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Faculty of Informatics
Masaryk University, Brno, CZ
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Petr Hliněný, Graphs and Matroids, Princeton, 2014 2 / 14 Tree-depth and vertex minors

0 Structural Measures of Graphs0 Structural Measures of Graphs

• Being close to a TREE – “?-width”

sparse dense

tree-width / branch-width
– showing a structure clique-width / rank-width

– showing a construction



page.14
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0 Structural Measures of Graphs0 Structural Measures of Graphs

• Being close to a TREE – “?-width”

sparse dense

tree-width / branch-width
– showing a structure clique-width / rank-width

– showing a construction

• Being close to a STAR – “?-depth”

sparse dense

tree-depth
– containment in a structure

???
(will show)
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1 Width Measures1 Width Measures

Tree-width tw(G) ≤ k if whole G can
be covered by bags of size ≤ k + 1,

arranged in a “tree-like fashion”.

The underlying idea: G is recursively de-

composed along small v. separators,

or,

k+1 “heli-cops” catch a visible robber.

Structural properties

• Monotone under subgraphs and minors,

• asymptotically equivalent to no large grid minor.
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Clique-width cwd(G) ≤ k if G given by
a k-expression (over k-labelled gr.),

k-expression ∼ disjoint unions, rela-

belling, edge-add. between labels.

The underlying idea: G rec. constructed
in a way that only k groups of vertices

can be distiguished at any moment.

Structural properties

• Asympt. preserved by induced subgraphs and “vertex-minors”,

• while exact monotonicity works for related rank-width;

• no simple “excluded something” characterization known so far.
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Petr Hliněný, Graphs and Matroids, Princeton, 2014 5 / 14 Tree-depth and vertex minors

2 and Depth Measures2 and Depth Measures

Tree-depth td(G) ≤ k if whole G is
contained in the closure of a rooted
forest of height ≤ k.

Cops-and-robber?

yes, the “heli-cops” catch a visible robber in ≤ k moves.



page.14
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Petr Hliněný, Graphs and Matroids, Princeton, 2014 5 / 14 Tree-depth and vertex minors

2 and Depth Measures2 and Depth Measures

Tree-depth td(G) ≤ k if whole G is
contained in the closure of a rooted
forest of height ≤ k.

Cops-and-robber?

yes, the “heli-cops” catch a visible robber in ≤ k moves.

Structural properties

• Monotone under subgraphs and minors,

• equivalent to bounding the height of a tree-decomposition,



page.14
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2 and Depth Measures2 and Depth Measures

Tree-depth td(G) ≤ k if whole G is
contained in the closure of a rooted
forest of height ≤ k.

Cops-and-robber?

yes, the “heli-cops” catch a visible robber in ≤ k moves.

Structural properties

• Monotone under subgraphs and minors,

• equivalent to bounding the height of a tree-decomposition,

• and asymptotically equivalent to a no long path subgraph.
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Petr Hliněný, Graphs and Matroids, Princeton, 2014 6 / 14 Tree-depth and vertex minors

“Clique-depth” ???“Clique-depth” ???

Not working. . . , unfortunately (though, “NLC-depth” provides some hint).

The logic aspects of clique-width suggest the following:

Tree-modelsTree-models
T

Tree-model of m labels and depth d:

– a rooted tree T of height d,



page.14
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“Clique-depth” ???“Clique-depth” ???

Not working. . . , unfortunately (though, “NLC-depth” provides some hint).

The logic aspects of clique-width suggest the following:

Tree-modelsTree-models
T

Tree-model of m labels and depth d:

– a rooted tree T of height d,

– leaves are the vertices of G,

– each leaf has one of m labels,

– whether {u, v} ∈ E(G) depends solely on the labels of u, v and
the distance between u, v in T .



page.14

Petr Hliněný, Graphs and Matroids, Princeton, 2014 7 / 14 Tree-depth and vertex minors

Shrub-depthShrub-depth T

Class TMm(d) =

{ graphs with a tree-model of m labels and depth d }



page.14
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Shrub-depthShrub-depth T

Class TMm(d) =

{ graphs with a tree-model of m labels and depth d }

– closed under complements and induced subgraphs,

– but neither under disjoint unions nor under subgraphs,

– though, other nice (and involved) properties are to come. . .

Definition
A graph class G is of shrub-depth d iff

there exists m such that G ⊆ TMm(d) (same m for all G!).

E.g., the shrub-depth of {Kn} is one.
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Petr Hliněný, Graphs and Matroids, Princeton, 2014 8 / 14 Tree-depth and vertex minors

3 The result; Motivation3 The result; Motivation

• Tree-width “works well” with ordinary graph minors,

clique (rank)-width does with vertex-minors,



page.14
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Petr Hliněný, Graphs and Matroids, Princeton, 2014 8 / 14 Tree-depth and vertex minors

3 The result; Motivation3 The result; Motivation

• Tree-width “works well” with ordinary graph minors,

clique (rank)-width does with vertex-minors,

• and, the following is true:

Theorem. [Kwon and Oum, 2014]

A graph class G is of bounded clique-width

iff

the members of G are vertex-minors of graphs of bounded tree-width.

(In fact, this is claimed even for pivot-minors with specific small bounds.)



page.14
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3 The result; Motivation3 The result; Motivation

• Tree-width “works well” with ordinary graph minors,

clique (rank)-width does with vertex-minors,

• and, the following is true:

Theorem. [Kwon and Oum, 2014]

A graph class G is of bounded clique-width

iff

the members of G are vertex-minors of graphs of bounded tree-width.

(In fact, this is claimed even for pivot-minors with specific small bounds.)

• So, can we nicely relate tree-depth to shrub-depth ?
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Vertex- and Pivot-minors in GraphsVertex- and Pivot-minors in Graphs

Local complementation G ∗ u =

u ; u
complementing the edges

on the neighbourhood of u.

Edge pivoting G ∧ uv := G ∗ u ∗ v ∗ u
u v

;

v u

Definition.

Vertex-minor / pivot-minor results as an induced subgraph after a
sequence of local complementations / edge pivoting.

(pivot-minor ( vertex-minor)
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4 The New Result4 The New Result

Theorem. A graph class G is of bounded shrub-depth

iff

the members of G are vertex-minors of graphs of bounded tree-depth.

Proof outlineProof outline

I. ⇒ Given G ∈ G of bd. shrub-depth → special construction of G

(“SC-depth”; recursive complementations of subsets of vertices)

→ easy to simulate by local complementations of added vertices.

II. ⇐ Proving the shrub-depth does not increase with vertex-minors

(tough; asymptotic and no easy monotonicity for local complement)

– the effect of vertex-minors can be “paid for” by a limited increase
of labels (not the depth); proved by established logical means.
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Proving I; SC-depthProving I; SC-depth

• Inductively define graph classes SC(i):

– SC(0) = {K1},
– G1, . . . , Gp ∈ SC(k) and H = G1 ] . . . ]Gp (disjoint union)

=⇒ H
X ∈ SC(k+1) (complement on X) for all X ⊆ V (H).

• [Ganian et al, 2012] Class G of bounded shrub-depth

⇐⇒ ∃d such that G ⊆ SC(d).

• For H and X at each level of the definition of G ∈ SC(d);

add new vX to H adjacent ex. to X (→ tree-depth d+ 1).

• “Complement on X” = local complementation of vX now! 2
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Proving II; CMSO interpretationProving II; CMSO interpretation

• This direction follows from some previous results. . .

Theorem [Ganian et al, 2012 +]

Shrub-depth is preserved under simple (C)MSO1 interpretations.

• That, in turn, follows from:

Theorem [Gajarský and PH, 2012 +]

(C)MSO properties of (finite) trees of bounded height have a kernel.

• And the final touch:

Theorem [Courcelle and Oum, 2007]
Local complementations are expressible by C2MSO1 interpretation.

(Note, this holds for arbitr. seq. of local complementations at once.)
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r v

;

v rProof outline

• Take the root r of G,

and pivot on rv as last.
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Why (Not) Pivot-minorsWhy (Not) Pivot-minors

• A pivot-minor version of the main result?

Yes, at least for bipartite graphs, but. . .

• The class of cliques has shrub-depth 1 !

Theorem. For any d and t > 3d−1,

a graph G of tree-depth d cannot contain Kt as a pivot-minor.

r v

;

v rProof outline

• Take the root r of G,

and pivot on rv as last.

• The maximum clique in G can at most triple (picture),

• and G \ r has tree-depth d− 1 by the definition. 2



page.14
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5 Conclusions5 Conclusions

• Providing another evidence that shrub-depth is

– the right “shallow” counterpart of clique-width, and

– the right “dense” counterpart of tree-depth.

Conjecture. A graph class G is of bounded shrub-depth

iff
G does not contain arbitrarily long paths as vertex-minors.

Thank you for attention.
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