.1:

E(Ia) =) Pw)la(w)= Y Pw)+ Y Pwo="P ( U {w}> +0 =P(A).

weS weA we(SNA) weA
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Exercise 3.2

Consider two discrete random variables X, Y such that Vw € S : X (w) <Y (w).
Prove that F (X) < E(Y).

Solution of Exercise 3.2:

E(Y)-E(X)=) PwY(w) =Y PwXw) =) PwlY(w) - Xw) =

weS weS weS

> > P(w)0=0.

weS

Exercise 3.3

Suppose that after a long night n drunken sailors return to the ship and they
sequentially, independently at random enter one of r cabins and fall asleep.
Assuming they select each cabin with uniform probability distribution (and
ignore any other sailors already present inside), what is the expected number of
empty cabins?

Solution of Exercise 3.3: Let X; = 1 if cabin ¢ is empty and let X; = 0 otherwise.
The number of empty cabins is X = Y/, X; and we want to calculate E(X).
Using the fact that the expectation of a sum is the sum of expectations (even
for not independent random variables), we have

E(X)=E (Z Xi> = iE(Xi).

We have to compute E (X;). Probability that i-th cabin is empty is (1 — )"
(this follows from the negative binomial probability distribution where one of
the parameters is equal to 0). We have E (X;) = (1 — %)n and

s (11"

Exercise 3.4

Let X be uniformly distributed on {0, 1,...,n}. Find the mean and variance of
X.

Solution of Ezercise 3.4:

1. Mean:

n—&—l:n—i—li:l n+l 2 2

n n
1 1 1 1
B(X)=>i jo_L nntl) _n
1=0
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2. Variance:

Var(X) = E(XQ)—(E(X))2:<V 2t >_<”)2:

1 nn+1)2n+1) (Q)Q
n+1 6 2

n2n+1) n® 4n?+42n—-3n7 n®+2n

6 4 12 12

Exercise 3.5

Having two dice, let the random variable X be the outcome of the first die and Y’
be the maximum of their outcomes. Compute E(X), E(Y),Var(X),Cov(X,Y)
and the joint distribution of X and Y.

Solution of Exercise 3.5:

E(X) = 2_26;6::32_::;
EY) = iz:(i+(i—l))1Eii:?)1(i(1+6+15+28+45+66)=1;;
B(X?) = 26?}6i2_é§;2_961

We can use the equation:
P(X=iANY =j)=PY =j|X =i)P(X =1)

For probability P(X = i), we have for each i € 1,...,6 that P(X =1) =
Conditional probability is given by

[N

Jj<i
j=i
Jj<i

P(Y = j|X =i) =

ol o= O

Thus we get the joint distribution:
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Wx |1 |2 (3 |4 |5 |6
1

1 10 [0 0o |0 |0
1 2

2 L2 0 |0
1 1 3

3 Ll 210 o |0
1 1 1 4

4 36 | 36 | 36 | 36 |0 |0
1 1 1 5

5 36 | 36 | 36 | 36 | 36 | Y

6 IR
36 36 36 36 36 36

B(XY) =YY ijPr(X =i,Y =j) =

i=0 j=0

=Y LPr(X=1Y =j)+ -+ > 6iPr(X =6,Y =j) =
J=0 =0
_ A a2 8 1o, 26616
736 36 36 36 36 36 36
616 21161 35
Cov(X,Y) = E(XY) = E(X)B(Y) = 5 — == = o

Exercise 3.6

Suppose a box contains 3 balls labeled 1,2,3. Two balls are selected without
replacement from the box. Let X be the number on the first ball and let Y be
the number on the second ball. Compute Cov(X,Y) and o(X,Y).

Solution of Ezercise 3.6: We have

Cov(X,Y) = E((X = E(X) (Y = E(Y)) = Y pro, (1= E (X)) (5= B (V)

Note that X and Y have identical marginal distributions. Since F (X) =
E(Y) =2, and p,, ,, = & for all i,j, we obtain

pri,yj (wl _E(X))(yJ _E(Y)) :%
= (1-2)2-2)+(1-2)(3-2)+ 2~ 21 -2+ (2~ 2@ -2+
+3-2(1-2)+(B-2)2-2) =

:%(—1—&-(—1)):—%.

Also, we have Var(Y) = Var(X) = E(X?)—(E(X))? = 3(1+449)—(2)? =
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% and thus

oX,Y) =

win
win
[N}

Exercise 3.7

Suppose X and Y are two independent random variables such that £ (X 4) =2,
E(Y?) =1, E(X?)=1and E(Y) =0. Compute Var(X?Y).

Solution of Exercise 3.7:

Var(X2Y) = E((XQY - E(XQY))2) - E((XQY - E(XQ)E(Y))z)
= E((X?Y -1-0)%) = E(X*Y?) = BE(X")E(Y?) =2

Exercise 3.8

A p-random graph on v vertices is an unoriented graph where between every
distinct vertices ¢ < j there is an edge with probability p. Compute the expected
value and the variance of the number of all edges in the graph.

Solution of Ezercise 3.8: Denote X the number of all edges and X; ; the in-
dicator of the event that there is an edge between ¢ and j. Observe that
X = Zi<j X@j. Then

B =Y B = (3) »

i<j
Since all X; ; are mutually independent, we know, that
v 2
Var(X) = Z Var(X; ;) = (2> “(p—p?).
1<g
In fact, we have just calculated the expectation and variance of the binomial

distribution, if you substitute n = (12’)

Exercise 3.9

Let X have the binomial distribution with parameters n and p. Find E (X).

Solution of Exercise 3.9: Here we provide a direct calculation of the expectation,
in contrast to the Exercise 3.8, where we used the linearity of expectation.

We have p, = (X = k) =px (k) = (})p*(1—p)" " and E (X) = >, z; f ().
The the binomial distribution assigns positive probabilities to 0,1, ...n Thus,

B(X) = éi(’;)pm —pt,
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To calculate this quantity we observe that

(3 = e

Thus

By the binomial theorem

n—1 n—1 ) 1
A= = (pr (=) =1
;0( , )p P (p p))

so we see that
E(X) =np.

Exercise 3.10
Find Var(X) for X from the previous example.
Solution of Fxercise 3.10: Here we provide a direct calculation of the expecta-

tion, in contrast to the Exercise 3.8, where we used the linearity of expectation.

‘We have
Var(X) = B (X?) - (E(X))"

We use again the identity k() = n(Zj

E(X?) = kf:_okQ (Z)pk(l —p) = nki:_ok(Z: i)p’“(l —p)" "

We put m =n —1and s = kK — 1 and obtain

E(X?)=np i(sﬂ) (T:)ps(l—p)m_s =np (i s(?)ps(l —-p)" 7+ zm: (n;)ps(l - p)’””)

s=0 s=0 s=0

) and get
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The first sum is equal to mp (see Exercise 3.9), the second is equal to 1 from
the binomial theorem.

E(X?) =np(mp+1) =np((n—1)p+1) =np(np—p+1)
We obtain

Var(X) = E (X?) = (E(X))? = np(np — p+ 1) — (np)* = np(1 — p)

Exercise 3.11

Consider a group of n people. A special day is a day such that exactly k people
in the group have a birthday. What is the expected number of special days in
a year? (Assume all years are non-leap.)

Solution of Exercise 3.11: We will define a family of random variables X7, Xo,
..., X35 as follows.

Y. 1, if exactly k& people have their birthday on the i-th day of a year,
"7 1 0, otherwise

In other words, X; = 1 if and only if ¢ is a special day. Let’s compute the
probability of X; = 1.

- 0) s ()

Note, that although all 365 random variables have the same probability distri-
bution, they still denote different random variables. In addition, these random
variables are not independent!

Let us now define another variable X = Z?Si X;. It can be seen that X =m
if there are m special days in a year. Since we are interested in the expected
number of special days, we will calculate E (X).

E(X)=E <§X> = f:E(Xi) = fp(xi =1)
- () () ()

Exercise 3.12

Consider the same group of n people. What is the expected number of days
such that at least two people have a birthday? How large should be n to make
this expectation exceed 17

Solution of Exercise 3.12: Note that this exercise is almost the same as the
previous one, only the definition of a special day has changed. The solution can
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therefore be found in the same manner as above. We will once again define a
family of random variables X7, Xo, ..., X345 as follows.

Y. 1, if two people have their birthday on the i-th day of a year,
*7 1 0, otherwise

Now to calculate the probability distribution of X; and the expectation of

>0 X
364\" 1 [/364\""
X-: — _ «—_ _
P(X:=0) (365) BT <365>

P (X, —1-P(X;=0)

; =1)
365 365 365
E(ZXi>=ZE(Xi):ZP(Xi:1)
i=1 =1 =1
364\ " 1 /364\"!
= 1o (=) o — [ 2
305 ( (365) " 365 (365) )
364\" 1 /364\"!
= . 1— —_— —_ - —
365 < <3 5> " 365 (365) )

Exercise 3.13

Let X have a geometric distribution with parameter p. Find E (X).

Solution of Ezercise 3.13: The expectation of the geometric distribution is

E(X) = > jpd-py
=0

= pY_ jl—py!
=0

o0 d
= — (1 —p)
p;:o dp( p)

Since a power series can be differentiated term by term, it follows that

E(X) = —p3 (1 - p)

dp =

Using the formula for the sum of a geometric progression, we can see that

Exercise 3.14
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Let the random variable X be representable as a sum of random variables X =
>oi, Xi. Show that, if E[X,;X;] = E[X;]E[X;] for every pair of i and j with
1 <i<j<n,then var[X] = >"" | var[X;]

Solution of Exercise 3.14: First we have
var(X) = B(X?) - (E(X))?

n

= E((Z X)?) - (E(Z Xi))?

=1 i=1

3
3

n

= B(Y. ) X:X;) — (B(Y X))

J i=1

I
-
-

i=

By the linearity of expectation we have

var(y 0 Xi) = 3 DT E(XGX) — (3] B(X)’ (3.1)
=2 D B(XX) - 3OS EXE(X)  (32)
(3.3)

Using the assumption we get

n n

var(z Xi)=>_ E(X?) - (BE(X))* = Z var(X;)

3.2 Markov and Chebyshev inequality; Chernoff
bounds

Exercise 3.15

Suppose we flip a fair coin n times to obtain n random bits. Consider all m = (g)

pairs of these bits in some order. Let Y; be the exclusive—or of the ith pair of
bits, and let Y = Z:il Y; be the number of Y; that equal 1.

1. Show that each Y; is 0 with probability 1/2 and 1 with probability 1/2.
2. Show that Y; are not mutually independent.

3. Show that Y; satisfy the property E[Y;Y;] = E[Y;]E[Y;].

4. Using previous exercise find Var[Y]

5. Using Chebyshev’s inequality prove a bound on Pr[|Y — E(Y)| > n]
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Solution of Exercise 8.15:
1. Straightforward.

2. Consider n = 3 and probability Pr(Y; = 1,Y> = 1,Y3 = 1). If Y; were
mutually independent, Pr(Y; = 1,Y> = 1,Y3 = 1) would be equal to é.
In fact it is equal to zero (consider all 3-bit strings to see this).

3. First we will show, that Y; are pairwise independent. Consider 2 possibil-
ities.
1.) Y; and Y; do not share a bit position. They are obviously independent.
2.) Y; and Y; share a bit position. Consider all 3-bit strings to confirm
the independence.

Var [Y} pairwise irgependence zm: Va?"(Y;)

i=1
=Y E(Y?) - B(Y:)?
=1
N | 11
=) (0*°2+1%22)— (0= +12)2
;< 5 +17%5) = (05 +13)

5. Chebyshev has the form

< Var(Y) 1n(n-1)

PrilY — BY)| zn] € =252 = 250

Exercise 3.16

Suppose that Y has the geometric distribution with parameter p = 3/4. Com-

pute the exact value and the Chebyshev bound for the probability that Y is

at least 2 standard deviations away from the mean. Note: If Y has geometric

distribution, E(Y) = % and var(Y) = 1p_2p.

Solution of Exercise 8.16: E(Y) =4/3 and var(Y) =
We need to compute Pr[Y < 4 — 4]+ PrlY > 4+ 4] =0+

1—Fy(2)=1-(1-(1/4)%) =1/16.
By Chebyshev inequality

PrlY ~ BY) 2 5] < 20w =1
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Exercise 3.17

Alice and Bob play checkers often. Alice is a better player, so the probability
that she wins any given game is .6, independent of all other games. They decide
to play a tournament of n games. Bound the probability that Alice loses the
tournament using a Chernoff bound.

Solution of FExercise 3.17: Alice looses the game is she wins less than half of
the games, i.e. we want the probability P(X < ”T_l) We will use the Chernoff
bound

PriX<(1-d6p) < e /2,

To bound our probability from above, we have to solve (for u = 3n/5) the
inequality

I

-1

(1-8)(3n/5) >"5=
5n—1

o
o< 6 n

what gives e.g. 6 <1/3 for n > 5. In fact, we can use § < e for any € > 1/6 and
sufficiently large n. We get

Pr(X <(n—1)/2) < Pr(X < (1—08)p) < e 012 = ¢=(Bn/5)1/9)/2 — ¢=n/30,

Exercise 3.18

We have a standard six-sided die. Let X be the number of times that a 6
occurs over n throws of the die. Let p be the probability of the event X >
n/4. Compare the best upper bounds on p that you can obtain using Markov’s
inequality, Chebyshev’s inequality and the Chernoff bounds.

Solution of Ezxercise 3.18:
Chernoff states that

p=Pr(X>n/4)=Pr(X > (1+u) < e /3,

Observing that E(X) = pu = &, we solve (1 +6)u =n/4 to get § = 1/2.
Consequently, we can bound p as p < e~ (W/61/4)/3 — =n/72,

P(X >t) < (E(tX))

where E(X) = E (> X;) =n/6. We can deduce that

Markov states that

p=rPxzn) < (22)

= 2/3.
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Chebyshev states that

var(X)
P(X > 1) < P(X ~ B(X)| 2 1) < "8,
Noting that var(X)= ng(1 — ¢), we have
P(X >n/4) < P(|X — E(X)| > n/4) < "ge _ 20
a - - ~ (n/4)? T 9n

Exercise 3.19

We plan to conduct an opinion poll to find out the percentage of people in
a community who want its president impeached. Assume that every person
answers either yes or no. If the actual fraction of people who want the president
impeached is p, we want to find and estimate X of p such that

Pr(|X —p|<ep)>1-¢

for a given ¢ and §, with € > 0 and 0 < 1.

Solution of Ezxercise 3.19:
Find X such that
Pr(|X —p/<ep)>1-4.

This is equivalent to Pr(|nX — np| < epn) > 1 —§. This holds if (but is not
necessarily equivalent) Pr(|[nX — np| < epn) > 1 — §. Finally, we can replace
this by

Pr(|nX — np| > epn) < 4.

It remains to solve apply a suitable Chernoff bound
Pr(lY —u| > en) < 2 H /3,
For . = np we solve 2e—He"/3 < 6 to get

2
3 ln 5
pe?

<n.

Exercise 3.20

Consider a collection Xj,..., X, of n independent integers chosen uniformly
from the set {0,1,2}. Let X = > "  X; and 0 < § < 1. Derive a Chernoff
bound for Pr(X > (1+ d)n) and Pr(X < (1+d)n).

Solution of Exercise 3.20:

1 t t
= B(e!™) = g(ezt el 1) < et
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Then .
My (ﬁ) — HMXi (t) < en(ezt_;’_et)-
=1

Setting ¢ = In(1 4 ¢) we get

Pr(X>(1+0)n) < ...



